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a deſign to propagate Mathematical Learning, 

and Your many Kindneſſes fo exceedingly influ- 

enc'd the Undertaking; The Author thinks himſelf in 
Gratitude obligd to acknowledge your Favours: 
And if the Performance can any ways Merit Your 
Acceptance, He is very ſenſible how much in Jaſtice 
he is bound to Inſcribe it to Your Name, = 


Pardon then, Sir, this Addreſs, fince it is not the 
effect of Flattery, nor with a Deſign to Court (as ha- 
ving no reaſon to doubt of) Your Fayourz; But pro- 
ceeds from a ſincere Deſire he has to take the firſt Op- 

portunity to expreſs his Thankfulneſs for thoſe he ſtands 

indebted for already; and to offer ſomething as a mark 
of the Reſpect and Eſteem he has for his beſt Friend. 
And 


The DEDICATION. 


And indeed, To whom can he Dedicate any ching 
of his, if not to Him, of whoſe Generoſity and Na- 
tural Inclinations to do Good to every one, he is ſo 
fully Convincd, That He has ventur d to Encounter 
many Dangers for the Honour and Happineſs he En- 
Joys in his Company; and now when far from all o- 
ther Friends, Daily receives freſh 3 of Real 
Friendſhip. 

The Deſign of the following Sheets is 9 No- 
ble, being to inſtil the moſt Extenſive Principles of Hu- 
mane Knowledge into the Minds of Men; and to lead 
them ſtep by ſtep through the Labyrinths that hitherto 
have ſo much perplext all Natural Sciences. If the Work 
then be not a ſufficient Monument of Gratitude, yet let 
the Greatneſs of the Deſign cover the Imperſections that 
a ſtricter ſcrutiny might obſerve: And when both Con- 
ſpire to the beſt Advantage, let it be deem d only a 
faint Reſemblance of what it ought to Come up to. 

That you may long live to promote the Good of the 
Royal e African Company of Englani in whoſe Intereſt 
You have ſo heartily Engag d Your Self; and that You 
may ever ð ucceed in Your own Private Concerns, And 
live to. Enjoy All the Bleſſings accompanying a Pru- 
dent and Wife Management of Affairs, is the Earneſt 


Prayer of Honoured S I R, 
Tour moſt Oblig'd and | 
Obedient Servant 


C. H. 
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Preface is r Author, nd when rendng to inform 


A the Readers of the motives that induced bim to write: And of the 
means they muſt uſe to underſtand what is wrote, is 2 
the Former to juſtifie bimſelf from the Imputation of Vanity, and 
the Latter to quicken and forward their Induſtry.” 


4s to the foſt, 'Tis manifeſt, fare the World has been convinced of t the 
muſchief of Dogmatizjng, either in Philoſophy or Matbematicks, that by allow- 
ing themſelves a freedom of Thought, and boldly venturing forwards ; the 
Sha in each are equally wonderful, that it is a difficult. matter to reſolve, 
| Þhether an eaſie Ac Gofexce in all the cient Diſcdveries mars or 
the more generous Eſſays of modern Hero's improved our Knowledge ; that ſince 
Men reſumed their Native priviledge, and allowed themſelves the Liberty of en- 
quiring freely into things, they have extended their Dominions over all the Earth, 

"ud their Knowled ge far above the Clouds; that theſe being the undeniable reſults 
SI Studies; it is farther plain, that they create in us more awful 
Thoughts and juſter Notions of the. works of Gov ; that the admirable 
Harmony which only they diſcover, both in things in Heaven, and in things in 
Earth, undeniably prove one and: the fame great Author; in a bord, that 
by them we — our Riches, enlarge our Poder, and improve our Rea- 
fon ; - theſe ey Fs agg Mankind receive from 
Mathematical Learning, Who Would not inceſſantly aſpire after ſuch uſeful 
. maren ee en the 
ame ? 


4 een Treaik, the Author has been 5 4 that there are 
| as many Lovers of the Mathematicks as in any part of the World; 
s and natural Parts, merely for want of 
2 . 57 
Flou- 


655 
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try which we ſeem purpoſely to ſlight, Jerking a little empty applauſe by writing in 
a Language not eaſily att ain d, as if the Knowledge of things and wotds 
had a neceſſary e on each other; and in 4 word, that ſuch a Irea- 
tiſe was wanting in the Engliſh Tongue, as ſhould contain 4 full and plain 
account of the beſt Methods, the moſt celebrated Geometers of our Age have 
made uſe of in their. wonderfull Diſcoveries ; and which would put it in the 
Power of every induſtrious Perſon to make uſe of thoſe parts which Go b 
and Nature has beſtow'd upon bim to the beſt purpoſes : Theſe, be ſays, 
were the principalmotives that induced him to this dif aut undertaking, and be 
hopes the ſacerity_ of bis An will at leaft marit a, favourable Cenſure from 
the World. He knows there are Perſons better qualified for ſuch an under- 
taking, but none appearmg, hopes his i to ſerve the Publick will 
be no objeftion ayamſi him. He s all along, be has endeavoured to 
expreſs things in as plain Terms as the nature of the fubjeft will allow ; and 
he aſſures his Readers, that be is not conſcious of omitting any thing that 
might really conduce to their Inſtruflion. | k 1 WIE 


The Au ber is fuſficiently aware that this Science is of a vaſt extent, 
and therefore does not pretend to treat of every thing it has or may be ap- 
plied to. What incredible advances natural Philoſophy has received fince it 
began to flouriſh is apparent to thoſe that are but a little converſant in the 
profound Writings of the Great Mr. Newton, whoſe Immortal Genius 
will be a laſting Ornament to the Engliſh Nation; and the application 
of Fluxions in Aſtronomy, Mechanicks, Dioptricks, Cacoptricks, 
Gunnery, Navigation c. are-numberleſs : The Reader therefore is not 
to expect a Treatiſe comprebending all the ufer of Fluxions, that being a 
Tul net te be perſorme 


d till this Science arrives to it s utmoſt Perſection: All 
that can be expected to teach the Principles of the Science, and to ſbew 
bow to apply them thro' moſt of the general parts of that Geometry, which 
is beſt able 10 aſiſt us in our After-Enquiries : And the Author hopes when be 
bas done this, his Performance may modeſtly deſerve the Title of A | u- 


TRODUCTION To MATHEMATICAL PHILOSOPHY. 


And (mce he has not made ſuch frequent mention of ſeveral excellent Per- 
ſons as ſome People may expect, and by that means incur the Cenſure of a 
Plagiary ; be thinks himſelf bound by all the tyes of Juſtice, Honour and 
Gratitude, freely to ac bow much this Treatiſe is indebted to thoſe 
worthy and generous Perſons, who have already infinitely oblig' 4 the World 
with writtings of this Nature. Dr. Wallis, Dr. Barrow, Mr. Newton, 
Mr. Libnitz, the Marqueſs De L Hoſpital, Meſs“ Bemonilli, 
Mr. Craig, Dr. Cheyne, Dr. Gregory, Mr. Tehirnhaus, M. De 

of - 7 v1 { > More, 


The Preface to the Reader, 
Moire, Mr. Fatio, Mr. Varignion, Mr. Newintiit; Mr. Curse, 96: 
Perfons of — and hive funnfh'd the World with ſuch extraordinary 
Inventions of this nate, as will tranſmit their names with the Ren! 
ſpe to all the jucceeding Generations: © And tho" in the enſuing Treatiſe, the 
Author has made no ſcruple to borrow from any of thoſe excellent Per 


occaſim re yer he achnowtedges himſelf wore partiealarly i 
— — Mr. Libnitz, the Meſs* Bemcail, the 


co. 
«b 


De I'Hoſpical ond Mr. Craig, Perſons who have given ſuꝛ pri and in 
montrable proofs of their — this Feiente : © And where 
be has not particwlarly mention'd' the Authors thempedve in the body of the 


Book, be declares that either Brevity, nfo" oy dg 
are, were the only matves tht indeed bm 0 fue. 


* 1 50 an 

Aud 0 ths eier alfo he chinks himſelf bip#to'8 re 
tions of thanks he lies under to that Induſtriows and \Learne# | 
Mr. John Harris ; who notwithſtanding the many laudable Deſgus ( par- 
ticularly that of bis Lexicon Technicum Magnum, ) be daily en- 
gaged in for encauraging and promoting the Mathematica Learning ; took the 
trouble upon him te re viſe the greateſt part of the Sheets as they came from 
the Preſs, that the Errors there might not diſcourage the Reader, nor ſtop 
bim in his Progreſs. 


Secondly, 4s to the maus; Arithmetick, G and Specious Al- 
gebra, will be iudiſpenſably neceſſary to prepare the Readers for the following 
Treatiſe ; and ſince there is enough already in the Engliſh Tongue on theſe ſub- 
jets, the Author bas ſaid eader to be acquainted wich them. And be- 
cauſe Conĩc· Sections are alſo 0 ſe in Mathematical Philoſophy, 
and frequent ment ion df ok in ſeveral places, there is prefizt to 
the beg inning of the Book a ſhort diſcourſe of Conic - Sections, extracted in a 
great meaſure from a late learned Treatiſe of Conic · Sections, publiſhed at 0 
Oxford by D. Milnes : Theſe things the Reader ought to be well acquainted 
with, then * _ in order, ſeeing it bas been the Author's aim 
in compoſing the enſuing Treatiſe, to the ſeveral parts in ſuch order, 
that beginning and reading the Book ſe — . want - 
ing to 4 full e what he Reads, but a perfeft Knowledge of 
what preceeds 


This is not ſo ſtriftly meant, that the Reader muſt underſtand every ſingle 
Propoſition or Article before be can proceed farther ; for there are 9 
Propoſitions to mixt Mathematicks which Beginners will bardly 


compretenl at f realy ; and therefore may omit them, without miſtruſ- = 


ting their own Abilities to go on, or being diſcouraged i their Studies, The 
great 


? 


2 
3 
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great Buſmeſs at foſt is to be perſelily ee e 
on php the ſeveral parts are what applications are 
up and down, will be more or — ace dug as the Read 
1 wb the proxciples of Aro cite they belong to. 


Laie, Fe He de es bis Readers Impartiall ts bis Book ; and then 
be bopes, when duly confider bow caſie it is in ſuch variety of matter 
to.be miſtaken, they will not rigorouſly cenſure every little Fault, which had 
be bad more time and leaſure to ſpare, and could his other Buſmeſs bave per- 
mitted him to have ſeen the whole compleatly Printed, might poſſibly have 
come forth much more full and correct: In 4 word, be bumbly craves leave 
to aſſure bis Readers, that he will be willing to on and retraft bis Errors on. 
better Information ; but withal deſires them throughly to weigh and examine 
both what he bas written, and what themſelves have to den, which poſſibly 
mn 


PTY — — — Mu s 


THE 


The PROEM. 
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SECTION, _© A 


— 5 — fulered is the generationof al farts of Quantithe 
| their Extent con int ation ort's 3 
and the manner of their Notation. 7 
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The Him or ethic of Pei. 
Fg gan . 

— 2 the Flexion of any Reftangle. 4 

Fong To find the Fluxion tt the Produtt of any number of flowing 75 


a into one another 
0 find the Fluxion of any Fraction. 


Lana! I. 2 the between 0 . and their Exponent 
* V. To find the Fluxions of Powers, when the Exponents are — pb 


* To find the Fluxions of Powers, when the Exponents are tote New. 


VII. To ad the Fluxion of ſurd Quantities. p- 14 
SECTION III. 2 
The aſe of Flaxlont, in drawing Tangents to al ſorts of Carve Lines p. 16 
DEFINITIONS. | 
Prop. I. To draw Tangent to 4 Circle. p. 17 
— I Te Fans to all forts of Paraboloidet. 8 18 
II. To drev Tangents to al wok H 4. p. 1 
— IV. To ww Tg to all ſorts of Ellipſes; frow which, 4nd the 
„ are demonſtrated many uſeful * 
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— V. T'o — orts le Algebraic Carver > 
V. To dellace Sate er. 2 
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To Aer Tergem's to Carver, when the Equation involves irrationsl 
gantities and CO hy ae" P-35 
— VIII. cometric to draw nts to anot 
ar Crna the — — Ordinate: 2 5 36 
— IX. To drev T angents to the C:ſſoid, &c. 755 
Amme Gaometrit al Curpes given, to draw Tangents to anot 
Curve, ts relation Mtreen i 4 at ng . = 
aw 422 to the Conchi 
angthts to the C 94 procratted; 2 
P- 4 
——- XIII. To draw Tang e 2 = 
— XIV. To draw Tang ent td the 2 ie p 46 
—— XV. Io dr T. 2.2m to the Log arithmetic Line, &c. ') Pa49 
— Sow? familiar In nance of the inverſe Method of Tangent 7 48 
— XVII. Am — Line betfig given by Poſition, to draw Curves to touch the 
ſame in any given Point. p- 52 


—— XVIII. To Inveſtig ett th E qualiom expreſſing the Nature of any Curve, ge- 
nerated by amy given Proportion between its Ordinate. P-53 
— XX. NN Line nne draw Curves to donc the ſame in any 


gwen Pons, _ $5 


SECTIO N IV. 
The Oſe of Flaxions, in y WOOL he $5 s of all ſorts of 2 
56 


Pro I. To deduce the Menſuration of C arvilineal Area's from the principle 7 
. 8.33 
To inve 2er the Are of a ſoreiof By boliform Fi ares. 8 
— II. To 2 flowing Quantity of any Tale . 4 =4 I 
— IV. 7o Jo the Area of any Triangle. | Pp. 70 
— V. To find the Area of « Circle. | 71 
— VL To. find the Area of a right Cone. , Ibid 
— VII. To Inveſtigate the Area of the Surface of a Sphere. 8 p. 72 
— VIII. To * rafts the Area's of all ſorts of Parabola s. p. 75 
— IX. To Inveſtigate the Area's of bolic Spaces. I bid 
— X. To — ate the Areas Len etic Spaces. p. 77 
— XI. To Inveſti . the Area's Agde Oe Spaces, viz. Segments, Sectors 
«nd Zones. p. 78 
—— XII. To Inveſtigate the Areas of Ciſſoidal Spaces. p. 82 
—— XIII. To Inveſtigate the Areas of Spiral Spaces, p. 86 
— XIV. The Uſe of T angents in * the Area of Spiral . 
p. 
— XV. 7. Inveſtigate the Area comprebended between the Conchoid and 3 
Amptote. p- 91 


— XVI. To Inveſtigate the Areas of Spaces, when the Ordinates are reti- 


grocally as any Power of the Intercepted Diameters. p. 
— XVII. To Hen [Ara equal to the Sam of all the Redd angles 4 
— under any given part of a right Line multiplied a Nane the 


5 
— n e aining the Princip iples of that Method of Squaria 1 
1 ip of be, and the of it in everal I- 


p. 
— Ax. Any Carvilineal Space "mw given, to alen. another equal to it 
p- 106˙ 
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A plain account of the Nature of a Third, or. Flaxions. p.113 
Prop. I. To find the Flyxion of 4 Q of Flaxions. p- £35 
An account of the ras . on which the Doctrine de mauimis & mininus 
is grounded, beg Art. 1 

— I. To fud the Valae of the A is « C Circle correſponding to the greateſt 
Ordinate p. 121 
— I. 4. Leg hs Li dan anther Cp p. 122 
— IV. To fin 2 575 Ordinate in 4 consr atlas Serwicycloid. p. 123 
. in the Axis of 4 Carve, to draw 4 Live to the 


28 iu gives 
Carve 2 e be the ſhorteſt of all others draus jrom the given paint. Ibid. 
— VI. To druide aright Line in ſuch mauer, that the Square of ane part multi- 
plied into the — ſball be the greateſt of all ſuch like Produ#ts. n 125 
— VII hogs greeBeſt Cone that can be {nſeribed iuia age Spbeye. p. _ 
— VIII 27 4 222 a of u Sides being 
| findthat which has the leaf bd 
— IX. Any Point being given within 4 Carve, to _ 4 Line thro the [ame which 
Hal cut off the greateſt or leaſt Segment 
—— X. The Doctrine of Refrattions, — by the feen Denſittes of Mediums 
— d, and the Laws ——_— dry that Principle, that 4 Par- 

of Lale in Air ( v. op ax Point/in tht to am Point in ano- 
= Medium in the lerne Tl bs ith _ Inveſtigating the Na- 

tare of Curves of Refrattion, preg Particle of Light deſcribes in Mrdjums, 

e Denſities decreaſe or increaſe in any given Proportion, &c. p. 128 
This Doctrine Les by another Example in ſtreight Lines. p. 138 

— XII. 4 — ian de rat o deſcenſy Gravium. p. 139 
XIII. The Ordinate * „ Curve being expreſſed by 4 Fraction, tis requir- 
ed to find the Value of the Ordinate, when the Numerator and Denominator of 


the Fraction vaniſb. p 140 
— XIV. Tofind the Day when Twili eee, 141 
— - XV. To Inveſtigate — N 2 of ſwifteſt. Deſcent ſever 2 


XVI. To Inveſtigate the = of the Curve, in which a heavy Body (ball aſcend 


ual Spaces in equal Times. P-145 


vil. To Inveſtigate the Nature of the Solid of leaſt Refiſtence by ſevere Me- 
thods. p. 147 
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The Uſe Fluxions in ee the _y "Ol uy Flexion — Retragre- 
on f Curves . Þ 153 


DEFINIDIONS. 
A Nr Account of thoſe Pais is Carve with an Explication of the 


s which we aſe in 
Pay. [he Method of ee f mib Ex 


Prop, 
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— XIII. To Inveftigate the Solidity of Bodies r by Conchoidal 2 
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p- 1 
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ions. P- 199 
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— XIV. To Inveſtigate the Area's of ſuch Cycloigal Spaces. _ 3.217 


— XV. To Inveſtigate the Relations between Curd Lines and their Axes. 79 a 
— XVI. Any Squarable Curvilineal Space being given, to fad the Property of A 
vorher Curve to which an equal right Line mij be Aﬀioned. . P. 210 
XVII. To Inveſtigate the Length of Spiral Lines. 9.221 
— XVII. To Inveſtigate the Leng! of any Arch of a Circle. a 
XIX To Inveſtigate the Length of the Curve of the Parabold, © P. 214 
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The Uſe of Flaxions is Iwvetigiting the Cemerr of Gravity of Lines, Surfaces 
bo 


_ and Solids, TRE ER EY EI og 
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A SHORT $7 


[DISCOURSE 


CONCERNING 


Conick Sections. 


7 3 ee diess of the 


Cone, viz, the Parabola, Hyperbola- and is abſolutely neceſſary 
for all thoſe that have a deſire to make any ble Advances in real 


— And the Deſign of this Treatiſe being to explain the firſt 

upon which k owe woſt Scientific Knowieige is built, and to 
treat of that inexkanita 1 the moſt ——— — 
Years owe their riſe; 7k thought fit, the better to accompliſh my Debgn, 

miſe a brief Account of the Origin Properties of the ſaid Figures, which hich 1 hal | 


and 


compril i th following Deco and Lehne 


DEFINITION I. 


If the Cone AW X be cut by any Plane ADE, [on ons and 
alſo by another Plane IMK, parallel to the Plain AD be Vertex 6 ad 


that Plane with the Surface of the Cone, , g. HF 8 call'd an and the 
Plane IMR is calfd the Plain of the Sadin | £ © 946 v1 
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Conich | Section. 


DEFINITION II. 


f two Plains ADI AER, tovching the Surface of the Cone in the right Lines 
DAA E Ac, cut the foreſaid parallel Plane in the Lines I Mi K Ma; theſe right 
Lines being infinitely ptoduc d, Fell never touch the Cohe, and g in the Plain of 

they arecall'd the Af) of the Hyperbola GHE: vr ic erbat 
the Plains API and AEK can nevef touch the Curve G H F, becauſt they 
touch the Cone already in the Lines AD and AE, and yet notwithſtanding they ap 
proach nearer and nearer to GHF; becauſe as the Cone is produc'd, the Circle of 
the Baſe increaſes, and at {OTIS HEN GG WAR ined and that i Iyfinicum. 


LEMMA I. 


GR be the common Sfien of th lg of the Sebi and the Pae of 
other Plane parallel to the Baſe,) and if it inter ſect the Aſy 
ES ME een hn eons (for 
C—_ _—_ TO — 

— — the right Line 0 
and interſecting the Aſymptotes in O and N, and the — 
erer Nasa | 


DEMONSTRATION. 


If Planes be drawn through LK and ON parallel zo the Bſe of th Cone, their 

Sections with the Cone D F GE, P RQ will be Circles, and the common 

forming the Aſymptotes, viz- Di, E K, 

ah wr D, E, P Yi becauſe the Plains 

= , and if angents meet in I., 4, 

dra ing the Diameter LS T, [itn bile 

the Parailels A+ becauſt DE is biſected in 8, therefore 
IK is Gr tar Tü) h. „ Nn en end 1G = FK. 

In like manner OH = RNandOR HR and therefore DI q = (Prop. 36. El. 30 

IFxIG =IFxFK= KG xG1 = Gait DI =PO) POg=OHx OR = 

OHx HN =NRxRO, £,q- : 


—— — — — — — <a. ws. a 
. 
* 


rale this a the Bottom of Page 1.5 in Conich-Selfions. 


dene Seffionr. 


LEMMA II. 


22 
— 


in G. C, (if need be) until t cut the AG 
all the — AD" ee CDx C 
een themſelves. 


A pon 81. 4D, equal | | | 


Right Lines fe i Dern we Seftion of the Plane of the 


4888 a0 
eat tet, nc ey nh Aſp f. therefor 
IC: CA:: LG: GE, 
And CK:CD:: G; 
And by multiplication IC x CR: GAxCD::LGxGQ: GExGH, 
de ICs CR= (Uh LG x GQ p 
| Therefore CAxCD = GE x GH. 


-, 


- — — 


In like manner (draw ing Lines through the 
LGQ.) It may be demonſtrated that AB x BD =CD x CAS EFX FH. 


3 , - — * . 
6 
a ; 
. VI £ | * ” 1 
0 : "I 4 # ® . . 


5 3 
y% © : 
T1317 


Ld 


© Hence COBA r 
For ABM BD =CDxCA © 
And AB BC+ AB CD'=CDx BC CD NAB. 


And taking away that which is common to both, we have ABX BC SC Dx BC, 
therefore A B = CD, and for the like reaſon EF = GH. 


COROLLARY I. 
Hence AB ACS ABx BD=EFxFH=EFxe£EG. 


COROLLARY m. 


The right Line AC touching the Section in C, and terminating in the Aſymp- 
totes in A and D, is biſected in C the point of Contact; for A B is every where equal 
to CD, and in this caſe the points B and C coincide; and in like manner, if the 
Line BC be in both the oppoſite Sections, and paſs through M the Center of the! A- 
ſymptotes, it will be biſected in the ſaid Center: for C D is always = A B, and in 
this Caſe the points A and D coincide. 

| 1 


COROLLARY Iv. 


If the Line A C touch the Section in C, and be parallel to any other Line, as 
FG, then EFX FHS ACS CD, but if BC pal through the Center of the 
Aſymptotes, then is EF x FH = DBq= CA. becauſe the points D and A coin- 


cide in M. 
COROLLARY V. 


If the right Line A C D terminating in nos tweed and D, and megti 
the Curve in C, be therein biſected, it will the Section in the point C, for if 
it be ſaid to meet the Curve again, v. g. in B, then is AC= BD = CD, that is 
the point C will be the ſame with B; in like manner, if G C be biſected by an Aſ- 
ſymptote, the point of Interſection is the Centers of the Aſymptotes. 


COROLLARY . 
The two right Lines H G E, A CD parallel and touchi 


and terminating in the Aſymptotes, are equal; for HG x 
G = GF, and AC= CD, therefore HE = AD. 


E=ChaC D, = 


COROLLARY VI. oy 


The right Line connecting the points of Contact G and C, paſſes through M the 


Center of the Aſymptotes; for the Triangles MH E, MDA are ſimilar, and A 
the 


=+AD=CD = HG = GE, and MG= MG; ego M is the Center of 


Aſymp otes. 
DIFNITION IV. 


If the Plain (Hg. i Pag. L) ADE touch the Surface of the Cone in the Line A W 
and the Plain of the 
a Parabola. 


points Band F parallel to I CK and 


Section be parallel to the ſame, then the Section G H F is called 


* \ 2 
ba pn 
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either ſide 


the Tungents in G and D; 1 


EF be drawn on 


(b) 


DEFINITION IV. 


DEMONSTRATION 
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23x 
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COROLLARY. I. 
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t n 
; and infigitely pro- 
Lak 4 . 
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DEFINITION V.. 


* 


Parabola the Line 1M 
xd in the H 


* 


one 

and 

1 30 
manner, 

and all their parallels, LG, L E are called 

Elliphs, 
every 

/ 


a 


COROLLAR 
Fig. 


Setions, and i 


1 


ranſverſe Diameter, and in e1 


Nan 


COROLLARY . 
DEFINITION vi. 
DEFINITION vn. 


la the re 
Diameter H K is called the 


| 3) Ell 
COROLLARY Iv... 


DEFINITION. 


(Se Fig- 4 f. 6% IN generated in this x 


Setion the Portions of the 


In 
Vertex and 


the Ordinates, are called the 


or K is called the Vertex. 


> — 7 * * - 5 
n e 
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Fr, WT == TT RY Wwe 


C OR OL. LAB I VI. 


right Line K H 
—4 s 


- 44> 


ART vn. 


ine biſeing any tw parallel Lines within the Seelos is heir Diameter 


COROLLARY van. 


COROLLARY X. 


(See Fig. 4526). In every Conick Section and in the oppoſite Sections, it is evident 
Geneſis of 8 to touch the Section in C, B 
Diameter I'M, unn 


two right Lines KN, ST, 
= be pro- 


or owe in one, be orher in both Settions be 


Lines 


— Whence LE : LN : ER. NY 
3 Aud ME MN EV NX. 1 ; 
- - - Therefore LEx ME: LNx MN ;: ERxEV: NF xNX. 
R ond. n e 1.2 al! 
I ᷑ berefore RE EV RSxET+RSxTVA4-SELET- e 
— —- - - And TTV SRSZTVTSEZTVTETAA Y“ 
Whence REXEV—RTx TV =SE x ET, and ER. EV=SExET+RTATV: 
in like manrer LEx ME KEx EN4ENKMN $1 2 ; 
ü - And! by fibltitotion, the Avealagy lat found, will be | aha 
5 ELLEN RNSMNC{ENAMN, sr Tar. TO: AT NN 
5 Aigen, KE x EN: KM a MN :t $ExET<RTwTV. 
1 phi M RTT V.: EZM, 


Conil Sectiont. ix 
COROLLARY. | 


if KM pet through C the Center of the Aſſymptotes, then it will be KE x EN: 
1 11 SEX ET: RTXRTV. 


LEMMA V. | (Fig. 7.) 


KC Xx CN: xc x C:: KEM EN: ETA 


DEMONSTRATION. 


ib the right Lies be produced mal thy fceri the Aﬀfmproteit B, D, R, v. 
* K Cx CN: XC CFE:: KMR MN: BXXX D. | 
Aud K EN EN —ͤ _\ 1 ol 
Therefore K Cx CN:XCxCF::KExEN: 


Tx ES. 
,/..,, COROLLARY, 


i K M bite the parallel Lines F X, ST, then K ON (infinitely produced) is 
their (Cor. 7. Lem. 3.) Diameter, and then K CCN. KExEN::CXy: FEY 


- - 


LEMMA. V | 
1athe Parabola and Ellipſs, if the right Lige FH terminating in the Seftion, inter- 
1 other two Lines L M, —— —_ | 


 GOxGR:LExEM*HGx GF;HEXEE: 
* DEMONSTRATTLON. | 1250 
Let the Ellipſis or Parabola be deſcribd oathe Surface of a (Fig. 10.) Cone, with 


— of hgh Le 
Through either of the right Lines R.O of LM, 28 RO, and I the Vertex of the 


ae pple the Fla Rl O to * 1 the Surface of the Cone in the 
5 O, in which let the * ON touch the Cone, ale Lurk ay 
eual Interſecion I T, and ſuppoſe their es Sela with the Pla of the Section 


wheRK, ON. - 
LM draw Plain parallel tothe Plain RI O, and the oppoſite 
Sections DMAsS, and cutting the Plains which touch the Cone, in the Lines TK, 
TN, which are therefore Aſymptotes. 
Through H F and I the Vertex of the Cone draw a Plaln cutting the Surface of the 
Cone in I H A, IDF, the Plain Ri Oia Id, the Plain of the oppoſe Setions in 
L EACD 5,508 the ein Hrajeg th rer £0y Bc K 2 ＋ 


7 


Conick $efthons. 


4 


(k. 10.) Ws REO 


| * 


melee e ns ae 7 
interſects the Aſymptotes in B and C. 

Through the point D in Plain of the oppoſite Sections draw P D Q parallel to 
KLEMN, then becauſe the Plains are parall rs right Lines PD Q, 
KLEMN parallel, the Triangles RGI and PDB, GIO and DCQ, HG! 
and HE A, F DE and FLG are ſimilar, therefore. | 


1G:DE::GF:FE, ahd10:AF::HG:HE. 
Therefore IG 9: DExAE::GFxHG:FExHE. 
| Again1G:GO::CD:DQ, adi: GR. BD:DP. 
Therefore 1Gq:GO x GR: CD xD: Jar ö: (Lam.4.) AEXED:LE x EM, | 
And by A $1Gg1AExED :: GOXGR:LExEM::GFx HG: FExHE. 


(Fig. 9.) COROLLARY. L 


ln the Parabols,ifthe ——— 
RS only in F, be | 
aitely towards H, that is it F Pede 
der, (C. 1 ̃ 
both bein 8 cherefors FE: FG :: LE x 
EM:RG GO. 


And becauſe the right Line (See Fig. 6.) HM 
biſedts all the Ordinates EF, BC it I. and N. 
therefore H L: HN LFZ Mf 
COROLLARY II. 


And in the Ellipſis, if the Diameter (Sw 77 HK bid the Gg 
E F, then it is HM x MK: HLXTLR :: Meg: LFE. 


© #7 
4 


* , 
8 1 


LEMMA. VII. 
and ia Secti- 
through C the mid- 
„ and terminating ia tb 


(See Fig. 7 8) In the Elli 
dns, any Line I CH pa 
dle poiat of the Diameter A 


points I, H, is bilected in C 


DEMONSTRATION. 


IfICH bean Ordinate to the Diameter AG, then 
us evident it is biſected in C; but if not, through 
the points I, H, draw the Ordinates I P, HQ, to 
the Di AG, which being parallel, the Trian- 
gles CH Q, CI will be ſimilar; therefore by Cor. 2: 
AP x PG: x 2217: q ::PCg: . WS ' 
Whence by Alternation and Gom!oliton i the Edipls and Diviſion ia the oppo- 


4 


: % 


” APxPG-- PC AQxQG+QC: 
* X 
de ces df r,, Ad. V ac, 
C87 ; CGg 


Whence PC = QC, and conſequently CI = CH. 
LEMM A VIII. 


and in the oppoſite Sections, all the Dlameters meet in the point 
— — — MR on? 


In the 
| where the | 
n nother in the faid point; and in the Ellipfis, all the Diameters (See Fig. 7. 8.) meet 
and mutually biſe& one another in a certain common point C within the Section. 
EE Becauſe the determinate Diameters in the Hypefbola vr the oppoſite Sections, con- 
= — — —— of — — of = parallel 9 (by 22 . Land 3 0 — 
= | all pa point C where the yoaptgr mett y Cor. 7. 2. 

b are er bileckeſ (b Lib, Ma * 5 | . 

<= And in the Ellipſis i Grup Cab —— 2 —— 
HI be drawn 8 CVT rerminating either way in the Seen; is will be bi both 
in Cand V (by Lew. 7.) therefore the points C and H or they art the 

DEFINITION.Y 
The point C wherein all the Diameters meet is called the Center. of the Ellipſis 
or the of the oppoſite Seftlons. 10 | nnn 


Genrd CONSECTARIES. 


- - 7 9 
- 
= 


I. Any right Line (See Fx. 9: 8.) AT paſſing any A in the Gurve 
and de GeterCithe e ol gra ert eo perl 
angent in PEE od 


un ADlanctte hits actaty Zike ation i hereto 
ter) but its own Ordinates, — fi g Seftjon (excepr 

Diameter; now a Line cannot be biſect 

where theſe two Lines meet, which itt this 


"111. I one of the Orlues as E E (ER 4.) pal thibiigh the Centet R, then it wil 

be HRZ: RF:: HM x KR- AE 75 pal 47 
DEFINITION XI. 

The Diameter E RL being parallel to the Tangents in H and K is called the con- 

jugate Diameter to the Diameter if K. 2 in the Hyperbola 

n a Line dra n parallel to the ſame and, touching the Curve in that point 

" "IM . *** 1 NJ «. boa where 
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where the Tranſverſe Diameter luterſecu the and bounded by the Aſymptotts 
& « portion of tur opalts h. al de Sea Der 20 


LEMMA IX. , 


In the Hyperbola and Ellipſis, let D F be any (Determinate Diameter, its Vertes 
D and its oppoſite Vertex F; GB the con NI Dana, ES. Sala. Ordinate ap- 
plied to the Diameter DF ; "then let LR D the Tran 
verſe and G B the conjugate Diameter, and therein (pr cd i the Fyperbol) ae 
the point M ſo that FD: DK:: LR: MR I KNg SDK LM 


(E- 11. 12.) DRM ONSTRATI ON. 


Becauſe F D: DE: LR: 
MR, it will be by | 


tion in the Hyperbola ar 
viſion in the Ellipſis. 


Nor: -N : 


Whence FR x MR=DK 
- X L M,and again becauſe F D: 
l GB: GB: LR ic 4A — Mm 
ir Sabqua CD. : 
CBg:: (Cor. 3. After 2 
few 100 DK x FR: KNg 


(by Hypoth.) DK: MR - : 
DEKExFK : MRxFK, er- 


. R fr KJ ad] 2 A KN — MR FK 
- 5 Fee NY _ 
mage I | 72 


The right Line LR is called the Las Ra or Parameter. 


COROLLARY x; 


; In every Ellipſis, the Tranſverſe and Diameters are two mean 

tionals between their reſpective Parameters. DF: GB:: GB: L (Sto the 
rameter of DF) and by inverfioa GB: DF-::'L:GB;again GB: DF:: DF: 
therefore L: GB:: DF: J. 


COROLLARY II. 
GBg = DF x Param. = to the Figure of the Diameter, and conſequent! B 
= 3 the 2 Figure of the Diameter. | FO 

"COROLLARY II. | 
-DF:LR::DKxFR:KNg, this is one ot the Steps. ite oa 


COROLLARY IV. *. 


Degler DF:GB:: GB:LR therefore DF:LR :: DF9: 
. GBg, and DF: GBJ: DEK-x FK:KNeg. *- 

N 5 5 N $22 

. ls D C be avy Diameter, and BC 

an Ord to the when oF giddy! 
an Ordinate to the ſume; I ſay the Square of an 
nate K N is equal to the Rectangle contained 
and DR the reſpective Abſciſſa, — =LRu 
Forbecauſe DC: CB 28 CB: LR. - 

Therefore DC x LR = CBg. | 
4 ng ther >; KNy::DC:DK::DCxLAh:;DKxLK 
J. . Therefore DK x LR = RN miverſaly. 
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Fluxions : Or an Introduction 


That there are Quantities infinitely leſs than an infinitely little Qpantity may be 
| prov'd thus. In the Circle ABF draw the Diameter AB, 
B H FE and let BF be a part of the Periphery inſinitely little, chen its 
Chord BF will alſo be infinitely little; that is, the Chord 
BF will have the ſame Proportion to AB as a finite Number 
has to an infinite. From F let fall the Perpendicular F G, 
and draw the Line AF; I ſay BG will be infinitely leſs than 
BF; for the Angle AFB in the Semicircle is a (Propgr. 
Elem. 3.) Right angle, and FG is Perpendicular to the Baſe 
AB, therefore the Triangles ABF, FBG are (Prop. 8. 
Elam. 6.) ſimilar; and Conſequently, (Prop. 4. Elem. 6.) 
A AB: BF:: BF: BG. But BF is infinitely leſs than BA, 
therefore BG is infinitely leſs than B F; that is, a Quantity 
may be infinitely leſs than another Quantity infinitely little; or a Quantity infinitely 
leſs than one may be infinitely greater than another. Q. ED. — 

It is evident from the nature of the Gircle, that the Tangent of an Arch is greater 
than the Sine of that Arch; and that the Tangent of an Arch is greater, and its Sine 
leſs than the Arch it ſelf: This being ſuppos d, in the Circle AB E, whoſe Center C 
and Diameter AB, take the Arch BF infinitely little, BE the Tangent, FG the 
Sine, and BG the vers d Sine thereof. Draw FH Parallel to AB, then HE will 
be the difference between the Right-fine of the Arch BF and its Tangent, Now the 
Chord BF is infinitely little ia Compariſon of BC, and BG is infinitely little in reſpect 
of BF; and again, HE will be infinitely leſs than BG, becauſe the Triangles CG F, 
FHE are Similar, and CG:GF :: GB=FH: HE. Hence *tis evident that if the 
Quantities CG, BF, BG, HE be given, then CG is infinitely greater than BF, and 
mfinito-infinitely greater than BG, and infinito-enfinio-infinitely greater than HE. And 
thus, from the bare Conſideration of the Circle we have arriv'd to Third Fuxions. 

And for a clearer Illuſtration of this Doctrine, take the following Example from 

| the IMmcomparable Mr. Newton, which I find Demonſtrated 
by a late Ingenious Author thus : Let AC be a common 
Parabola, AB its Axis, and AF à line touching. the 
ſame in the principle Vertex A, Then it is evi- 
dent from the nature of the Curve, that the Angle of 
Contact FAC is leſs than any rectilineal Angle. To the 
ſame Axis AB and Vertex A, deſcribe a Parabola of ano- 
ther kind, v. g. a cubical Parabola A D, whoſe Ordinates 
encreaſe in a ſubtriplicate Proportion of the inter 
Diameters; I ſay the Angle of Contact FAD will be in- 
faitely leſs than the Angle of Contact FAC. Or which 
is the ſame thing, it is impoſible ſo to diminiſh the 
| Angle of Contact (of the Apollonian Parabola AC,) 
F AC, that it ſhall be equal to or leſs than the Angle of Contact FA D, let the Para- 
meter of A C be never ſo great. Which is thus Demonſtrated. - : | 

Let the Parameter of AC be =4; and the Parameter of the Cubical Parabola 
AD =6b. Take the Point E in the Tangent line: So that, «: :: AE, and then 
ax AE=b*. Through F the middle Point between A and Edraw FD Parallel to 
the Axis, and interſecting the Curve A D in D, draw D CB Parallel to the Tangear- 
line AE, then ſuppoſe B D , BC=z, and AB x; then is ax =y*, and 


| 2 
bx =23, and J- = x =, Therefore b* y* = 423 ; and reducing this Equation to 


an Analogy, it will be Þ:az :: . That is, x AE: «x BD (SX AF) 
: BD /: BC /; but ax AE is greater than « * AF (by ſuppoſition) therefore 

4 1 and BD is greater than BC : Th e the Point C in 
the Apollonian Parabola falls within the Cubical Parabola AD: What we have thus 
Demonſtrated of B C holds true in all the Ordinates of the Parabola A C, ſo long as 
_—_—— than AE ; and therefore the Portion of the Parabola AC at the Vertex 
A falls within the Parabola AD. Therefore the Angle of Contact DAF is infi- 
nitely leſs than the Angle of Contact C A F, becauſe this Angle being infinitely di- 
miniſh'd, is ſtill greatcr than that. | | 

In like manner if the Curve AG be deſcribd, whoſe Ordinates increaſe in a ſub- 
quadruplicate Proportion of the Intercepted Diameters, the Angle FAG, might be 


12 
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Curve by local Motion perpetually increaſe or decreaſe, which are c 
therefore more properly call'd (by the Incomparable Mr. Newton) |: 
| 


Flowing Buantities, For Inſtance, let AMB repreſent the Curve 
Hyperbola, Circle, Ellipſis, or any other Geome- 
The Parameter of any Figure is a determinate and 
invaria n — — 
Gd pr gn ipſe or Circle: conſequently in the Arithme- 

tick of Fluxions they remain always the ſame (i e. have one B 
and the ſame determinate Value) throughout all the Work. 

But if we a Line as P M, to move with one Extremity upon the Diameter 
AD (and with the other to touch the Curve) from A to D, always Parallel to it ſelf, 
*tis evident that according as it deſcends or recedes from the Vertex A, and comes 
nearer and nearer to D, it increaſes in length, as does alſo the portion of the 
Diameter i between the ſame and the Vertex A; Thus p is greater 
than P M and intercepted Diameter A p is greater than AP, and the 
ion of the Curve A M is greater than AM. Now i 


Pp 
So that i Abſciſla be ſuppos d 
of the Ordinate is Ry; and the Incremeat of the 

be ſuppos'd to be infinitely little, then Pp, R, Mm 
the | als, infinitely little lacrements, or (more properly, 
as I have intimated before) Fluxions of the intercepted Diameter AP, Ordinate PM, 
and the Curve AM reſpectively. | | 


ines, Srcgh or Croke, and toe Lines ders right) muy be pp Fara 

or t) may ; 
lelograms of an infinitely little height, and may be call d che Eilers of the Surface. 
For inſtance, in the Parabolic Space AMBD; Imagine the Axis or height AD 
to be dirided into an infinite Number of Equal Parts, and ſuppoſe the Ordinates PM, 
to be drawn through every Point of the Axis, then dis evident that they will 
upy the whole Parabolic Space AM BD. And if we multiply every one of the 
Ordinates P M by an infinitely little Part of the Axis Py, there will be produc'd the 
inſinitely little Surfaces or Parallelograms My (becauſe the Ordinates MP, mp being 
infinitely near each other, the Triangle MR is infinitely little in reſpect of the 
Parallelogram My, and Nr may be rejected.) Now as Pp, Rm, Me, 
are the Fluxions of the Abſciſſa, Ordinate and Curve reſpectively: So the infinitely 
little Farallelogram My is the Moment, infinitely little Increment or Fluxion of the 
—_——_— all thoſe Parallelograms is equal 


thoſe Surfaces or Plains may be taken for Solids whoſe heights are equal 
and infinitely little. So that Plains or infini Ani * 
— of Bodies Plains or infinitely thin Solids may very properly 
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Thus in the Parabolical Conoid, which is a Solid form'd by the Revolution of the 
Semi- parabola A MB D about the Axis A D; tis evident that every Ordinate P M, pm, 
deſcribes a Circular Surface in one whole Revolution, which rms Loa > byPp 
an infinitely little part of the Axis, there will be generated an infinitely thin Folic 
which is the Fluxion or Element of the given Conoid, and the Summ of all the 
infinitely thin Solids, (the Solids generated by the Revolution of the Triangles MR wv 
being infinitely little, and conſequently vaniſhing when compar d with the others) is 
equal to, or Conſtitutes the Parabolical Conoid. e | 


6. And thus we conſider Quantities as indeterminate and variable, and perpetually 
increaſing or decreaſing by local Motion. But we muſt take great heed, not to con- 
ſider the Fluxions, or Increments, or Decrements as finite Quantities: For being once 
Finite they are no longer Moments or Fluxions, it being in a manner to 
their perpetual Increment or Decrement. They are the very firſt Principles (Princi- 
pia jamjam naſcentia) of finite Magnitudes. Nor is it neceſſary that we ſhould ſo much 
conſider the Magnitude cf thoſe Moments, a: the Proportions between them as they begin to be. 
And therefore it is the ſame thing for our purpoſe, if inſtead of the Moments them- 
ſelves, we conſider the Velocities of the Increments or Decrements, or even finite 
Quantities proportional to the ſaid Velocities. ms 
Thus in the Parabola AMB, we draw any two Ordinates PM, pm infinitely near, 
or at leaſt ſuppoſe them to be ſo; and having drawn MR Parallel to the Axis AD, we 
call MR the infinitely little Increment}of the Abſciſſa AP, and Rm that of the Or- 
dinate, and M that of the Curve, which Lines more properly denote the Propor- 
tion between the reſpective Increments of the Abſciſſa, Ordinate, Sr. or the Pro- - 
portion between their reſpective Velocities, which they have when they begin to 
Contribute to the Augmentation of the ſaid Abſciſſa, Ordinate or Curve reſpectively. 


7. And as the Lines Pp, Rm, Mm are call'd Flaxions, ſo the finite Quantities 
AP, PM, AM are call'd Flowing Quantities (which are the ſame 
with (Art. 3.) indeterminate or variable Quantities,) and I chuſe 
; to uſe theſe Names in the enſuing Treatiſe, becauſe the Generation 
; of Figures and Quantity by continu'd Motion is more Natural and. 
more eaſily conceiv'd, and the Schemes in this Method are more 
ſimple than in that of Parts. But when the (Arr. 6.) Proportion 
of Fluxions is to be inveſtigated, or any way conduce to the So- 
lution of a Problem, then I call the indefinite little Lines Pp, R, 
B Mm» the Fluxions of the reſpective flowing Quantities AP, PM, 
AM, tho' being but Finite Quantities only, they do but repreſent 
the Proportions between the reſpective Fluxions of thoſe flowing Quantities. | 


8. And tis manifeſt that in this Method we conſider all Curve-lines, as Compogd 
of an infinite Number of infinitely little Streight-lines, or as Polygons of an infi- 
nite Number of Sides. Thus the Particle of the Curve Mm, being ſuppos d 
infinitely little is conſider d as a Straight-line. And then by — the Huxions 
of finite Quantities, and their mutal Relations in infinitely little Streight-lines, we 
come to diſcover the Relations and Proportions between the given Quantities 
ſelves. For all Curves being Polygons of an infinite Number of Sides, tis evident 
that one differs from another in nothing elſe but in the Angles Comprehended between 
thoſe infinitely little Sides; and conſequently to find the Curvature of any Line, is the 
ſame thing as to Determine the Poſition of the ſaid Sides. But this will 11 
om afterwards, when we come to ſhew how to draw Tangents to all forts of 


es, Ofc. 


9. And as in Specious Algebra, all forts of Quantities are denoted by Letters, ſo 
here to avoid Confuſion, to caſe the Memory as much as poſſible, we always de- 
note the Abſciſſa or intercepted Diameter of any Curve, as AP by the Letter x, the 
Ordinate PM by the Letter , and the Curve AM by the Letter ⁊, then the Quantities 
*, „ L are call d (Art. 3. and 8.) flowing Quantities, and the Fluxions Po, R., M ne 
are repreſented by the repreſenting the reſpective flow ing Quantities, with 


Pricks over them, in this manner, Pp=sx, Rm=y, Mm =sz, 


c 


i 4 * nf 
* 


r r ore 2 then the ae, 
BZ thereof is denoted thus 2. or if the n nnn as / — * 2, 


ä 2 5 

Note, that generally (unlefs it be otherwiſe expreſs'd) the laſt Letters of the 
Alphabet denote flowing Quantities, n E 
chu Gate — 
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SE CT. II. 
The «Algorithm or e Arithmetick of Fluxions. . . 


PROPOSITION I. 


He fot Ranks of ener are. n eee che: 
Signs + or —. 


10 ET it de requir'd to find the Fluxion of =: Suppoſe = to repreſene a Line, 
as AP, (Fig. is Art. 7.) then tis evident that the Fluxion of x- =x, 
Again, let it be requird to find the Fluxion of -E —x: If we ſuppoſe x 
to be augmented by an infinitely little part x, that is if « become = x +- x," then 
will become = yz, and 2 - ＋ , and becauſe @ is an (An. 9 ) invariable Quan- 
tity, it remains always the ſame, therefore the Quantity propos'd a - 
will become --= and the Fluxion of that given Q 
or the excels of this abore that, is x ＋ y — £, and hence ariſes this, 


RULE I. 


11. For ſimple Quantities Connected with the Signs Signs -+ or —. Take the Fluxioa 
of every one of the Quantities propos d, and Connect wich the Signs of their 
1 and the Summ will be the Fluxion requir'd. 


PROP. II. 


1 Eee, and if the Product be XZ. [if to lass the Flas 

Z; That is, ſuppoſing the Sides Xu Z to be augmented 
4e n 1 would know how much the 
4 E angle XZ. 


12. eee xz: Now ſuppoſe half the infinitely 
little increment of X to be 4 + x, and half the Fluxi- 


on or infinitely little Increment of Z to be 4 v; tis TR —— —— 
evident that the Fluxion or Increment of the Red- 7 elaine, 


is=Xx4 Z x 5 x-+7.. . i]: 
_ 112 Z x4 a+ K 5 1 


. then the Fluxiog or ETESS 
Decrement of the Rectangle X Z is = Xx 4s + 2 tr i 
21 = , and adding the Increment and De- 


Gout lato ene from, we have X T xx A hne -u XZ 


R. 


MR. xZ+2 X42 X 2—122— XL 


2 9 Ei 


And the differens 224 K = oth nn of th s XZ. 


There is yet another way to find the Fluxion of any Rectangle X Z; which is thus, 
the Fluxions of the Sides X and Z are (Art. 10.) x and 2, and therefore the Sides of 
the Reftangle become X ++ #nd Z 4-2, and the Rectangle ir ſelf is XZoþ 22+ 
X, from which ſubtracting the given Rectangle X Z, the remainder x Z--z X 
(the term 2 being infinitely little in compariſon of either of theſe) CO the of 
2 QE1L | 


PROP. III. 
To find the Fluxion of the Produtt of any Number ſing Rewrite 
D multiplicd if 


into oxe anther. 

13. Let it be requir'd to find the Fluxion of xyz; this may be done fererdl 
ways, 25 1%, Suppoſe «7 to be one Quantity, and x another, then xyz may be 
conſider'd as a Rectangle. Now the Floxion of xy is (An. 120 xy wich be⸗ 
ing multiplied by the other fide ⁊, the product is xz Cx, and the Fluxion of 
the fide 2 is (Art. 10.) x, by which multiplying the other fide x 5, the product is 
Su and adding both Products together we have x z y 4-9 2x ＋ AN , which is 
the Fluxien of the given Product or Quantity x yz. Q. E. I. 

Or 2. The Fluxion of x y & may be found thus; for y put 5-1-5, for æ put æ EA 


and for x put .- x, then i Ain be = x3 &+-#&y +128 + 
zxy + TONI, from which ſubtracting the given Product or 
Quantity x72, the Remainder x xy NN (rejecting all thoſe Terms that 
follow as being incomparably leſs than any of theſe) is the Fluxion or inftantanevus 
lucrement of the given Quantity zz% QE.L 

+ And if it de requir'd to find the Fluxion of x5, I take «7<for one Quantity, 
and taking the (Art. 13) Fluxion thereof, vn. DNN xx. I multiply the 
ſame by the other Term a, and the Product is ,- x6 + A2 Then I 
multiply the Fluxion of , viz, « by the other Term + A and the Produt is #x 54, 
laſtly, I add both Products together, and then the Summ e 
— <6 hgh III 
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RULE IL 


A Ad bra ako ing Newnan ar ami 


Mulciply the Fluxion of nnr 
then the Sun of all hoſe Frede is the Fluxion requir d. 


Thus the Fluxioa of b.x is 6x +5 x = = (arp, z. and 9.) bx. And the Flyziog of 
FFaxni=ib eu 3 is 24 1 


+ yx +-x7. 
And to find the Fluxion of Ha The Fluxion of the Term xy is (Art. 12,) 


„e and the Fluxion of the other Term x» is x» v, and conſequently the 
rien of 5 +x0 55 ==5 +37 +19 + 1% 

2 And the Fluxion of ax -+b x7 -þcx.w is = #x+by#+bx)+ent+ ex 
FRUF IF 

= To find the Fluxion of any Halton 

- KB 14. Let it be requir'd to find the Fluxion of 7 Suppoſe —= x, then is 
„ =34 Now it is evident that as theſe variable — are - BP be- 
twreen themſeives, whirher they be ſuppos'd to increaſe or decreaſe, their Fluxions 
muſt be ſo too, and therefore x = x "I" and x — x9 2 anddividing by y, 


— rar = JE. nee 


the habn of f, e, fins (S*) is equal to the Fluxion of 
the Fraftion —> 


Again, — fd he Fan of this Fraftion —7—. Suppoſe f 


= Xt then is x =634-x 4, d AA and by Tranſpoſtion & —— 3.x 
= 623+ 8, UI. = x, and . 


ax + xx —xx 
quition, we fare eee = hs dat hs rt (=D * to 
the Fluxion of the given Fraftion IAA = 
e RT e e and 
(the Fluxion of $ being (Ar. 9.) =0) 0=xy +14, and by Tranſpoſition = x5 
7 ee = to 
— 3 


1 ULE I, 
To find the Flaxiow of «ny Frottipn. 


Multiply the Fluxion of the Numeratar by the and after it place 

— Sign —) the be the 80 the pn neo r od fr lc 
* 

And N hole the Square „ So ſhall you have the 


| 

1 

'1 

| 
{4 
ny 
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— od «bx 


— 

beer rr = Fs DD CENTER 
of © 1 — —47x — 4x and that b — 2 25 

And the Fluxion N 7277 of TU xxz-2x3+z5 


* 


Before we can proceed farther to find the Fluxions of Powers, it will be neceſſary 
1 between Powers and their Exponents, which I ſhall do in the 


is LEMMA L 


If « Rank of Nanker eee ee and if the 2 
2 ond am Quantity as x, and if ander every 1 ah 
plac'd, tis evident that thoſe Exponents will form an Aru — 


15. For inſtance, Geom. Progreſſion 1, x, XX, XXX, XXXX, ok x6, x7, &c. 
Arithmetical Progreſſion o, 1, 2, 3, 4 3, 6, 7, &c. 


And if the Terms of the Geometrical Progreſſi 
Unity, and thoſe of the Arithmetical downwards from N 
Frogrion will be the Exponents of the reſpective Terms of 


3 The Terms of this 
Thus the Expo- 


nent of _ will be— 1, and that of — will be — 2, &c. as is evident iatbeft Series 


2 1 EM I I | 
Geometrical Progreſſion Xz "WER 47 page pry xv —p Oc. 


* 
Arithmetical Progreſſion I, 0, — 1, — 2, — 3, —+ OO. 
or if we ſuppoſe the firſt Term of a Geometrical Series to be (v.20 — - and that 


e is produc d by multiplying the preceeding Term by x, + the Scries 
w 


I I I * 
— —,. —, 1, , XX, XXX, XXX, 
xxxx? xxx? xx? x 3 


And the Correſponding Arithmetical Series * by which the 
Terms riſe being 1) will be. | | | 


=; ==, =, ot , „ 4 


.. OY, es 0 


gas, 8 x—?, x—", 4K 5 2. x3, Xx +. 


Whence it is evident that the Exponents of perfeft Powers are poſitive 
Numbers, and thoſe * Powers Deſcending, are Negative N 

But if it ſo hap t the Exponent of the Power is not a whole Number but a 
Broken; dart the Power be any intermediate between the Root and the Square 
or the Square and the Cube, &. then to find the Exponent thereof, De 
Correiponding Number in the Arithmetical Series. 


Thus the Exponent of V is 2, becauſe as \/x is a mean Proportional 8 


* 


and x in the Geometrical Series: 1er 


ponents o and 1. 
And the Exponent of \/ x is 4 : Becauſe as Vx is the firſt of two mean Proporti- 
onals between 1 and x; So +4 is the firſt of two Arithmetical Means between their 


Exponents o and 1, and for the like reaſon, the Exponent of V.. 1 7; and that of 
Vt is 3. A 
if 


jon be continu'd downwards from 


aL OR, 2 I 
As Boo * 
> Shad 1 % 

Ls... 
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| If there be three mean Proportionals between 1 and x, Then the Geometrical 
Ws Scrics will ſtand thus, | 


Vs, Vx, d V Vexxexx, 
1, Vx, Vxx, Vir. *, Vxxxxx, VX Xx, Vcc , XX, &c. 


. And the Correſponding Arithmetical Series will be, 
1 1 0 3 do 5M 2 | 
7 05 8 * I, 4? ** 6» 2, &c. 


the Powers to which the Letter x is actually rais'd, it will then ſtand in this Form, 


I, Ve", Vx", V., x, V5, Ve, | V7, * *, &c. 
Or (transferring 4 out of /, and making the ſame a common Denominator to the 
Exponents of x) thus, 

I, r, xt» &, x" ** x*» Fx c&c. 
| Whence it is manifeſt that, v. g. x+ is the firſt of 
tween 1 and x, and that the Exponent thereof (4 ) is the w 

WE Term (;,) in the Arithmetical Series; which is alſo, the firſt of three Arithmeti- 
= cal mean Proportionals, between o and 1. 


And ia like manger in the Negative Series, the Exponent of 2. is — 2; andthe 


— 


8 153 1 

9 Exponent of 3 7 as is — , and that of 3. 
| | x3 x7 * 
= Thos if all the Terms of the Geometrical Series be leſs than unity, as in the firſt 
pyert of the third Series, and if between every two Terms there be two mean Propor- 


q & rioaals, then we ſhall have this Series, 


— 3 y 
—= 
_— 


| 


| C es ES 2 od 

Ds Vn“ Ver eee V Wer =» Wes JA, &. 

— 4z 4. *. —_— _ —1. — 2, — 1 —7. 1. &c. 
And conſequently the Geometrical Series may be written thus, 


x—+ er, ͤ 3, REL. 4 1, x=52 e x=".&c. 


The reaſon of this will farther appear, if we conſider theſe or ſuch like Series's. 


Geometrical Progreſſion 1, , *. 1 Ve, V., K. I, Ve", V. V1, &. 
Arithmetical Progreſſion o, 1, 1. ©, }, $3, ee ibs 


=. I I 
— 


And contracting the Terms of the Geometrical Series by help of the Exponents of 
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W hence it is evident that a Geometrical Series v. g. 


I I 1 1 1 1 1 1 $, * 


— — —— — —ͤä—— ———j— — — —— —— — 


N | I x, &. 
xxx Vxxxxxxx ax Vxxxxx os xxx 5 «A, 5 Vs, 7 
May alſo be expreſs d thus, 
1 1 I 1 1 1 1 1 . 
Fo, Vr 5 x5 x? 5 TY 1 * » Iz Vx 37 »&c. 
Or thus, 
I I I 2 1 1 I 1 z 
So? ot? 4; xt — *. =? 2 I, X „ — 
Or thus, 
1 , 42 , . „3 1, 3 x7, x®, x*, x1, Ge. 


And which way ſoever theſe Terms be written, they mult be read as they are Ex- 

preſo d in the firſt or ſecond Rank. Thus, is one divided by the Square Root 
of the ſeventh Power of x, and x—* is one divided by the Square Root of the fifth 
Power of x, and x is one divided by the Cube Root of the eleventh Power of 
x, and ſo of the reſt. ; 
And becauſe the Exponents of Powers above Unity are poſitive Numbers; as the 
Exponents of thoſe that are below (or leſs than) unity are negative Numbers: 
Therefore that may be call'd the poſitive or aſcending, and this the negative or de- 
ſcending Series in reſpe& of 1, the firſt Term of each Series. 

But if we ſuppoſe the firſt Term of a Series to be leſs than Unity, and the follow- 
ing Terms to be produced by a ſucceſſive Multiplication by x, or by any Power of x, 
then the Exponent of every Term between that firſt Term and Unity, will be Nega- 
tive; that of Unity nothing, and thoſe of the following Terms Poſitive : And even 
the Terms of the Series, whoſe Exponents are Negative —— as well as thoſe 
whoſe Exponents are poſitive Numbers, are aſcending in reſpect of the firſt Term of 
the Progreſſion. | 
And in General, 2 — — —— 7123 Numbers in an Arithmeti- 
cal Progreſſion to thoſe in a Geometrical, without altering or diſturbing the Indi 
nn eds th — | bing ; 


CONSECTARIES. 


| 1 5 3 WE x 
16, Hence it js evident that, 5, Vx, Vx4, 2 i-. 
may be expreſs d thus, x*, x3, *, 4 „ „ , &c 


Reſpectively, and both ways repreſent the ſame thing. 

17. The Sum of the Exponents of any two Terms in a Geometrical Progreſſion is 
the Exponent of that Term in the Series, which is produc d b the Multiplication of 
the two given Terms. Thus x*+3 or x5 is the Product of x *-multiplied by x3, 
And æ N f or xt is the Product of x* multiplied by x}, And x—++ tor x—+, is 


the Product of +—+ or i multiplied by x. 
More Examples of Multiplication, 
To find the Product of — x . 
* Vx5 

I 


— NG TIES f ON Ok EN > 
„ X "T=a"ixaxe—t=sx 1. 1 


To 
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To find the Product of * IJ 


23 2 oj — ** „„ . 
41 KT {xx =x—=#xx—=H=x 1 == 3 


1 


1 
W 


N A f NANA 
I . 
7 41 K* * 2 Vas Vx 
To find the Product of xt, 
xx =x—txxt= xt=xx; 
Xx 
To find the Produth of ern 
* 


rl A 12 = 
Bo To 


Again, the Square of x* or x#x xt is A rk, and the abe of ** is 
* =x6; if A OR The Square of 1 


eee her Triple, Quadruple, cor. ere 
Term in a Geometrical 1 Series, is the Ind he Sera ESL 
quadrate, &c. of the ſaid Term, 


18. The difference between the Exponents of any two Terms in a Geometrical 
Progreſſion, is the Ex er of the Quotient, one Term being divided by the other. 
Thus x+—#=x+—* is the Quotient of x+ divided by x}. Aud if xt be to 
be divided by æ the Quotient will be x+—+ = x7}, and if «be to be divided 
by x3 the Quotient will be x "5+ = x— 7+. 


wafer eee 


To Divide 5,—- Vp 
29 Jo 55 (= Gen) at (want 
ToDiride x? er 
To PS; (5) xt (Caen 
To Divide 5 by «+. 


Wor 


Nur you (= ). ant x ot (=s Fat | Ja 
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a PROP. V. 
To find the Fluxions of Powers, when the Exponents are whole Numbers. 
19. Firſt, If the Exponent be a poſitive Number: Let it be requir'd to find the 


Fluxions of x x or x*, tis manifeſt that xx is = x x #. But the Fluxion of x « & is = 
(Art. 12) && CT r =2xx. 


In like manner the Fluxion of the Cube of x or of x3, e 
130 K * NN TN =3xxx: 
And if the Fluxion of & be requir'd, it will be found to be rere 


+ A TK =4x3x, and the ſame Method is to be us d in the Fluxi- 
ons of all other Powers (whoſe Exponents are poſitive and whole bers) in 


Hum. 


Hence if n repreſent any poſitive whole Number at pleaſure, then the Fluxion of 
the Power x is = m x =! x. 
Secondly, If the Exponent of the Power be Negative: Let it be requir'd to find 
the Fluxion of æx . The flowing Quantity x is= (An. 15. 16.) 25 and the Fluxi- 


on thereof is = (Art. 14.) —* _ = — x=2 x: 


XX 

If it be requir'd to find the e of «=2 or , it will be found to be 

— — get =—2 ads. | | 
x4 x3 

in like manner, the Fluxion of x3 or =; is =— 3 #3" &, 

Ihe Fluxions of ſuch negative Powers may be inveſtigated thus: To find tie Floxion of 

x3 Of z Suppoſe Et then is 1 Sd, and the Fluxions of both Sides of the 


Equation are, (Art, 9.13) 0 =343x*x + x3 x, r 
—x3x; and by Diviſion AN or or — is = {, and ſubſtiruting — - for x, 


we have 225 or — 3x—=3”' K (t) = to the Fluxion of the negative Power 


" ag. | 
Hence Univerſally if »s repreſent any negative whole Number, then the Fluxi- 


on of the negative Power K is = — mx—2=! x, 
PROP, VI 
To find the Fluxions of Powers, when the Exponents are broten Numbers. 
This Propoſition differs but little from the former; And 
20, Firſt, If the Exponent be a Fraction and poſitive : Let it be requir'd to find the 
Fluxion of x+. Suppoſe x* —x, then is x = N, and che h of boch Gdes of 


the Equation (Art. 10. 19.) are 1 2, and by Diviſion * 2, and Subſtitu- 


ting ab for x, we have f =&, and Conſequently — or H- & is the 
Fluxion of the given Power æ f. And 
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And if it be requir d to find the Fluxion of x3. Suppoſe x 3 = , then x =23 


and = 3 b and J 5 = ( by Subſticution ) == (Art. 15. and 16.) 
Lata 

And Univerſally, to find the Fluxion of Ve- or x*, Suppoſe x* = z, then is 
e, and their Fluxions are equal, viz; (Art. 19.) mx = w2* 1x, and 


by Diviſion . —.— = xz = (by ſubſtitution}, becauſe x7 = 2, and x* = z«, and 
conſequently ͤ- = ( Art. 18.) ** divided by x* = , and multiplying 


mr * 


by u, — — (Art. 18.) 2 x = to the Fluxion 


gx *— 
of Vx". | 
Secondly, If the Exponent be a Fraction and Negative: Let it be requir'd to find 
the Fluxion of x or (Ar. 15.16.) 4. Suppoſe — , then is 1 0, 
b = xt, Therefore the Fluxions of both fides of the Equation are (4. 14. 20.) 
—_—_ 


= =4x+ x and by Multiplication and then changing all the Signs of the Equae 


tion, we have & -A x = (becauſe x= =; — 1 124 


iz; which is the Fluxion of the Power x—+. 

Again, Let it be requir d to find the Fluxion of x "+ or —;. Put —; = then 
* * a 

is , t , and by Multiplication and Changing al the 

Signs of Equation, there will ariſe & =—4 xx x* x = (becauſe 2 * —2 

x — + x = to the Fluxion of the given Power x— +, 


And Univerſally, To find the Fluxion of x For ——, Suppoſe = then 
x 


18 2 , and 2 Kr * 2 ä x = to the Fluxion of 
L " " | 
. QE I 
And from the two preceeding Propoſitions may be deduced this General 
RULE IV. , 
To find the Fluxions of all ſorts of Powers. * 


Multiply the given Power by its Exponent, and multiply that Froduct by the 
m — of the Root 4 And laſtly, from the Index of — Subtract one or 
Unity, and then this laſt Quantity is the Fluxion of the given Power. 

Thus if m repreſent any Number whole or broken, poſirive or negative; and if * 


be the flowing Quantity, then the Fluxion of x* is =mx""" x, 


E PROP, 
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PROP. VII. 
To find the Fluxions f Surd Quantities. , 


„Let it be requir'd to find the Fluxion of YZ —x x, or Tr —x x4 
home zr KN = x, chen is 2y# — xx =X x, and Conſequently 


* —XxX =XIt and by Diviſion — - on EEE: (by Subſtitution) Edad £2 


27 X—XX 


= to the Fluxion of V/2r x — x x. 

Let it be requir d to find the Fluxion of 2 —x x|*; fors = x x* put x, and 
then „ = =, and 25 —2xx=4x—+x, And Multiplying by 3, 
- e iz, and conſequently 387 j=_6rtxz == ( Subſtitu- 
ting. a —xx| *—x3) 387 j—6# x* 11+ 3art5—=6f f xx lay l 


—6x5 x = to the Fluxion of 27 — x x}. 
The Fluxions of imperfe& Powers may be alſo inveſtigated by (Art. 20.) = 
general Rule, and expreſs d otherwiſe and more briefly thus: 


The Fluxion of 2rx—xx* is SAX ZT x27 x—2xx = 8 


160 rx—xX 
— 
The Fluxion of 25 , is =3x = x «3 —2x x, which being Re- 
duced will be found equal to the Fluxion thereof formerly found. & 
The Fluxion of /x7+37 is =3 x x7 + 9 1—? xjzx3-b2ny=(dnas) 


= T_ 2 The Fluxion of v 44 > Bn =4 4, 
7x 1 12 x 84 Tax y |" 


* 2 4 * 
x @ x -|- 28x35 = e 


The Fluxion of VT T VDI = by the (Art. 20.) Rule and 
The preceeding Example ; 


3 8 f ; . 
3 x pa an Ver-roryh * x #x + ak + LED 


ax +2xx * 2 El 
e, Wer er NN N x 2Va*+axyy. 


The Fluxion of - (An. 14. 20.) (Knding the Fluxions of the Nu- 
J 


| +2xx _1x+xy+2 277 
* * 
mnorant ben) Seer“ Vx r . x xx 
xxTy 


To find the Fluxions of Quantities Compounded of Rational and Surd Quantities : 
Let it be requir'd to find the Fluxion of bx* + ca x -+ e«* xVxx+8 S &. 


put x eK = fp, and Vax + = 4. Thea the given 3 
1 


to Mathematical Philoſophy. 15 
74 = £3 fag the Fluxion thereof is ( Art. 12.) pqbgp = Butzis 
audi =2bx-+eax. Therefore in the Equation p j 9p , 
 Vxx+88 | 

if in place of p, % p, 9, we reſtore the "Quantities they repreſent , we ſhall have 
+ IX NTA eK NTC aN =. 
Which being Reduc'd to one Denomination; gives 


2 b x3 2acxi hea*x-2ba*x+ca x 13 - : 
5 72 — LE 34.4 — S2 to the Fluxion of the 


—— — 
— 


I might now ſhew how to find the Fluxions of Powers when the them- 
ſelves are alſo flowing or variable Quantities : But this being a Buſineſs too intricate 


for I ſhall refer it to a more proper place, and conclude this Section with 
one o ion, which ought carefully to be remember d. 


22. In all the preceeding Propoſitions, we have ſuppos d (in taking the Fluxions 
of flowing Quantities) that when the variable Quantity x Increaſes, the others z, 
y Oe. increaſe alſo; that is, that when x becomes , we have ſuppos'd that 


and z become to y +7 and æ ＋ E reſpectively. But if it ſo happen that 
while one Increaſes, all or any of the others Decreaſe, we muſt Conſider the Fluxi- 
ons of thoſe that Decreaſe as Negative Quantities in compariſon of the Fluxions of 
the others Which increaſe at the ſame time: And conſequently we muſt change the 
Signs of thoſe Terms wherein the negative Fluxions are Thus if Increaſes, 


while x and & Decreaſe, that is, if x become x -E x, and y become y—y, and 
£ become x L, and if I would' find the Fluxion of the Product xyz, I all the 
Quantities be ſuppos d to Increaſe, then the Fluxion of x yz is (Art. 13.) =x5x 


*r TN . But if y and & Decreaſe, while x increaſes, then I muſt change 
Le thoſe Terms, wherein the Fluxions of x and y are found, — 


Fluxion of x 5% is = x72 - 5. 


SECT. 
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The Uſe of Fluxions 


In drawing Tangents to all ſorts of | Curve Lines, Algebraic and 3 


| Tran 


DEPINTT 10 N I. 


A LL Curves are Polygons of an (Art. 8.) Infinite Nunber c 4 Oro 
Line will touch the Curve in M'or m, and is call'd a 7 4 
in either of the ſaid Points. 1 | angent 


DEFINITION. n. 


Curves Ref] either a certain determinate Pont or an Avis. Thus the 
2 er Curve AMm is deſcribd to the Axi 


in the Pertex A. Lines drawn 
from any Point M in the Curve, as MP. 
Perpendicular to the Axis, are aud 
Ord maten. And the Portion of the 


Axis in d between the Vertex A 
and the inate MP is call d the a- 
tercepted Diameter to that Ordinate. 


DEFINITION III. 


- If the Nature of the Curve- line A Mm be expreſs d by an Equation, in which the two | 
indeterminate Quantities denote ſtraight Lines only, then the ſaid Curve is calf'd an 
Algebraic or Geometrical Curve. | 

Thus if the Nature of the Curve AM be ſuch, that the in 

AP retain always the ſame Proportion to its Correſponding Ordinate P M: For in- 
ſtance, If the Product of AP ſo into a determinate Quantity, be always 
equal to the Square of PM, then the Equation Expreſſing the Nature of the Curve 
AM m will be (ſuppoſing AP K; PM=y; and the determinate Quantity or 
latus rectum of the Figure ) ax =yy7. And becauſe the two indeterminate or 
flowing Quantities x andy, denote ſtreight Lines, Therefore the Curve AMm is 
call'd an Algebraic or Geometrical Curve. 

And it is manifeſt that the Number of ſuch Curves is infinite: Becauſe all the 
Poſſible variety of Relations between the Ordinate and intercepted Diameter is endleſi. 


DEFINITION IV. 


And if the Nature of any Curve be expreſs'd by an Equation, wherein one of the 
flowing Quantities repreſents a Curve Line, then that -Curve is call'd a Tranſcendent 
Curve, And if the Curve which enters the Equat on be Geometrical, or a Curve of 
the firſt kind or degree, then the Tranſcendent Curve is call d a Curve of the ſecond kind or 
degree; And if the ſaid indeterminate Quantity repreſent a Curve of the ſecond kind, 
then the Tranſcendent Curve is call d a Curve of the rhird kind. And fo on Infinitely. 

I know that all ſorts of Curves might be more accurately reduced under proper 
Heads, from the Conſideration of their Fei: But what I have advanc'd y will 
bs ſufficient for my purpoſe. 


PROP. 
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PROP. I. 
To dram a Tangent to a Circle. 


23. In the Circle AMB: Let the Diameter AB be = 2, and let the infinitely 
little part of the Curve M be prolong until it cut the Diame- 
ter produc'd in T, and draw the Line MC Perpendicular to T M, 
Interſecting the Diameter in C. Draw the Ordinate PM =p, 
and another Ordinate pm infinitely near to PM, and draw MR 
Parallel to the Diameter AB. Now If the Intercepted Diame- 


ter AP be = x, then (Art. 3. 10.) the Fluxion thereof is K, 


and for the like reaſon, the Fluxion of the Ordinate Rm is . 
Now the Poſition of PM being given, and MC being yr 
icular to the Tangent MT, it remains only ro the 
length of PC, which determines the Perpendicular C M, and 
conſequently the Tangent MT. ny 
The Triangles RM, PMC are ſimilar, (for the Angles at P 
and R are right Angles, and the Angles PMR, CM being right 
Angles, if the Angle CMR which is common be ſubtracted from 
both the remaining Angles PMC, RM will be equal, and conſequently PCM is 


= Rm M.) Therefore MR (=Pp=&) : Rm (9) :: PM (9): PC = 7 


But the property of the Circle is that AP x PB = P Mq, Therefore the Equation 
expreſſung the Nature of the Curve is 24x —xx =yy, and finding the Fluxions of 
both ſides of the Equation, we have (Art. 9.12. 19.) 22 —2xx=277 or 
4x — xx = 1, and by Diviſion x = — But PC ="? = (ſubſtituting 22 


4g——X 


: 2 . F | 
* * ok. nit? r 
5 "vx. 8 6 Re.» N 
5 1 *. 1 q 1 . SS N 
* - * * Y ? . go ** . * q 
© WOT OO * N 1 © "IE wits F + — i 
r 17 2 SS 

: e 2 
4 - * b * » 


for % 221 =*27 = a—x.  Whence it is evident that the Poine C falls in the 


77 | 
Center of the Circle, and conſequently tis manifeſt that if a Line be drawn from C the 
Center of the Circle, to any Point in the Circumference as M, and if MT be drawn 
icular to CM, it will touch the Circle in M. 


And if it be requird to find the Length of PT which determines the Interſection 
of the Tangent MT in the Diameter BA produc'd; It may be done thus: The Tri- 


angles wRM, MPT are ſimilar, therefore R (): RM (x) :: MP(g): PT 
=lf ( 5 = 7 EE SO And PT — AP == 
y | 


28Xx—XxX a x 


Another way. 


24- Retaining the ſame symbols as (An. 23.) before; ſuppoſe PT = t, then 
becauſe the Triangles TPM, MR are ſimilar, it is TP (F): PMC) :: MR 


(x) : Rm mrs And A = ; Bp=24—x=—x; and pn 9 += 
Then 28 x=—xx-| 24x—2xx—xx= ( becauſe Ap x Bp =, by the 


property of the Curve) yy + 2 +=; From which ſubtracting the Equa- 
quation of the Curve 2 — x x = yy, and rejecting the Terms xx and 
-s being incomparably little in reſpe&t of any of the others, we have 

F 24x 
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2 2 , and dividing both ſides of the Equation by 2 x there will 


ariſe a — x = ”, and conſequently 22 tp. Which was requir d. 


«+ 3 


DEFINITION V. 3 


The Line P T, which determines the Interſection of the Tangent MT in the Axis 


is call'd the Sub-rangent, and the Line PC which determines the Interſe&ion of the 


Perpendicular (M C) to the Tangent in the Point of Contact M, in the Axis A B, 


is call'd the Subnormal!. 


3 be oily ig adn i agen 
To draw T angents to all ſorts of” Pit aboloides. | 0! 


25. Let the Carve A M be dun. Then if the/Ordinates P M-be in a ſubdu> 


icate Proportion of the intercepted Diameters AP, the Curve AM is a Parabo- 
bee pee d 67 16791721 eee Ondinares,MP he. fo a 
N. Subtriplicate , Subquadruplicate , &. 

ot DS Be WE > of $57 Proportion of the intercepted Diame- 
n ters AP, then the Curve AMm is 


23 A call d a Paraboloide. 
: 74 Suppoſe the. intercepted 


— 22 2 dee Parameter of the Figure = a: Then 
8 6 FS ; the Equation-expreſſing the Nature of 

: ; 8 the Parabola AM is, 2 x . 
let it he requir d to draw the Line MT to touch the Curve in M. Suppoſe the 
thing done, and that MT is the Tangent requir d, interſecting the Axis produced 
in T; it is requir d to find the Sub- tangent PT. Draw the Ordinate P inſinite- 


ly near PM, and draw MR Parallel to A P, then Pp=x = MR, and Rm =; 


and becauſe the Triangles mRM, MPT, are ſimilar, it is, „R (3) :RM(&) 
:: MP (y) :PT mi Now the Equation of the Curve is ax = yy, therefore 


or = 235, ands = 277, Therefore PT =;* is = 22 = (by ſbſtruing ax 
for 75 = =2x=2AP. 
Hence it is manifeſt, that in the Parabola, the Sub-tangent PT is equal to twice 
the iatercepted Diameter AP. | | 
And if the Equation of the Curve be as x = y3, then the Curve A Mm is a Cubi- 


cal Paraboloide, and the Sub-tangent PT is = (Art. 25) KE = (becauſe n =, 
k R * N 


. 2, z 
and x = 7) 3J = (becauſe aa x = 3) — =3x=3AP; whence 'tis 


44 ad a4 
evident that in this Curve the Sub- tangent PT is equal to three times the interc 
Diameter AP. , 125 | . raps 
PROP. 


AP= x, the Ordinate PM =y, and 


** . 
Ex - - 6 4 E WT SE - * 
wh lr * of 4. be 5 kde: r 
* 3 2 3 . N * £08 * 
o W 
„ if 
4 „ 
. £ 1 Sa * 8 


1 
x 
2 
4 
* 1 
_ 
us 7 
5 * 
_ 
> 


{ 

2» 

= 

by - 

2 

1 
= 
* * 


e 
- > 
+ > 


__ S + hb * 
„ * by. Bo * Ls 3 2 
. IF " — * . 8 2 * * 
8 5 * — 1 - 2 
2 Y F — 5 FT " S. 2 N e A” - E. n * 
? e . N * * = WRT, * * * fa 
* L a * hn 4 wn, * 1 _— e ** 
* me” 7 ** n r = r * I. 8 ö 8 = * . b 
N DS N 4 pM _ 5 . Y * , "5 


* 
2 
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PROP. III. | 
To draw T angents to all ſorts of Hyperboloides. 


26. Let AD, and AT repreſent the Aſym of the Equilat eral Hyperbola M 
then the Point A is the Center of che Oppoſes, : 0 2 
an ol 


Sections. Draw the Ordinate PM, N 
ther, Ordinate 5 u infinitely near the fame; 
then ſuppoſe the Paramerer of the Figure „ 3 
| fy oh. | 
the intercepted Diameter AP = x, Pp =x1 1 N R 


the Ordinate PM = and R = y. And | MIN 


let it be requir d to draw the Line MT to ;; + 
touch the Curve in M. Suppoſe the thing | | 
Gone 3 then the Triangles mRM, MP Tre, WM * A f 2 


ſimilar, therefore w R (3): RM (a) 1 MFG) PT * But the Equation 


of the Curve i , therefore reducing the Equation to Fluxions, we have (Art. 


9. 12.) o e xp, and conſequently — . Therefore PT 7 which 


is (A. 22) = is = (ſubſtituting —.— for — ) —x= AP. 


Io - = COROLLARY. I. 


27. If the valve of the Sub-tangent P T come out poſitive, then it is a ſign that the 
point I falls on the ſame ſide of the Ordinate P M with the point A the beginning of 
x, as in the Parabola: But if the value of the Sub- tangent come out Negative, then 
the point T falls on the contrary ſide of the Ordinate P M in reſpect of A the begin- 
ning of x, as in the Hyperbola. 


COROL IL 


28. In the Parabola and Hyperbola, if the Parameter be ſupposd = 1, then 
y*® = x expreſſes the nature of all ſorts of Parabola's, when is a poſitive whole 
or broken Number, and the ſame Equation expreſſes the Nature of all forts 
of Hyperboliform Figures when w is a negative Number. And Unwverſaly in 


either, the length of the Sub-tangent PT = (Art. 25. 26.) 2 is = ( becauſe the 
J 


general Equation for both is * = x, and conſequently wy*=! y = x) = my" = 
(becauſe * = x) =m x. 

Hence if be = 3, the Equation of the Curve is 33 = x or (putting the Para- 
meter 1 =4) axx = y3, Which expreſſes the Nature of one of the Cubical Para- 
bola's, and the length of the Sub-rangent PT is = + AP. 

If » =— 3, then the general Equation is y—3 = x, or (Art. 15.) 1 = x, that 
is (ſuppoſing the Parameter 1 =a) a+ =y3 x, which expreſſes the Nature of a 
Hyperboliform Figure, and the Sub-tangent PT =— 3x =—3 AP. 

And Univerſally, in all Paraboliform and Hyperboliform Figures, the Sub-rangent is 
equal to the Exponent of the Power of the Ordinate multiplied into the ASſciſa. 


COROL. III. 


29. In the Parabola, the Snb-tangent PT = 2 x, and by the property of the 
Curve, PM (=) S, therefore (by ſimilar Triangles ) the Sub-normal 


r N=. 0 the Parameter of the Figure, and conſequently it is an 
inva- 
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- 5 invariable Quantity. Which i is a Remarkable property of the Apollonian Parabola ; 
and thus the Sub-normals of all ſorts of Paraboliform Figures may be laveſtigated, 


COR OL. IV. 


| | — and poſitive, ©. 3 han 
the Equation of the Curve is 5 = x, that is y = x3, and 
: conſequently the line AE which touches the Curve in the 
Vertex A becomes an Axis to the ſame, that is the Con- 
vexity of the Curve is towards the Axis. For in this 


co OE cercepeed Diameter I er ih, 
ter A in P 
ter AE, and 

8 pz * c 0 R 0 L. v. 


31. And to draw a Tangent to the Vertex of any Parabola, being the beginning 


of x, we muſt inveſtigate the Proportion between r and) in that point, whichis.done 


thus : mo g"” iy = (art. 28.) x and reducing the ſame to an Analogy x:y : 1252 
11. Now ' tis evident, that in _— 25.) A, the Ordinate 7 vaniſhes or is equal 
to nothing, therefore the fourth erm of IE is infinite in reſpect of the 


third, and conſequently 7 is infinite in reſſ that is, the Tangent in the Ver- 
tex A is Parallel to the Ordinates But if be ou than Unity, then y becomes (Art. 
32) the intercepted Diameter and the Tangent to the Vertex A Co-incides with AE 


Axis of the Curve. * 4. | 
Y 2 ; P R O p. IV. * 
d, Ie To draw Tangents to all ſorts of Ellipſes. 7 


32. Let AMm be an Ellipſis, and 'tis requird to draw M T which ſhall touch. the 
{ame in the point M. Suppoſe the Tran 
verſe Axis A B =a, the Parameter =b, 
Draw the Ordinates MP, ms 2 
ly near each other, and 'M NA Faralle 


to AP, and ſuppoſe AP=x; Pp = 


T A PP C 5 B PM =y; and R. =p, Then by = 
property of the Curve APx PB yy 
a—#) :PMg O AB, ©: Param. 6. AR 


of the Curve is ne. Therefore (Art. 12. 19.) 2477 2 41 22. 


and = ee and confeuently PT gn ne? / BF . 


284) 7 ab—2bx 


N a7) 2aX —2xx 24x—=2xx | 
ting a x x for — OR And PT—AP = a= —Xz 


And Univerſally, If mw be the Exponent of the Power of AP, and » that of PB 
(where note that Exponent of PM =, is = to the Sum of the Exponents of 


APS, and PB=4—x) then the Equation expreſſing the nature of all ſorts 
m 


of Ellipſes will appear in this form, is 2 — Nr, and Conſe- 


quently 


X „„ wil EO To, 


— —_ 


8. 


1 


— | IE 1 . 
= n 1 8 
1 * ACS 
2 rr 
ms 1 — — 7 ay w» * 4 N 5 


then x will be i 


e, and ſo may be rejected) 


ts Muhen Philoſophy. 


„ TT 


4 


avently (Art. 19. 21.) ; = . * * = ee 

e eee eee | eg = . 
„ KK —-— 2 - „** 

Bat PT = ff = 09 rats) — — — — = (by 


2» n — ys — K —- 1K 


. . 


W —1 —— 25. — x x® 


e ee 


* 11 


LET ———— = (div by 
= (dividing by TESTES iding 
N mn n Tt 8 -A 2 

„* r A 9 278 
. — = AT. 
wy m K 

COROL. L 


- A747 as ( 32.) before, only if the point 


„ 
cox ol u. 


intercepted Diameter A P © 
ite, and the Tangent MT will touch 
Diſtance, that is, it will become the Ah CE, and in that Caſe AT 


————— will be = (becauſe the Term » is infinitely little 
me max 


the 


34. If we 


wax 
And if w=1, ad »=1, then the Ozeve bs @ comin 


AC=34=3AB an invariable that is, the be — 
eee 


* 
= 
G 
* 


— 9 


- 122 — 
7 


| 
| 
| 
| 
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COROL. III. 
35. And becauſe the Equation expreſſing the Nature of all ſorts of Hyperbola's in 


gg +2 


| Finite Caſes is (Art. 33.) . 


xa Ex“, a d 
therefore in this Caſe, when x is i 
we have 3 = (rejecting the Term 


4 as being incomparably little in reſj 
of x) - e ee * 


putting e we have 27 =b xr. 
And extracting the Root / of each ſide 


TAP - of the Equation, there willariſe 5 V. 


= Vb, and conſequently (Art. 21 94 3 9 Now if we ſuppoſe the A- 
ſymprote to be infinitely produc'd, until it touch the Curve, and if we conceive the 
Fluxionary Triangle to be formed in that point, and if AE be drawn Parallel to the 
Ordinates, then tis evident that that Triangle and the Triangle CAE will be ſimi- 


lar, Therefore & :9? 17 \/b: ( .) A= Viss 
Which determines the poſition of the Aſymptote CE. oe 
For are if we = 1, and » >, thy is 7 =, and th Cave is the Appl 
loaian Hyperbala, and AE'= Vie =# Vel, That is, AE vs equi to 


the Conjugate Diameter of the nl gory for the Gonjugate Diameter is a mean 
 Proporgigaal between the Fu bg e e Axis 1 
And if « be =b, then AE = þ = 4 5s = 2's Sc AGy 


the Angle ECA = 4 a Right- conſequently the Aſymptotes are P 
cular to each other in C, and Tater AMS Ge, Equilateral Hyperbola. 


+200 MO 90il-37214 513 di bas os ORO. IV. Vit” 1 26A 11 yas fi ts 
36. In the Ellipſ (AH. Art. 32) A MB, the Equation r he lc Nur 
thereof is (Art. 32.) 2 eee chat is, when the point P falls in + 
middle of the Axis AB, the rdati Er che Ordinite and intercepted Di 
will be prend by s, and conſequently 5 y = 41% and by equal) Ex- 


tration ; n rn 
portional betu det een the Parameter 6, and the Tranſverſe Axis 4. 328 


And in that point theFluxion y i is l he little in reſpe& of * . the Sub- 
tangent is infinitely great in tei en that is, e 
point will be Parallel Art | (7 ST vl 


con . Me be 
3 327. E che Ordingte PM=y, befoppos pos d = 1 the Parameter of the Figure = 4b, 
| then the Equation of the Curves Cn 2.3307 = 2 Xxx, will beser 
Haber} lr CTR» Mop ao rs Ny And the point Pi 
call'd the 2 or the Umbilick Point, or Punttum ex Comparations. , 


© anioq 21: 2 VI. 


«HA 2 bas = {the Conj jugate Diameter, ai e 
jy then p N 2 the ranfrerk Axis For PDq = Feng 
(Arr. 36) 4 4b + PCq= (arr. 37.) A — IE 
A Cg, and conſequently D SAC. 


: P 
* 
i 
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And in the Hyperbola, If C be the Center of the Aſymptotes, and CD = 

Conjugate Diameter, then is CD = (A&4rr. 35) AE. Way, allo AD = cn 
CP = tothe Diſtance of the Focus © irom the Crater © For ADq=CEq=AEg 
＋ AC (Art. 1 r 30. ex Fax+ACq=APx 
B Ie =CPgqandCE = CP. 
U b 2 ct e üb Cr Art. 2 then the Curve AM is a Circle, 
and both the Foci P, P, unite in the Center. For A P x PB = (Arr. 36. 37.) CDq = 
(by ſuppoſition) AC. Ergo. the Polges P, O f, c ide 


n 


ooo Noe L- VIE 


39 if the Curve AM be an Equllateral Hyperbola, Then 1 ſay, BP: CA: AP 
are continually nal. fot AP x BP = 47" 37.) Lab (An. 350 144 
= ACg, Therefore BP: AC:AP = 
If in either of the Amps of u be Hyperol as CE, youtake CF 
=C0 and draw the P icular FP, it will interſe& the Axis in the Focus P. 
Becauſe FCP = Right 1 rer DC. 
ö | AD, and art. 38.) hypo ny pron ea 


„CO WLW bb f pots 58 


40. Reſuming the Symbols (4vr. 25.) If auß Tangent (Fig. At. 25.) MT bedrawn 
tbc and if A B be drawn RY the Axis AP, and 
C Perpendicular to the Tangent MT; then 1 ſay the Portion of the Au G will 

= © the Parameter of the Axis, | For AT = (A. 250 AP, therefore AB 


— Triangles PT M, ABC are Si therefore PI (2.x) : PM 
OATS — th nf th Fig, 
TENT £2 7 The Punt e, rr the Parabala. 178.90 no” ) 4387 


e eee ee tos ce. two Bi, and 
the Farabola Vir Ove, . of nods TH 


asq: f | . 40 viieaupotacd bus 5! As! AJ N 15 


Kae CO ROL. ix. 0 d$5 03 l 
41. If any Line as TMN int of Sen r the Right-line Ce- 


* 907 =; Is nt : 87 
1 . 1 4 + ,4> 
a . a 


Focus C and the 
. v. r e 
AP, 1 e 
fir 75 LL: ore N. 
, are 
Angle C 


neatly , the | 
- MK > —— TY yi! Po r 


01 a CM=CT. That i AP+AC K 


A the Ordinate MP. Co-incide' with MC | 
then MP (= MC) = PA'(=C 8 — Copy 

= (Arr. 25-40.) 4 the Parameter of the Aris. 

And AB MC = = { Parameter = AG. — 

. 4%. If AD be taken = AC, and Ibo cos to the A 
then any Line as MG drawn (from any point of . ig as 8 the Aoi AD, 
2 Interſecting DG in G, will be. equal to the Line M C drm from the 
F- point Ml to the point Focus C. Fot draw u the-Tangent MT, and the Ordinate 
PD (= MG) =CT. (= MC). '"nyl-Axatam's $0 T0 TA — — 


The — CB produced 
5, NET Ip 
A NBC & a in 


29999 


4 — 


G. For if the Line 


BC = BG, 
10, ous 8 


ERIC eee 
— W 1 Fry N) = v9 9 


AS dA 2 v3 þ & a2 


| 
| 
| 
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G. And MC = SC; For (An. 29.) PS =} the Parameter of the Axis = CD, 
and CS = PD= MG = CM. | 


7. If any two Right-lines ME, RE touching the Parabola in M and R Inter- 
ſect each other in E, and if the Lines MC, RC be drawn from the points of Contact 
to the Focus C. I fay, the Angle MCR = 2 MER. For CMTandCRX are Iſoſ- 
celes Triangles, therefore MCP =2MTP = 2MEL and RCP = 2RXP = 
2REL, and conſequently MCR = 2 MER. 


ge. Hence if any Line as MQ be drawn through the Focus C, and Interſe& the 
Curve in Mand Q, the 1 — M and Q will Interſect each other at right 
angles in g. For MCP PCQ = 2 Right-angles =2MyQ. 


. And becauſe the Triangles CAB, CBM are ſimilar, therefore CM: CB:: 
CB:CA, and conſequently CM q: CBq:: CM: CA. 


157. And if MS be drawn Perpendicular to the Tangent MT, and SZ, SV per- 
pendicular to M F, MC, then the Triangles SMZ, SMV, SMP, are equal and fimi- 
lar, therefore MZ = MV = SP = (Art. 29.) x the Parameter of the Axis AP. 


11. If BC be the Axis of a Parabola, and EF any Diameter; and if from the 
* int E the Right - line EP be drawn ay rays lar to the Axis 4 
. ay the Parameter (L) of the Diameter E F is = Parameter (1) 
A the Axis (BC) ＋ 4B, thatis L IKA BP. For if ET touch 

8 the Parabola in E and interſect the Axis in T, and if BG be drawn 
Parallel to TE; then BG = ET, and GE =BT=BP, and 
\T PE 45s à Right- Therefore | 

Ix BP = PEg) TEgq— TPg = (becauſe BT = BP) TEg 
| ee eee ee 
: 4BPg, and conſequently /x BB =L«xBP—4 BP, and by Di- 
: \ viſion and Tranſpoſition I. = I 4 BP. 


12% If C be the Focus of the Parabola, and E the Vertex of any Diameter EF, 
then the Parameter (L) of the ſaid Diameter EF is = four-times the diſtance of the 
Vertex E from the Focus C, that is L = 4CE; For BC BPS CE, andL =1 + 
4BP =4 BC 4BP = 4 CE. 


CO ROI. X 


42. In the Hyperbola and the Ellipſis, the Diſtance between either of the Foci and 
the Center, viz. CP is a mean Proportional between 3; the Tranſverſe Axis CA and 


CA: in the Hyperb. 3 
de Lt; in the Ellipfis 5 for, 


CA EZ, or 
144, (Art. 37.) or | 
CAg: ax xx, or 12 CA: 
ln the Hyperb, APxBP=CPq—CAg 
in the Ellipſis. APx BP =CAq—CPgq 
And by Compoſition in the Hyperbola and Diviſion in the Ellipſis, 
Po E 41 on 5 CAA 21 In the H 
castrol Sa reg; {ag 
And dividing the Autecedents by C A, we have 


*CA:QPy:: 1: ei thatis, CA:CP:: CP:CA+ 3k QED. 


COR OL. 
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COROL. XI. 


43. The Diſtance of the Focus ( Fig. Art. 32. and Fig. Art. 33.) P from the 

Center. of the Section or oppoſite Sections C is = (Art. 42.) Viaathob=+ 

Vas + ab = CP. And thediſtance of the Focus P, from the Vertex A, or AP = 

5 ; Vas 9 And the diſtance between the Foci, is e. 
12—3 Vaa — ab. 

Hence in the Equilateral Hyperbola, in which « = 6, the diſtance of the Focus P, 


from C the Center of the oppolite Sections, is 4/3 =3 Y. ; 
And the diſtance between the Foci, is = /, and the diſtance of either Focus 


84/2 — 4 


r 
—_— 


from the adjacent Vertex is 


COR OL. XII. 


44. la the Ellipſis and oppoſite Sections, If AN, BG be drawn Perpendicular to 
the Axis AB, until they Inter- 
Tet the Tangent NMT in N 
nd G. I fay, the Rectangle 
ANA BG=;AB x5 Para- N 
meter = 4 46. For BT = 
(Art. 32.) (BQ being = ) 
"LM AT = LE 


— 2 


* Pi P 
N 


1 2 . path al "> * $$ 64 th Yo ä > 
. 4 5 » * . . * * . \2 tb] q” N r . 
N 8 * mY err . . FA FH ONES AE . e. PF * Ls Jt 5 Ih of n 
A Y s 2 . . . = A . 4 yo 22 4 1 by obs * . i 2 + * Pro Kb $ 2 — C " 
why 4 X 99 9 a. - Ae eat JOE nn 8 4 1 8 . 99 1 W r 8 ä 2 
EY R yy SPY 23 7 * 5 La Y * 3 - \ 8 8 1 is — ? * 
n , IRE P ee 
. 5 * =. 1. 2 7 1 2 5 PSY * p * FLV _ , PR n DN 4 RS "+ FOO. 
5 > - 7) ba AT. 0 L- ** } 1 r r + = 
; S wy LE - 2» "_ 
4 »_* Ay x4 f 1 


a, + 
r 


-2 x? 


— of 44 — 4 x 


523 
n , He- 


ine the Fluxionary Triangle to A 
be draw u at M, it will be fimi- 
Jar to the Triangles GBT, 


NAT; Therefore x : : BT 


11 „„ 


10a. 


® 4 
4 X * 
—— }:BG = J 
4— 2X * 
4 — 44 


ab x — 212 | 


AN = . But 5 = (Ai. zu) L . Therefore BG = 


CEE 


ax—2xx 24 J 
a*br —24abxx a3b—38 bx + 2abys „ , 
1 „ Jaz AMMAN = IT YT Made. and Multiplying 


2 2 Values into one another, there wilt ariſe (after Reduction) AN x 


COROL. II. 


. If a Circle deſcribed on (Fig. An. 44.) AB the Tranſverſe Axis of an El- 
lipſis (or Hyperbola) as a Diameter, — aay Tangent Line N MT in E and O, 
and if the Lines EP and DP be drawn P cular to the faid Tangent NMT. 1 
ſay, they will Interſect the Axis A B ia the Foct P, P: For By Similar T it is, 
IA: TE. AN: EP and (by the Property of the Circle) TA:TE :: TD: 
TB :: (by Similar Triangles) DP :BG.-. Therefore AN: EP :: DP: BG; and 

conſequently, ANx BG=EPx DP = (vr. 44) 2 ab. 
And (becauſe the Chords EK, DL are icular to the Chord ED) EK = 
DL, and (becauſe AB is the Diameter of the Circle) EPL, and DP = KP. 
| H There- 


— 
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Therefore EP DP=EPx PK=APx PB=DPxPL= raf 
And conſequently, the Points P, P, are the (Art. 37.) Foci. | 


CORO L. XIV. rar 
46. The Lines ( Fig. Art. 49.) CQ, CB, CT are continually Propertoal 


For, CQx CT (Arr. 32.) (2 TAN CBq 42 

And AQ @—a):cQ (*,* 5 : QT (Arr. 32.) (#2222): QB 
(x.) 

44 — 4a Xx 8 
And AT (E ):CT (= ) QT (%= 8 wh uh; 
* 1 03 * 
* in 
And conſequently by ſimilar Triangles AN: Cd :: QM: BG. k MOU {oþ yh 
Therefore AN x BG = C8 x QM = (Are. 44.) 1421. Sq Kms + 
3 u; ISS 


COROL XV. 


47. In the Ellipſis and in the oppoſite Sections; if to any 
(Fig. Art. 29) MtheLines PM, PM be drawn from both the 
form equal Angles with the Line "rouching the Section in that point, that i 18, the All. 
gle PME will be = P MD. % sg 

Let the Ordinate Q M be produced until it cut the Circle in X 200 v, und draws 
the Lines IX T, r touching the Circle ia X aud V. Then the Fangeats XN. 
YT, MT, will mutually laterſe&t one another in the Di imeter produced in I (ber 
cauſe the Sub- tangent QT is ( 23. 22.) common to all the threr), Draw the 
Ordinates E n and Dv and produce them until chey laterſect the iugeuts 125 4 


TV in l, x, % e. Then by the property of the Circle 
Ddxb IEx Ig) F * 0 1 on 4 0 Mb 
or or 2: Kn: : : (by ſimilar Triangles) MDq : ME 
DdxD 7” F a N Fa ? F 
| | " « [1 7 : A 23 4 
Again, by ſimilar Triangles, - 54 4 04 A) 
DA: EI :: TD: TE and 9 * 2 
De: Ex:: TD: TE. Ege Dd x De: NI: rn 1 E/ R 47 
:XIq:: MDS: ME. Therefore TD: T E:: MD: ME. 


And by ſimilar Triangles TD: TE: : DP EP. Therefore DP: EP: MD 
ME. Therefore the Triangles MEP, MDP are (Prop. 6. Elem. 6,) ſimilar, and 
the Angle P ME is = PMD. Q. ED. 
bu, 


co ROL XVI 5 a 


48. In the Ellipſis and in the oppoſite Sections; if from both the Foci ( Fg. 
Art. 49.) P, P the right Lines PM, PM be drawn to any point M in the Section, 
their Sum in the Ellipfis and their Difference in the Hyperbola will akrays be equal to 
the Tranſverſe Axis AB 

Let C be the Center of the Section and draw the Line CD, and let the right Line 


P D produced, cut P M (produced if need be) in 8. 217307 
Then becauſe the Angle PM D, (Arr. 47.) SMD and MDS = M DP, and MD 


common to both, MS is = MP; SDS DP, and in the Ellipſis PS = PM +: 
MP, and in the Hyperbola PS is = to their Difference. 1 


Becauſe 


i P. r. they n 


= 


"1 A 
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Becauſe PP and P'S are Biſected in C and D, therefore CD || PS, and P'S — 
2 CD = (becauſeof the Circle) AB, Q E. D. 

if from either of the Foci, P be drawn P M to the point of Contact, and from C 
the Center of the Section be drawn C D Parallel to P M, until it cut the Tangent in 
D, then is CD=CB, and if PM, PD be produced to 8, then is PDS D and 


4 4 
2 
£4, 
Xx 
= PS=AB 
5 — * 


= 


Being willing to avoid Tediouſneſs, I have omitted the Schemes of the oppoſite 


43 ; ' Sections, which every Reader may eaſily Supply. 


COROL. XVII. 


9. If MR be drawn Perpendicular to the Tangent MT, until it Interſect 
in R, and if from R the Lines | "0 : 2 
Re, Ro be drawn Perpendicu- 

lar to MP, MP. Ifay, Me = T 

Mo = + the Parameter of the N 
Axis : For the Angle EMP = 
(Art. 47.) DMP and RM Per- 
pendicular to MT ; therefore 
2 PMR = PMR, and 
(becauſe the Angles at „ and o 
are right Angles and MR com- 
mon) conſequently, the Trian- 
gles RM., RM are ſimilar 
and equal, whence Me = Mo. 
Again, (becauſe EMR is a right 
Angle) MR || EP, aud the Tri- 
angles MPE, RMe are ſimi- 


lar. 

| n EMR 
MD) riangles PMR 
PSP are ſimilar. s 


Therefore PS: S P:: PM: MR, and # 155 
M.: PE: : MR: PM. and by Multiplication, 


PSxMe:SPxPE::PMxMR:PMxMR, therefore PS MOS PA PE 
= (Ar. 48.) 2PDxPE = (An. 45 4 Parameter AB; B PS = AgB, there. 
fore Me = 3 the Parameter of the Axis Me. EU 


BA. 


ne rar: to 
COTE INKS e 
0 +» 3 3 eig! PP INM MMM :: »] 4 


4 BN (Y BC (48) :: rr ( 
uit | 1 #. Wa 19 : */ - 2.x 4 | ' *\ 4——2 7 ” f 


And BC 4s): AQ (a—x) :: BT ( — : QT (== ==)" 25 
1 Y . . * - 
And conſequently AT: BT :: AQ:BQ, 5 
1 11 ' Nong Zi at bas gt 53 MN. 
- C OROL IK; ; 44 fr 4.4 e wh 


51. If through the Center of the Section (Fig. Art. 49. C Da yn | 
Ca Parallel to the Tangent MI; I fay, M8 = CB. Draw p 
Focus, Parallel to MT; Then, becauſe PME = 
Mf. and Mg = MP. And becauſe CS 
of; that is, „ = ; the difference between Þ M MP or 


Mo-Ho8=3PM+ PM = ( AB = CN MED 
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C O. RO L. XX. 


W143 


52. In the Elipũs and the oppoſite Sections; If A B be the Axi 


Perpeadicular thereto, Interſe any Tangent L in G and N, 
* b, a 


N 


YES 


bn a e r AP * 
2 N — AN! 5 PB, 

_ — | \ vl 20 nd the 85 
IPA [| 


1 cm eee 
?= BPG. "Br UN A _ 
Az; "os Stoa Ri ghz 1 
* — GeN 


21 " W & * 


— q 
CA, therefore G = an; And if a Circle — on the 


will n Elem. eee 5 f age 0.71 91191 etwa bend 


- bay 9125! 1 — 

l 5 0e bas 19.1 21 
5 0K 0 1. Ata * 71 n Wim 

3. If on the Focus (N. Am va. OE rat t perpendichlgt to the N. 

0 

AB and 1 ee e the © CEP NM. - 1 dee wn) 67 Þ, | 
3 8 INS Ton 2 18 
| = 2 % 
9 66 ae eee 


52A 1023 
G0 01 XXIII 


5B 1 2 NT W. 
280 i [229397 "| pi 2s b/20qqut ei 200007 Sf 
«nl . er ech 270 F bbs dn dee G e N Ie 
114 dicu n 


AN Perpe r to the Axis Interſecting the Tangent Tu 
N 1 Gy, BG.=BY Fa AF AN. For ( 4». 52 NN 
and by Si — 9 3 AN: BG Ergo 5 apt 
: BG. * Trinagles Þ. AN) PU 0 Gal 1 
Angle A N geht PN (4e. 510 at © Knple; there 
fore the equal An Angie Fr are each ho — to 45%. and Con axquently the 
ge AP N= A AN p, 1 B G P, and B P B G, and, 


Oo þ 
C 0 ROE. n 2 
e. A Fe 
55- The fame things being Sn PPE in "the precedeing Cordllary.: If A M be 

drawa from the Vertex A, We Wees Contact M, and if any Ordinate as I. 
drawn to the Axis AB, lnterſecting A Min R. I fav, the right Line KF fate 
between the Focus and the Ordinate is = L R, comprehended between the Tangent 

MN and AM; For, AN 151 RL, the Triangles MAN, MR L are Si 
therefore MN: ML : A LK. alſo MN: ML :: PA: 1 
NA: LR: PALPK; 1. NA= (a. * PA. e 14d? 
24208 | a1 01 
5 2 


(Int) 


n 

* * © nb aka 

Wy IS TI SY der 2 

5 => Mi Ws Vn 3 VOTED N =. 


94 1114 as » 


A » * oP o > * . 4 8 * 1 X 0 
= — ron - a 5 b ** n — F — n i Nr . r 2 
— F: 8 T? * 8 A "I — . 4 xa. "> * — a N — * 1 SG 4 Rp p D 1 3 % b 3 9 W. 
e r ** c T's . 
n y 8 . W is ans 2 *** 4 x 4 DANY | "To rr N r 8 N 1 
* e yOu y ers 8 3 o \ wy Pn * R ; \ Rank C5 \J. © 4a Crs, Oh * 4, 
E's Y RY" 4 8 eee R . 4 2 e 0.4 5 oi 
7 * . oy. I = * * ys 6 "=P L w 92 3 en % 1 + F * = 
* A * 7 * pas p 


* >. 


Zh 
5 


2 
8 
2 
>? 


Por 
E 
J 


222 
* 
Ay 2 


the 
here LK interſects the Curve) 


G PET —_— 1 1 
W . Co Ma PE ICED, „ 
8 - » 4 2 hs - E q _ * 
oy” OF n D —̃ ²˙ ⅛ds ESTER 
: rs E A; 5 "nr . ee "IM" * " 1 £ 1 * 5 . anda” 4. 
0 F , » - . 8 a N 1 n N 2 r AA 2 .. = 
x 2 a "2. { Ry r . ey 4 * * = Y 2 1 3 — bs +6 n 2 * —— 1 Us 2 " N , = "=" 
Ir = * a 2 ods a rand 8 4 N S p * * 1 0 Os c.- 4 #4. * ä 
r Font. 4 38 * n . * * hu * 4 E 1 =” 
| n e . N »— TT #7 8 P LS ro a > cats **. L N . 
rr y V = Ca g Oh. Js ' 8 _—__ y #4 + . 2 8 5 
9 IE" 8 oa Le ws 8 8 W * . 4 Bak 1 2 p n 4 hog) * 1 27 7 92 » F< * . 8 Ft * 2 * „ 
4 R 1 0 E * + a TS Ss” 5 * 


* * * 
_ * 1 W » . "R 
4s TIS ms , 2 * 
e 
. A * 


will remain TPM S CAI - CPM. 


af; The fame things being ſuppos 


'd as in 


aps SL. 


B, A ANT ADE 

; ANN 

— —_ 20 DOSI :: 
4 And by fimilar Triangles, 


I fay alfo, if the Line A M join the Points 
and interſect DF in V, that then DF x DO = 


For it was before AN: NM :: ADg: 
And becauſe the Triangles ANM, ADV 
ANg:NMg:: ADg: 


Then becauſe che Triangles TPM, EK O are ſimilar, it is TPM: EKO: 
15 228 HATING 2: BFR PA: BKA K A : CBg (or CA cr 


CAI— Triangle CPM : Triangle CAI — Triangle 
2925 bade Te Quadrilateral Figure AK Sl, therefore EKO = AKSI. 
n ADOK, we have ADE = DOs5l. 


CO ROL. XXV. 


13 ay Liege hn For AANT = (art 
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COR OL. XXIV. 


Parallel to the Taggent NMT. then the 


ilateral Figure DO 51 will be = = Triangle ADE; | he Triangle ANT 
is = MNI, and Subtracting from both the Figure P MN A, 


the 


Corollary. I fay, AD 
36. MNI and AADEE 


| A TMN1 © post ind 
a „ AN f: ADg. Therefore 


ANT: ADS 


AIMN: AIZD:: NM: DZgq, and 
&alZD: aSZO:: DZq: O02, and by Diviſion 
 SIZD: ATFZD— 4SZOorDOS] : 


Therefore Kr ogoe IN: Dost: NMq:DF x DO. 


ANg: ADg: NM ): DFx DO, and inverſely AD: AN; :: DF DO: NMg: 


: DZq:DZq—OZ9 =DFxDo. 


of Contact of the Tangents NA, NM 
DV 9. 


DF x DO. 


are fimilar therefore (Prop. 22. El. 6.) 
DVsg. 


And conſequently A Dg: DFN DO:: ADq: DV Ergo DFx DO =DV4. 


"Þ COROL. 


„into Co 


POT e ee eee einen offs Aue 5 
. CO RO EE! ERYB0) .- 10 19907 big 
my | ; u im mut n eat ei 2113 
8. The ſame things being ſuppoſed as in Art. 55. If the right Las RO be drawn 
from the Focus p to the Point O (where the Line LR drawn at interſecꝭs the 
Curve) I ſay, K Lis = PO: Wigan wal Y; 119120, (its 7 10 3587 x 
: i eb the right Lines N M, N A touch the Section in M and A, and AM Con- 
nets the Points of Contact, and 'L is drawn Parallel to che Tangent NA, there- 
fore (Art. 57) LSI LO =LRq = (An. 55.) KP 7; But LAX LOK O; 
= KLq. Therefore KP q-+KO.q = KL 9g = PO gz aud conſequently, KL = 
PO... Q. ED 85 ; 
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F COROL XXVII. 
Gi = Cy nn—_—_—=z7; tax +2 iy, 

If a Parallelogram MN K be deſcribed about an Ellipſis, and have its ſides 
AE 6 * 10 NONB8P Parallel to the Conjugate Di- 
ameters AB, DO; and if 
-- any other Parallelogram, 

vg. ELGF be deſcribed 
about the ſame Ellipſis, ha- 
ving its ſides Parallel to any 
other two Conjugate Diame- 
ters. I ſay, the Parallelogram 
MNPK= Pgram. ELGE, 
- Produce I I until it Inter- 
ſet PN in Q, and PK in 
e ee Y; and produce DO until 
8 it inter FE in X and 
* | FAY Z. Then the Tri- 

0 Ns of t nds ; * angle 6 AR = Triangle 
mum. e Ad CN CHR 


| | eko 205 YO ls manner the Triangle 

CIX is = Triangle CDe, which is equal and milar to the Triangle CO V. 
+ The Parallelogram CZ is divided into tue cqual Triaugles by the Line Cb, wiz. 
1321 2 bQ; And becauſe the 1 angles 4 H, A Rare equal and have 
each the Angle at þ equal. Therefore a R H, and by Compuſition - A: 
of 72 R H; H. Now the Triangle Ca A: Triangle CbA :: Az: bA :: RH: UH. 
nd the Triangle C RH: Triangle C 5 H:: RH: 5H. Therefore th Triangle CA: 
Triangle CR H : : Triangle C6 A: Triple CH Whence it is. ' rhat the 
Triangle Cb A = Triangle C 6 H, and becauſe the Triangle Z C C.. There- 

fore Z C — CH = © Cb— CA, that is CHZ =CAQ, © 

In the Parallelogram Y Q, the Parallelogram C A P O is a mean Proportional be- 
tween the two Parallelograms Y C and CQ (becauſe the Parallelogram YC: Parall- 
elogram PC:: YO: OP:: YC:CQ :: PA: AQ:: Parallelogram PC: Pgm. QC,) 
and in the Parallelogram Z X, the Parallelogram CHE 1 is a mean Proportional be- 
tween the two Parallelograms Z C and CX. Now Parallelograms QC and Z C, 
C and X Care equal (becauſe the Triangles Z CH, QC A are equal and the halves 
of the Parallclograms QC and Z C, the Triangles CX 1, CY OO are equal and 
the halves of the Parallelograms X C and Y C) and conſequently, the Parallelogram 
CP is =Parallelogram CF = 4 the Parallelogram F L A Parallelogram P M. and 


the Parallelogram M NPK = ParallelogramEL GF. QED. 
PROP. V. 5 11 
Io draw Tangents to all ſorts of ſingle Geometrical or Algebraic Curves. 
60. Let x repreſeat the Intercepted Diameter, and y the Ordinate of any Alge- 
bralc Curve, and let expreſs the Value of. the Subtangent in General.  Aftthme A 


general Equation expreſſing the Nature of Infinite Sorts of Algebaric Curves, v. [5 
FX gy" -|- bx” So. In which F is the Ce Jean AG: 
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fected with the Indeterminate Quantity x or its Powers, and the Exponent of the 
id Power of a; g the Coefficient of the Term Adfected with y or its Powers, and a 
the reſpective Exponent of . The third Term in the general Equation, repreſents thoſe 
in any given Equacion,' Adfected with x and y together, or with any Rectangle under 
"them or their Powers,” bis the Coefficient of the faid Term, r the Exponent of x; and 
i that of 3 5 1 | 
Having is tion Ex g the Natute of an infinite Number of ſingle 
. Gromerrcal Cures in General; find the Flux ion thereof, v. 


17 
— = * 


fr x 3 Ir 4721 x + ue y- Ly = 0; 
Then by Tranſpoſition, 


* 4 5 « i} by e ol . * 
Amr - A; am AE 7 
4 « 574 | Q * UA 2 1 trol 5 od 1 4 . 7 nge | 
And Diriding each fide of the Equation by fr + rbyi x 7 
wi ['*4 _#F ' >? A n f 
181 8 
in 14 4 M- == 


» 6 


WIR 0] 1 + : * 2 8 ” op | 
And ſubſtituting this Value of & in > the general Value of the Sub-tangent, 
STTT9 L097 Fi 11 357} y 1 7 a , 

| 14 


. q 4 
. 


2 ric 


18 £22 1199 If » EIT 
* 
1. | t 4 SD 1.4 , i * 1 
1 we ſhall T 1 Seb-tangent = © equal to 
foes 11 ; Fe 1 a * J 
5 ö Tr a — Eh 4 $, \ AP 9 9 *% 1 
| Deren bew f obey 


Fe AV S Hire 


12 + T# > [ | ® TS - 
Zur A.) | If - E X A M P L E. I, | I. [ 1 


7 6s he's TILE.) 5 $3.4. 
. 


Lu itbe to find the Value of the Sub-tangens pT is the Common Paral 

10:13 5:3 AY © ; | | ' | 8 

- + The Equation expreſling the Nature of the Parabola E = . Which be- 
ing d equal to the general Equation we have: a 4851 aur 


| | | _—- 1 | j 1 f 
r +6 2 1 Han 
| 1841003500 | ; 5 i — — Nn —— Il 
_ = 2 | ba ; 1 : | Or, 5 | " ollen 501 nt 
AO mm" f | { ax 7 + 5 ＋ =fx*+ gy" + bx" yt ＋. WU 299) 
And if we Compare the Terms of the ITY ne ws nt 


7 oven, Fang g the Nature of the 
2 with the reſpective Terms in 
the general Equation z. e. If we Com- 
re the Terms Aſſected with the ſame 
Towing Quautiries, the Coefficients f, g, 
b, and the Exponents , », r, ., a—_- | 
determined thus; 3 
The Terms Adfected with x only are «x, and f x*: Therefore ſuppoſe « x = 
f x *, then tis plain that f = A and m x. 

The Terms Adfected with y only are y* and g y*, which being alſo ſuppoſed 
equal, wiz. —1* =gy"*. We have g = —1 and = 2. 

And becauſe the remaining two Terms 6 x” y'-+ have no Terms that anſwer 
to, them in the given Equation, they muſt be put equal to nothing, viz. 5 x” y* 
d, or Br jy! =oOx V and o. And then 5 = o, r = o, S o, and . 

Having thus determined, f, , and», Subſticute their Values in the general Va- 

pe of the Sub-cangent, and reſect all the Terms Adfected with the Coefficieats 5, r, 2, 
ſo have you the Value of the Sub- tangent in the Parabola. 5 


+ 
9 


2 
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et. ee _ —2x—1x5* —OxXoXa"g* 


* nn 27 * R Toon 


8 = ＋ = (becauſe 8x = 1 88 EIL 
xaxx® 


EXAMPLE. IL 


If Mm be an Hyperbols between the Aſymprotes AP, AD, and the Sab-tanen 
PT Nair d. 


D 


Let the expreſſing the Narare of the — = 
fx* +gp*+bx'51 +6. Hyperbola 5 8 —x y be put 


8 #=0, b=—1,r=1, l. 
And »—ibx'! yt ——————— 7 
conſequently PT = 1222 — "1x1 x5" R 41 51 = 
ET 2 2 QEL 


EXAMPLE III. 


| e e ts Bday ent of the Carve, whoſe Natare is 
| expreſſed by ax + oy6— 9 s. 


Suppoſe a x3 --- =fx*® +g5* + bat yy! +6: 
Then f =, w=,g=q,*=4 b=—g,r=;,;=t 
— hat y* 
And conſequently the Value of the Sub-tangent D 
-A en 2 
82 ISN 34 411. 


m e the Sub-tangeats of all other fanple Algebraic Ov may be de: 


1 ubenuitl 3 


. * — 1 1— 1 2— 8 
SK n I hg 
6 I „ * 


irre Pi 2 7 vi. WES 
To dedace Def“ Reis for S Tage AEM 


Carves, when the given Equation ex 
and Intercepted Diametm. 


- Suppoſe the-IntercepttdDinmierss)t 0 ern arent on 24 nA 
A and rhe Ordinate PM —=y and" T4 
let the . —— ſo or- 
der d, that all erms (being brought 1 0 * 
over ” one fide) be equal to Nothing. / | M. 
v. g. If the Equation expreſſing the Na- 


ture of the Curve be x3 ETX I 
N 5 . Then x3 -þ 


rang og on piers =>. CM 
"Tis requir'd to draw the Line MEto: 
touch the Curve in M, 2 8 AY A 


18. Reduce the Equation to Fluxions. That is, put (Ap=) x--xfor (AR=) 
5 ee See 
a 0 


IE pear 3.132 =V9 
Ni n 8 * 


J by) . 
— fy 3 


— „ — * — — 
35 I 357 J W 3 9 2 X az 
29. In this new Equation a the Terms wherein neither æ nor 


Wa e e Wa- AN 


We 2 de Baton wh x tt affected with 
hat» 9 NF . e- l 

e Core LECTED — 1 cre found 
and conſequenthys. ny be cr Vs Pons ee De 
ed with x Dae had 2 will remain in the of phe New Equation, , Ther 


fore zr +27 xx + x x5 P23 apEpmmy ie =bg i 6, find 2 
Tranſpoſing all the Terms AdfeQed With } to the other ſide o the . *. 4 


ob X98 HED po 24-0 AER eee b 


Which Equation being reduc d to an Analogy, it will be 
NAH 2 ＋—757 25 


4% But the Triangles MR, TPM are ſimilar MR (x): RH 
| * 6.5 T 65 m, therefore (x): RO) 
Therefore, (J 3®) 3 TAT -S: 3X T1 TI: 17. 
„n, tion, we have 37 FCAZ X + by—zxx5. 
Met bod 


er fy x el—t ow from hence to deduce an Univer/al 
forriivith Tangents to all ſack & Curves obſerve, , 


K 5*. That 


- 
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52. That all Equations expreſſing the Natures of ſuch Curves are Compounded of tuo 
ſorts of Terms, viz. Simple (the Invariable Quantities, /, b, not being Conſidered) 
when the Term conſiſts cf x er y, or of the Powers of either, as 53, by, x3, Ix. or vixt 
hen the Term conffts of ſeyeral Flowing Quantities, as when x or any of its Powers is 
Multiplied into y or any of ifs Powers; as y x, 733 x, y* x?, by* x. 


6. That from every ſimple Term in the Equation of the Curve, there ariſes a 
Term of the Equation which determines the Sub-tangent. For if the Powers, &. of 


7 -j-y and x-|- x be Subſtituted for thoſe of y and x, in the Equation of the Curve, 
and if the Terms of the ſaid Powers be written in order as in common Algebra, 
then tis manifeſt (S. 2, 39.) that only the ſecond Term will remain. 


7%. That the new Term in the Subtangential Equation which ariſes from the ſimple 
Term , z*, Cc. is equal to the reſpective Term of the Equation of the Curve, mul- 
tiplied by the Exponent of the Flowing Quantity or the Number of its Dimenſions. 


89, That the Terms in the Subtangential Equation aſſected with x, which ariſes from 
the ſimple Term Involving x or its Powers in the Equation of the Curve, is the ſame with 
the ſaid reſpective Term multiplied by the Exponent of x, one of the Dimenſions of x 
being deſtroyed and ? ſubſtituted in its place. Thus if x x be a Term in the Equation 
of the Curve then 21 x is the reſpective Term in the Subtangential Equation. 


*. The Signs prefixt to the Terms of both Equations are the ſame. Hence, 
General Rule, 


To araw Tangents to Curves, when the Equation of the Curve conſiſts of 
| Simple Terms. 


10. Let the Equation Expreſſing the 
Nature of the Curve AM m bey! — $53 
E -K xx -M & o, 
and order the ſame ſo that all the y be on 
the left and all the x on the right ſide of 
the Equation thus, y4 -|-by—5$ 53 = 
* —lxx-|- mx —»n. Multiply every 
Term by the Exponent of the Flowing 
Quantity y or x in the ſame reſpectively, 
and in every Term Aſſected with x, 
Subſtitute : tor one of its Dimenſions, 
and then the Subtangential Equation will 
ſtand thus. | 


„ 47 * —- 2 ITK nt, and 


ieee 
conſequently PT (r) = l 


Again, Let this Equation y*® = x (the Parameter being Suppoſed = 1.) expreſs 
the Nature of all ſorts of Parabola's when the Exponent m repreſents a Poſitive num- 
ber, and all forts of Hyperbola's when it repreſents a Negative number. Then (5. 7*.) 
my" Ox and (5 8*.) my” = t. Buty =x, Therefore my" =m x = 7 


11*. And If we Conſider the Mixt Terms in the Equation of the Curve, it will ap- 
pear that from every one of them there will ariſe as many Terms in the Subtangenti- 
al Equation, as there are Flowing Quantities in the reſpective Term. E G. Let the 
mixt Term bey v, where mand » are the Exponents of the Powers of 5 and , 


then for (C 1.) 5* there will ariſe y* -|-m i, Ce. and from the Term æ * 
there will ariſe x ® n i, Ce. which being multiplied together, the Product is 
(deſtroying thoſe Terms wherein neither x nor y is found F. 2% 3*) m x* j*=27 
„„ £*=1 x, and conſequently the Terms ia the ſubtangential Equation ariſin 
from the Mixt Term y” are (S. 79. 8%) mg" x nur x"t yÞ. 125%. 


to Matbeniatical Philoſophy. 35 


12%. And the Affection of thoſe Terms is the ſame, as if the Equation be ordered 
according to & 10. ſo that the fame Term y* x* ſtand on both ſides of the Equation 
with contrary Signs, and y be conſidered only on the leſt ſide and æ on the right ſide 
of the Equation, according to 8. 82. 

And if the faid Terms be placed on both ſides of the Equation, it is inanifeſt that 
their Signs muſt be Contrary, becauſe both the new Terms (& 11%.) have the ſame 
Sign, and in reducing the Equation as in (F. 10.) all the Terms affected with : muſt be 
brought over to one ſide, according to the Common Rules of Tranſpoſition. Hence 


we have another. | 
General Rule. 


To draw Tangents 10 Curves, when the Fquation of the Curve conſiſts of Simple 
| or Mixt 1 ermis. | 


1*. Order the Equation of the Curve ſo, that all the Terms wherein y or the 
Ordinate is found, ſtand on the left, and all thoſe wherein x or the Inter- 
cepted Diameter is found ſtand on the right hand of the Equation ; rejecting all thoſe 
Terms whercin neither x nor y is found, and then all the mixt Terms will ſtand on 
both ſides of the Equation with contrary Signs. 


2*. Multiply every Term on the left ſide of the Equation by the reſpe&tive Dimen- 
ſion of y (C7. 12%.) ö 


Example ; Suppoſe the Equation of the Curve to be (5. 1.) „ xx lx 
* - oo. Then 33 j-y9x--by— xx 1s the left ſide of the 
Equation. Therefore the Equation will appear in this Forma + yy x -by—yxx 0 
x3 + yxx+lsx—py x therefore the Subtangential Equation is 393 + 2 yy x ++ 
by —jxx =3txx-2txy—tyy+-+-/:. The fame as before, and the Subtan- 
313-F2Jmx-rby—yxx 
Caxxſ2xy—gy bl * 

What I have here demonſtrated of Curves Concave towards the Axis, may be 
applicd to Figures Convex towards their Axcs, 


PROP. VIL 


| To draw Tangents to Curves, when the Equation expreſſing the Relation between | 
4 ey and Intercepted Diameter, Inwolves Irrational Quantities and 
tons. 


62. Suppoſe AP =»; Pp=x; PM=y; R=, and let the Equation Ex- 
preſſing (See the Fig. in the foregoing Page) the Nature of the Curve A Mo be = 


r 


1 


aFbxxe—xx — |. F F "DM 
— -axv - ————— =o. tis requir d to 

eK fxx* 6 7 vVbb-+lx-|-mxx 
draw the line T M, which ſhall touch the Curve in M; or which is the ſame thing, 


© ng to find the Proportion between the Sub-tangent P T and the Ordi- 
na 


For Brevities ſake, Suppoſe # -}-bx = -K =p; ex+ fxx= 2 
EUS r; II . =& Then Subſticuring. theſe 4K 5 


of thoſe in the firſt, there will ariſe this Seed Equarien 1E + «= yr + 
= ©, and reducing this Equation to Fluxions, there will ariſe this Third Equation, 
«7 


4 
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Lei C „, ELLE pu 
J | 


L 93 2 yr 217 


n=bx; p=—2xX, a Ser Tze; 7122553 and 5 =1x | 2mxx; 
and ſubſtituting theſe Values in the reſpective Terms of the Third Equation, there will 
ariſe this Ed Equation >= eee 22. 


J " 

: 24x77 L Hin iet 
+axy/r+ _ + — 8977 = ©. which is an Equation 
-whereia the Fluxions x and y only remain, and either one or t'other will be found 
in'every Term of the Equation, cleared of the Radical Signs and all other lncum- 
brances. Whence if all the Terms aſſected with æ be kept on one ſide, and all thoſe 


affected with y be Tranſpoſed to the other ſide of the Equation, and if the Equation 
ſo ordered be reduced to Analogy, it will be, 


nee, 27 2 bp—2ux _, „ = 47. 1 
79 r 5 11 4 q” T; * ah. 
RIS = 15 :4 PT: PM. Now in this Analogy, xand y are given, and 


. 
are given to find the fourth Term P T. Q. E. I. : | 
us I have ſhewn the Uſe of Fluxions in the Reſolution of a Queſtion otherwiſe 
perplext enough, that the Learner may the better underſtand how to apply the Rules 
_ hitherto we have explained to the moſt Intricate and Perplext Queſtions of this 
Nature. | 


PROP. VIII. 


Let the Curve A M and its Tangem MT be given; and let another Carve 
' AN» be applied to the ſame Axis AP; and ſuppoſe the Relation between the 
Ordinates PM, PN tobe given: "Tis requir'd to draw the Line NL, which 
ſhall touch the Curve AN n in N. 


Suppoſe AP = x, PM =y, PT r, PN=s, Pp=MR=NK = Ri, 

Ks =, PLA. | 
Now becauſe the Triangles RM, 

MPT are ſimilar ; therefore R 


C):RM(x):: MPC) PT (er) 
and conſequently «=>. Again, the 
Triangles „K N, NPL are ſimilar, 
and K (s): KN (x) :: PN (a): 


PL (4) therefore x = — = 
* 09 L 


conſequently 7 But PL = 
. find the Value of « in x or the Value of x in a by help of the Equation 


* 
14 „ ituting the {ame in the laſt Value of the Sub- tangent, all the 
Fluxions will be deſtroy d; and the Sub tangent will be expreſz d in known 4 


5 1 2 
* - _ p N 4 =. ed a . * _ 
* | . —— ! 
: \ p | —_ 
* *. a * 4 14 
e * : 4 . 
— 1 = » 
$3 5 IJ * 
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For Iaſtance, let o be an invariable Quantity, and ſuppoſe the Relation between 
PMandPN to beexpreſs by this Equation 4x (yy) - = 86, then is, ax 


(279) =206, and 4; = 4. Thereore he sf 227 = 


4241 — 4 =#n) 2X—26 


But if the Relation between the Ordinates be expreſs'd by the Letters y, =, 5. f. 
557 2 44, then we may proceed thus: 2778225 and yy ==u = LEA 


and dividing by 5, and multiplying by dy we have 4 = rs, and 4 (= PL) 
= and if the Curve AM be a Parabola, then ax = yy, and «= (vr. 


25.) 2 x therefore PL = =D = 3.x = 26 15 before 


And if we ſuppoſe the Rectangle MP x PN to be always to the Square of 
s, then the Equation expreſſing the fiery net dog” 


yu ei, and conſequently 6 = = = 27 and 1 -t =I. 
and becauſe the i as the Ordinates of the Curve 
AMm Increaſe; fo thoſe of N » Decreaſe; that is, the Curve AN is Convex to- 
2 * and the Sub- tangent muſt be taken from P on the fide of the 
Axis oppoſite to 

Again, Let the Nature of the Curve A N# be expreſſed by this Equation ys = x x. 


WS eee But 5="7"» therefore 55-87 is = pa LEE = 


2 ad , err ( = = ——— = (es 
a I | * 2299 


xx tx 
—_—_— 3 


cauſe 285 =xx) 


L | PROP. 


9 
» # 
*. * IS — 
— 1 TY ; 


38 e,, Or en hau 
20 „ 25 PROP. IX 


The Carve Line AN dt Dion AP and Erg, ele 
: Tithe Reis eee, BM, BP, that — 
FRI N the FP, * xn pun Toen 


N be . 
Equation : ee ex MT er er FMA 
e Paw Me | 


/ 64 Draw the Line KFH dene to ni un it Inter the Diameter AP 
produce d in K, and che given angent N H in E, and on the Center F with the Di. 
ftances FN, FP, FM de- 


D, | | ſcribe the little Arches N Q, 
74; 1 | Po, MR bounded by F.Q in- 


? s 5 * finitely near to FN. Which 

N N being done, ſuppoſe FR 

FHS, FM g, FK= x, 

FN =. Then the Trizn- 

” BET Pop, FMR, 

3 ; HFN, ge 
-" therefore 5 


(x) : 1. A 1: EY 
* And FP (K): 


9 by FM O0 Po *) MR 


ts, And FP (x) : FNG): (50 Ne == A ag, HE 


N. 280 FN G): : NQ ws bean And laſtly,” Rm (5) KM 
425 


N the Value of 
Jin and , and therein Subſtituting for # its Negative vibe — 22 ( becut 


t * * 


while « Increaſes, # Decreaſes), all the Terms will then be affected with x, ſo that 
putting the Valve of y found thus, in place of y in the Value of the Subtangent 


22 ali the Fluxions will be deſtroy'd, and the Value of FT will be expreſid in 


& X 


known Terms. 


EXAMPLE. 


Let the Curve AN be a Circle paſſing through the given F (ſcitua- 
PT» of the Diameter AP, that the Line FB to AP, paſs 
rough Sh Raf ths Ode) wad ler P M be always PN, and draw M L 
AG, r GE Whence it is manifeſt that the Curve FMA is 


that which is now the Cifſoide: And becauſe PM = PN, therefore the Equa- 
tion Expreſſing the Nature of the Curve is « --y =2 x, and # +7 =2x. And 
| | | (Subſtituting, 


; 
„ 
1 
2 
| 
N 
, 
- 
7 
* 
4 
. 


LL 


la) thus: 


10 | 4 39 


| nt — 2% for s) lC 666 WI ET = 


fxxx 
dr) 3rax+ias h Os 
And if the point M hippen to fall in the point A, then the Lines F My, F N. FP will 


be each to F A. d FK will be = FH Det KFH 1s Perpendicular to 
1 Angle K AF = F AH, and r Triangles) and 


e e eee 
FT rex ir SH 
Another way, | 


"The Tangent M may be otherwiſe determined (the ſame way as in the Parabo- 


err to the Diameter FB, and find the 
Equation Expreſſing the Relation of the Abſciſſa F L to the Ordinate LM in this 


manner: Suppoſe FB =2 «, FL or BE S x, LM=y; then the Triangles FL M, 
FE N are ſimilar, therefore FL (x) : LM CO) :: FE: EN :: EN Waar—xx) 
:BE (= x.) Therefore the tion of the Curve is x x S NI - 


and x+ ν = x7», that is, by Diviſion | 
x3 Gax*tx—2x3Ix . 342 1 x—=x3x . 
and . — =27, and ——— . But Ls 
28x 2 — * 122 - | 
* — K* : 3 3 — 
; = ier. —.— = (Subſtituting 2 for p35) , == . 
7 34a r x3 24 — * 3ax? — x3 
Nee 2 
32 — * ; ; 1 / 
And if BD be Ereaed Perpendicular to BF, and MC be drawn Parallel to BF 
and T M to D, then the Value of CD, which determines the Tangent to 


che point M may be found in this manner: Let LZ be = , BL =2—x, and 


CD=tr. Then CD (r): CM (2a—x) :: CM (g) whence y = 
Fu.) And by the property of the Circle 24x —x x =» therefore 2 4 x 


24x — 22 K 


* 4 2 2 nd «== ———- And becauſt in the Ciſſoide the Lines 


BL, L Z, L F, LM are continually Proportional, therefore the Equation Expreſſing 


de Nature of the Ciffiode is x x 5 i anda K 7 225 and , 


2X 2255 
1 


. And becauſe 24x —xX =uux and ys = tox, thetefore, Wwe 


22 — * 1 


have this Equations 2 y— xy , Nowy [2 SELLS wee 


PE IE 


fore tux =24—X Xx 2xx — y « = (Subſtituting « « for 2 4—x x x and x # for 
a ” 5 - a — * "PEN 4 | 
24—2x5) 2u#x—xx =, therefore w = — — EE, and 


uu —=2ty=24xXx —2xxX, (becauſe 2 — 2.x & = 24=—=xX X— 25) gu— a 
There 252240 4-54 and y, CD (=) =4#+4;. wich 
admits of a moſt ſimple Conſtruction, by taking CD = 4 LZ-+ 4 LM. 


PROP 


40 Fluxions : Or an IntrodBion 
PROP. xX 


Let the two Carves AQC, BCN be given, and TAB F their Diameter; 

and ſuppoſe the Method of drawing their Tangems QL, NF known, and let 
the Nature of the third Curve MC be expreſi d by any given Relation between 
the Ordinates QP, MP, NP. Ir is requirdto draw 4 Tangent to the Curve 


MC, which ſbal toath the ſame in any given Point, v. g. is M 


66. Draw the Ordinate pm infinitely near P M, and draw NS, MR, Qo Fa- 
rallel to P, and then we have the three little Triangles NS», MRm, Qog. 
Suppoſe the given Quantity PL = and PF =:, PQ =x, PM=;, PN=v. 
Then „ = x, Rm =, Sn (At. 22.) == v, (becauſe x andy increaſe while v de- 
creaſes) and becauſe the Triangles LPQ, Qoq; NPT, »SN; MPT, wRM ac 


ſimilar, Therefore QP (x) : PL () :: 90 (x) : Qo= = and Qo= MR 


T L A P 7 B GG 


ns =, Again, NP ( PF (t):: #S (—4): SN = 22, Therefore 


— =, dle Laſtly, „RG: RM (=) :: MP (Cy): 
T= E; orthus, Rw (5) : RM 2) :: MP (3): PT , which 
xy | nag 7 

vx 


being found, reduce the Equation of the Curve to Fluxions, and ſubſtitute — —— for 

2, and find the Value of f in j and ſubſtitute the the ſame in Z L. $0 all the Fluxi- 
cy 

ons will be taken away, and the Value of the Sub-tangent will be expreſs'd in Terms 


altogether known. 
EXAMPLE. 


Let AQC be the Apolonian Parabola, and BCN a Cubical Parabola, whoſe 
Ordinates NP are in a Subtriplicate Proportion of the Intercepted Diameters B P, 
then *tis manifeſt (Art. 2 5.) that PL=2 AP, and P F= 3 BP. Now Suppoſe 
the Nature of the Curve MC to be ſuch, that the Ordinate PM be always a mean 
Proportional between PQ and PN; then it is PQ: PM:: PM: N, and conſe- 
quently the Equation Expreſſing the Nature of the Curve MC is yy = x v. And find- 


ing the Fluxions of this Equation we have 233; S er ( becauſe Fang 
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dt WP | = (vemos therefore x = 
fx | F 

FRM. 2 2:s 2PFxPL _—_ SPBx2PA 
Sie Odin ro fr), = r=. — 3PB—2PA' 


QE.L 
And Univeſally, Suppoſe yu * = x*® y*® then m x 7 * — 17 my" _ 
. (becauſe — —= is = v and conſequently , the Term 


2 * 101 vx 
S iE e — 2 3 
i fx 


*. . AndPT = 22 
v - 12 xy 


1 1 * 5 terne ee 8 
— = ( Dividing 


my x*==! Xx — — — 
ix fx 


every Term in the Numerator and Denominator by x) = xn ———.— 


* 


mt Niet 
r 


; and by Mul- 


Therefore AN is = 


82 5 
rr 


tiplication and Diviſion y = —— — . 


of mt  ntxy*+a—t 
pt —I* — ee __mirFarxgnte_ 


4 7 mtu e- ener „ x* — 24 
(0 ro- for 5 mi LIE wy | 
= (Subſtituting 7 mix®"gu —ax*y* © s Namera@r 


mti--nts 
mi-—ns 


COROLLARIES. 


67. If the Curves AQC and B CN degenerate into Lines, 
Curve MC will be one of the Conic 2 Lon — 


Sections. 


15. If the Ordinate C D fall between 
AandB. And if the Angle CAB = 
CBA be = 45*. then the Curve MC 
will be a For then AD=CD 
DB. And the points A, L; B, F; 


and Denominator by x * v*) = gy +» 


7 BY 


2 PBxPA _2PBxPA SN | "Wu 
PBLPA JB p. dich is the Value of the Subtangent of the Circle 


found (Art. 23.) above. 


C fall between A and B, and the equal Kings EA o, 


2. If the 
CBD be each than A CD, then the Curve M C is an Ellipis; For the Subtangeat 
PT == = FR 


7 - 
, - 
wy + lute 5 a # wa # - Ln 4G -- , 
— 
3 


— re rr owe oe er 
1 * 


42 Fluxions: Ur an Introduction 
3% If the Point B be at an infinite diſtance from A, that is if B C N be parallel to 
APD, then the Corve MC is the Parabola : For then the Sub-tangent PT = 1 8 


fs 
n = (becauſe PB iz infigite in reſpełt of AP) WHEEL = =2AP, 


which is the Value of the Sub-tangent of the Parabola found (Art. 25.) above. 


. F n then the Curve M C will be an 
4 Hyperbola, and AB will bethe Axis; 

2ts 2BPxAP : 
e : APP” which 
is alſo the Value of the Sub- tangent of 
te Hyperbola found (Art. 33.) above. 
- * + + And thus it appears that all the 


% Sections of the Cone may be deſcrib'd, 
PP by help of any two ſtraight Lines, 
| given by Poſition. K 
PROP. XI. 
if the Nature og 8 Line 1 2 the Method of drawing 8 

to the ſame, v. g. PH, be known; any determinate Point F without the 
ſaid Curve be given, from hve he 7, bt Line FP M to a third Curve 
___CMD, the P ri "ah vc 5d by any give _ _—; 

'tis requir'd to a the Line MT, which ſhall touch t ne 


Fai M. 


68. Draw the right Line FHT Perpendicular to EM, 8 Fm infinitely 
near F M, and on the Center F deſcribe the Arches MR, Po, then the Triangles 
Pop, HFP; MR, TFM; FMR, FPo are ſimilar. 


Suppoſe the known Quantities FH = #, FP=x, FM=y; N (=#): 
FH (o) :: po (4): Po = >. And FP (x) : FMO) :: Po (= : Mr 


2 and R (J): RM (ZZ) : FM (9): rr Ar, a 
x7 


oa * 


dard of the Fluxions by help of the Equation of the Carve, © wy 
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EXAMPLE. 


Suppoſe the Curve APB to degenerate into the right Line PH, and that the 
jon expreſſing the Relation of FP toFM is y—& = (that is to ſay, that 

P M is always equal to one and the ſame given —_—_— then tis evident that the 

Curve CM D is Nicbomeder's Conchoide, and the Line MT touching the fame in the 


point M, may be determin'd in this manner, y = 2, and y x. But FT = 
22 = (bſtituting 5 for x) 22. Whence there will ariſe this, 


x * 7 


CONSTRUCTION. 


Draw M E parallel to PH, and MT parallel to PE; I fay, MT will touch the Con- 
choide in M. For, FP (x): FH ():: FM (3): FE =, and FP (x): FE 


43:3} « ct BT I 1 
(2): FMO): FTS 
Hence it is evident, that PH is the Aſymptote, and the Point F is the Pole of the 
Conchoide CM D. A 


If the Nature of the Carve A Mm be given, and if the intercepted Diameter 
AP. be the Portion of a Carve (infect of + rage Lin, 4s in the 

Problems) and the Pofition of the Line PR — the ſame in P be given: 
Tis requir'd to draw the Line MT, which ſball touch the given Curve in M. 

69. Let AQB be the Axis of the Carre AP p, and draw the Ordinate M Q per- 
pendicular to A B. Draw the Tangent PT, ſuppoſe MT Interſecting PT in T, 
to be the Tangent which touches the Curve A M in the point M. Imagine another 


Ordinate y Inſinitely near PM. Draw MR 
Parallel to PT. And then Suppoſe the Ab- 


ſciſſa AP x and PM =. Then Pp=MR 1 K 
=xandRm=y. and the Triangles m R M, 1. 


MPT are ſimilar, therefore R (yz): RM 


(x) :: MP CORD #23 . whichis Clear- 


L 
ed of the Fluxions, and Expreſs'd in known 
Terms, by Conſidering the Equation of the 
Curve, that is by Comparing the Relation of 
AP = x to PM = y, as has been done in the 
like Caſes before, and will yet be more evi- 
dent by the following 


EXAMPLE. 
70. If the Curve A Pp be a Circle, and if APorxbeto PMor y, as is to b, then 


the Equation expreſſing the Nature of the Corve A Mm will be x = , and 


« = 77, and conſequently PT = 7.= = (by ſubſtirution) 2 = x, and the Curve 


J 
AMC will be a Semi-cycleide ;, Simple if b be 4, Protra#ed if b be greater than a; 
and Contradled, when b is leſs than 2. 5 ? ; 
And in the ſimple or common Cycloide MQ = APP, and MP = AP, 


therefore = b, and PT =Z=7=. That is, PT = PM. 


CON 


CONSECTARIES. 


1. In the Circle AP B if the Chord A be drawn, Livy; it will be Parallel the 
Tangent MT. For the Triangle Mp T being an Jioſceles Triangle, the External 
Angle T P Q is double the Internal Oppoſite Angle IM; andrhe-Angles APT, 
AP Q ſtanding on-equal Arches of the Circle are equal: Therefore the Angle TP Q 
is alſo double T P A. - And conſequent the Angle TMP = rr 52 
the Lines MT and AP are (Prop, 7. Pep . El 1) Parallel. eri 


3 Line drawn from M Parallel to PB, vil be Perenice Wie Cycloide 
in . 


3. Tho' the Gmb me n Nn the Subrangent to 
the Ordinate may be expreſs in ordinary Teng; For QP * QA: "QM: & N. 
4 And becauſe MN:QN :: AP: AQ, and AB:AP:: AP: AQ; there- 


fore the Tangent MN is to the Subtangent QN as AB3 isto AG. And it the 
Tangent M N be produced until it Interſe& the Baſe B C uced, and if a Line be 
drawn from M parallel to AB, then the Tangent will be to the Subtangent (B C 


being conſidered as an Axis) as A B. 3 is to B Q. 
_ Another way. 0 


Suppoſe QM = «; QP=z; R=, QN =#; DQ= d; 8 AQ 
=x; Qq=Po=MS=x; 8 = „ LLP Er fimiler Triangles) 


QK O: & O) :: Po &): po) therefore 7 Os Again QN 0 21 


= 4 


: 


(s) :: SM (a) : C0 therefore @ = Ply, © DP h. ac). 


— " . 4 S, if f - 
Pp(z):po(x) a « 5 . 
Mow tet the Relation bases e — There = 


A 


Fg 


ba—by, And 2 = bu—b y, and by Subſtitution 72 . And by Re- 

duction Near Gn 70 710 ech and con- 
buy - g 4 = 

ſequeatly ON GO = % M' view 


And if the Curve AMC be the Primary or Simpl Cyelide then s = ö, and; = 
_ That is BQ: Q: : (QP: QA :?) QM, QN. uin the third Corollary 
of the preſent Propoſition. eue 4 — 


FT , 14 
* 4 * 


Lr 


1101 XIII. 


The Murer the Carve Line A PB, and the Poſition che Tdugent P H 

given. there be another fixt and immove able — F, and — 
Cee CMD; and let the Relation of F M to the Portion of the arve 8 47 
„ gives; nur to touch the Curve in M. 


to E P until it laterſe& the Tangent PH u ad 
[; od ng Oh Lins Fo lefnieaty year FF 

On the the Diſtances FM, FP de- 
, and then the Triangles Pop, H FP are fimilar; 
right Angles, and the HPF=HpF, 


HE 


; MR m, TEM are ſimilar. Let the given Quantities P H = 
IEA F and the 4c AP and then PH OF. 


1 5). MR 25 


n 65 : RM 2): FM &) {FT = 25, and conſequently FT 


may be obtain d in known Tertns by deſtro eker dee and 
Quantities equal to thein, by þ of the E — Natwe of the 


EXAM 7 L K. 
72. If the Curve AP B bea Circle, and F its Center, It is evident chat the Tan- 
ic Þ H will become Parallel and Equal to the FH (viz, : = 3) becauſe 


this Caſe both are Perpendicnlar to FP; and 


i Fe Sos i We u 22. 


Now if we ſuppoſe the whole cds 
e b, x 
itbe h: 7; then the Curve Line CMD, which 


in this Caſe becomes F MD will be Archinede?s Ser, and the Equation expreſſing 
the Nature thereof is == 5 mr UE n= 222 = * 


2. Wheace we have this 
CONSTRUCTION. 


On the Center F with the ode FM, detrit the Arch ofthe Cl N. bound- 
edt Q by the Ray FA, — Than take F 9 


as FPlerionr: Or an Introduttion 


and draw the Line MT; I ay, it will touch the Spiral Line F MD in Mi: For becauſe 
che Sectors F A and F M Q are fimilar, therefore FP (2): 8 AP (Ss): 


ua = 
And niverſaly : 


If itbe 35: : :*. | Then l. = an 28 eee, 
and (dividing both ſides of che Equation, by the Equation of ſuch Curves) 2 


S 2, that is mzy = #72, and & = DE, Therefore ru 


2E, and by help of eee ee 


2 


r may be taken away, and the Sub- tangent expreſs'd in ſtraight Lines. 
PROP. XIV. 


If t he Curve Line A N B, andtheRight Lines AF and F B be given iy Poſition; 
and if another Curve, as AMG be ſach, that drawing the right Line FM Nr 


pleaſure, and MP paraliel to F B, the proportion of . pee... ANzwwAP K. 


2 by any given Equation: Tis 1 to draw the Line MT to touch the 
Curve in the given point M. 


71 Suppoſe the Tangent requir'd MT to be drawn. Then through T the Point 
ſought, draw T H Parallel to F M, and M RK Parallel 
Hb B. to AF, and draw MoH Parallel to the Line touching 
4 the Curve A N B̃ in N. Dan the b 
near FMN, and wR p Parallel to MP. 271 Soppol 


ng. 2 18 the known Quantities FM =I; FN 
VI oO FA AP=x; MK =#; then the Triangles FN, FM.; 
K Mom, MH T; MR, MK ar 


% i] FNC): FM (9 :: Nn(2):MO= Fe: - and MR. 


A PP 7 ): 1. (00 MK (): MH E | 
If the Curve ANB be the Quadrant of n 


AN (z): AP (H):: AN B (5): AF (a) then it is manifeſt that the Curve Line 
AMG Fr 


az =bx, and 22 = bi, and & == and x =, and becauſe FP and MK are 
parallel and equal, and AP = x; therefore # = 8. Hence (in particular) 
MH 2 — = (putting 6—s for s) A (becauſe y = 9) 8 


7 * JT ax 
: bx -\ bra—bix _ * 4211.— 441K 
MORE; Which gives this eaſie. 
CONSTRUCTION. 


Draw MH (parallel to the Tangent s N, or or) Perpendicular to F M and 
the Arch II O deſcribed on the Center F, and draw HT Parallel to F M; 1 ay, the 
Line MT will touch the Qadremix in M ; For becauſe the Seftors FNB and FMC. 


re ſinilar, therefore FN (4) : FM Co) :: NB @—x) : MQ = . 


20 
— 


: 6:0 K0L 
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COROLLARY. 


574. Hence to determine the point G, 5 —— Luadratrix AMG interfeQs the 


Semi-diameter FB; imagine another Ray F 
bed ann por of the the ſimilar Triangles FBI, 
F;, its ANB: AF: : 6B: FF:: FBor AF: :FGorfe: 


F 
Gebe be, l 70 ee ANB, the Quadrant of 
Circle, and AF the Semi-diameter. That is FG = bo : and hence we hayea ſhorter 


Method for drawing Tangents to this Curve, which is this, \ 
Having drawn TE parallel to MH, the Triangles FMK, ETE are ſimilar; there- 


fore MK ( -)): MF (s):: ETor MH TS ET DR 


Ez © 


(parting ** for „ hub (dividing by b—x) . Whence us mani- 


144 — 441 


6 that FT aaf fo 


PROP. XV. a 


Let any two Carves BN, FQ, and their Axes BC, ED be gives; and ſuppoſe 
the Method of drawing their Tangents NH, QK known, and let another 
Carve Line LM be ſach, that drawing from any Point M in the ſame, the 
Kn and M PN Par „AB AB the Spaces E G 
Point E being « determinate Point in AE, and E F being Parallel to AC 
2 APND be ap in the ſame Proportion to each other : "Tis regair d to 
dras the Line MT which fhal touch the Carve ML is the Point ML 


73. Suppoſe the variable Quantities AP=GM A PM AC N PN => 
GQ =x, and let the Space EGQEF be = the Space AND =p Sub- tan 


gent PH = , and GK =I. Then Pp=NS=MR=x, GRS RS = 
(r —7, s =—# ==; becauſe the Triangles Hp N, SN are fimilar 


le 


og ={ =; e m dk. 5 d. ure i ilar; l. 


Si and QG 127 =— 25 Where it muſt be obſerv'd that the Values 
4 as AP = x increaſes, ap . 
=s 


255 Ws 


o CY near FG B, and gf. parallel 


'S +». 


l , 4 ö 
. 
3 
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= # Decreaſe, Theſe things being ſuppos d, take the Fluxion of the given Equa- 
tion, wherein Subſtitute « 2, — J, dT in place af 7, 5, 5, &, and there 
will ariſe a new Equation ſhewing the Proportion of 5 to x, or of MP T. 

76. Suppole « . then is, —2.3 , and —> wr X 5 Therefore PT 


int T falls on the contrary fide of P in reſpect of A the beginning of x. And if 
we ſuppoſe the Line F Qo bean Ferkel, AC and AE its Afmproces, and the 


GQ=xis= Þ and that the Curve ; NP becomes a ſtraight Line Parallel to AB, 


ſo that PN (H be always equal to the Determinate Quantity c (the Parameter of 
of the Hyperbola) then tis evident that A B will become an Aſymptote to the Curve 
cE 


L M. and the Subtangent PT =—*> will be = (Subſticuring © for c) — = = 


. That is, the Subtangent of the Curve L M will bean Invariable Quantity, and 
the Curve I. M is that which Geowerers call the Logarirbweric Line. boy 


PROP. XVI 
An Equation expreſſing the Value F the Sub of any Carve, in the 


Toy 
weareſt Terms being given: Tu requir'd js fon the Equation expreſſing the 
Nature of the Curve. - 


(A A. And becauſe the Value of PI is Negative (Ar. 25) the 
, 


77s What I mean by the neareſt Terms will be beſt explaind by an — Sup- 
PTS AF=x, PM=y, MT =5; and ler 
22 22 rh £ rr 
ba x an ber = 
> 3,7 2497 
C. 10+ dre 61.) 31 1 422 ' Now 
I Call theſe Terms Expreſſing the Value 
of the Subtangent the Na, becauſe 
they immediately flow from the Equation 
of — ap ke ORE the 
Subtangent be Chan applying the 
Equation of the Curve, v. f. if we put 
* = +3bxx—3ay7; and 


. 3 bxx—4 
conſequently £ = ot 222 ſuch I call Remare Terms. 


Now if the Value of the Subtangent be Expreſs'din the Neareſt Terms, the Equa- 


——— 


A PF 


tion of the Curve may be Inveſtigated in this manner, 


Let the Curve (Fig. 41.77.) AM be deſeribed, and draw M T to touch the Curve 
in M, then ſuppoſe the Abſciſſa AP = +; the Ordinate PM=y; Pp = x, RW 
73 then becauſe the Triangles RM, MP T arc ſimilar; therefore wR (5) RM 


G PM (3): PT . Put this Value of the Sub-tangent Equal to its Valye 


ven in the Neareſt Terms; clear the Equation of the Fractions: 
Homing Baal of each Form; v have you the Frater @ the Gros. 


EXAMPLE. 
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n 3 : EXAMPLE I. 


let ic be required to find the Equation of the Curve A M , the Value of the Sub- 


a , 1 
tangent PT being = 375 The Subtangent P T is =" = (ex Hp) 27”, there- 


. 3 
rr 3rr 


fore 37 4 = 2 and zrræx 2. And Subſtituting x for x, and for 
3rrx0 20 and (dividing 37 r x by 1 the Exponent of x ; and dividing 295 by 3 
the Exponent of y) 37 Xx =} 3, andg yr x = 253, which divided by 2, we have 
rr, the Equation expreſſing the Nature of the Curve A M. 


| EXAMPLE II. 
Ler it be required to find the Property of the Curve A M , the Subtangent PT 
« 4s 27, ; 

being = — 


r 


The Subtangent PT is =". = (by Suppoſition) 2, therefore r7 x = 277) 


and x = 2/2 2, and Subſtituting x for x and » for 3) rx 0 237, and conſequently 
(dividing r x by the Exponent of x, and 299 by 2 the Exponent of 3)r x SD, Which 
ſhews that the Curve AM is a Parabola. 


EXAMPLE III. 


A Let it be required to find the Property of the Curve A M, the Value of the Sub- 
"OY 393 --2b37 
3xx-|-24x 


* 


tangent pT being = 
2 TER = = 322 £2327 Ju 

= The Subtangent PT is ef thy nin ne” Therefore 3x x x--2ax x = 33* 
3+ 2b), and (putting x for x and 7 for 5) 3x3+ 24x*0 2 
and (dividing every Term by the Exponent of the Flowing Quantity therein) x3 - 
3 * 1 22 2 53, which Equation Expreſſes the Nature of the Curve A M. 

Hut becauſe chis Method depends on that Problem to find the Flowing Quantity 
of any Fluxion, with which the Reader is yet ſuppoſed to be unacquainted, I ſhall de- 
Giſt from proſecuting the ſame any further at preſent, and content my ſelf to deduce 


the Solution of the preſent Propoſition from the (Art. 61.) ſixth this 
being nothing elſe but the Reverſe of that. * 


78. that we may be able to proceed with the greater certainty in this inqui- 
ry, it will be necellary to obſerve from the forecited Place. 7 | 


15. The Subtangent . is always of one Dimenſion, and is Expreſſed by a Fraction. 


2*. When the Value of the Sub-tangent is Expreſſed in the neareſt Terms, then the 
Numerator of the Fraction conſiſts only of thoſe Terms wherein the Ordinate , 
(or the Tangent -) is found | 


3*. And if all the Terms of the Equation of the Curve be ſimple Terms, then the 
intercepted Diameter x never occurs in the Numerator, nor the Ordinate 7, Tangent 
5 or Curve 7 in the Denominator. 


4. But if the Equation of the Curve contain mixt Terms, then both x,x, : and y 
may be found in both parts of the Fraction : but with this Condition, that the Fracti- 
on being reduced to an Equation, and all the Terms of the Equation being brought 
over to one fide and every ? changed into x, and every - into x, every mixt Term 
will be found as often as there are variable 3 And the Coeffi- 


RSS WIN 4 rr r 


9 


Fx 
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cients or prefix d Numbers will be Equal or Proportional to the Reſpeive Exponents 
of the Powers of the variable Quantities. | 


5*. Whence it follows that the Signs of the Terms whereia the ſame variable Quan- 
tities occur, are the ſame, after a due Diviioa by the prefixt Numbers (or rather 
by the Exponents ot the variable Quantitics.) ä 

Hence to reſolve the Problem concerning, 


The Inverſe Method of T angents. 


79. 1*. Change every t into x, and every: into x (denoting the Curve) and tranſ- 
poſe all the Terms to one ſide of the Equation, and diligently obſerve whither all the 
Terms are ſimple, or ſome ſimple and others mixt. 


22. If all the Terms be ſimple, divide every Term by the Exponent of the Indeter- 
minate or Flowing Quantity in the ſame, ſo have you the Equation Expreſliag the Na- 
tue of the Curve. 


3*. And if there be any mixt Terms, then obſerve & 4. 5. Art. 78. And let every 
Term containing the ſame Variable Quantities be divided by the Exponent of the Pow- 
er to which the Reſpective Flowing Qyaatities are advanced, ſo that the ſame Term 
reſult from every ſuch Diviſion, and be as often found in the Equation as it has Flow- 
ing Quantities. | 


4*. Retain only one of thoſe mixt Terms which occur more then once in the Equa- 
tion, and manage the other ſimple Terms according to F. 2*. And there will ariſe 
an Equation expreſling the Nature of the Curve- 


EXAMPLE I. 


3 — bh a CN 
Suppoſe / = ET i then (by Rele1*) changing : into x, and Tranſ 


poſing all the Terms to one ſide of the Equation, we have x3 -|- ax x -- bby — y3 
—@yj- bby, and becauſe all the Terms are ſimple Terms, therefore (2*.) 4 x3 
-3axx-bbx—y?} —;ayy--bby =o, which is an Equation expreſſing the 
Nature of the Curve, as was requir'd. 


EXAMPLE I. 


t the Valoe of the Sob-tangent be + = 3222S = x xy 

Le f th 8 1 „ then 
we have (by 1*.) 34 Cœꝰòỹ—ũ XX H- 377 —- 22% Zz ey, and 
becauſe we have the mixt Terms 2 xxx and yx x, alſo y and 2755, each repeated 
twice according to the Number of the Flowing Quantities, therefore if one of them 
be divided by the Exponent of x, and the other by the Exponent of 5 (30%) there 
willariſe y xx + 77x (by 3%) and dividing the ſimple Terms by the Exponents of 
the Flowing Quantities in each reſpectively, the Equation expreſſing the Nature of 
the Curve wilt be x3 -|-yxx yy x —1J3 - o. 


ESAMPLE III. 


And the Method is the ſame if the Curve ⁊ enter into the Value of the Sub-tan- 
6ay3 3 95 " 
gent, v.g. Suppoſe . = = Eee — EERBY 
change every t into x, and every into x, and tranſpoſe all the Terms over to the 
ſame lide of the Equation, and then we have 
23433 x x4 e ( + 37 X — 6257 XX — 4839 X17 — 4429 
Wherein 


S . > = 


o Mathematical Philoſophy. 5 
Wherein the Term yxxx containing 3 Flowing Quantities is found thrice, and 
the Term 25 xx containing two is found twice, and becauſe thoſe mixt Terms be- 
ing divided by the Reſpectiye Exponents of the Powers of the Flowing Quantities, 
the ſame Quotient always reſults, it is plain that the Value of the Subtangent is given 
in the neareſt Terms, and therefore the Equation Expreſſing the Nature of the Curve 
will be yzg%x* —2 89 K- 4443+ =0, Or adding any determinate Quantity 
bb; % - ‚ 2x7—4 449*-|-bb =0. 


$80. Hence it appears that a Determinate Quantity may be added to the Equation 
of the Curve: which is plain from the direct method of Tangents, becauſe then 
hen we Inveſtigate the Value of the Subtangent, all the Terms Conſiſting of lavari- 
able Quantities are rejected or vaniſh, And this is ſometimes abſolutely neceſſary, 


v. g. Suppoſe t = = Then we have 2 xx -|-y x -|- x y, and conſequently x x 


-|- x y =o, and becauſe this Equation has no true roct, therefore we muſt adda De- 
terminate Quantity, and then the Equation of the Curve may be xx ＋- x y = b6. 


COROLLARY. 


81. Hence if the Value of the Subnormal (Fig. Art. $2.) PQ begiven, the Property of 
the Curve may be found. For the Triangles QM P, MT P are ſimilar, therefore Q: 


PM:: PM: PT, and if P Qbe S 4, then: ＋ Whence the Equation of the 


Curve may eaſily be (Art. 78. 79.) found 
The Property of the Curve may be lave{tigated otherwiſe, thus: the Triangles m 


RM, QPM are ſimilar, therefore MR(xX):Rm(z):: PMG):PQ=7/7, and 


* 
putting this Equal to the Value of the Subnor mal given, the Property of the Curve 
may be (Art. 77.) found. | 


EXAMPLE. 


222 2 8 3 
Suppoſe PQ = Hp then is 3 and a * =2y? y, and (Subſtituting 
x for x, and y for ) a * 254, therefore (dividing the Terms by the Expo- 
nents of x andy Reſpectively) α xx = 4 y . Whence ax , which ſhews that 
the Curve A M is a Parabola. | | 


Much might be ſaid on this SubjeB of Excellen Uſe in Mechanical Philoſophy, 


which the Reader & bits of, Fri (tl i place being i 
that purpoſe) is the ſaquel of —— as occoſiow ri (is place being improper for 


PROP. 
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PROP. XIL 


If the Right Lines TM, I A be given by Poſition, and if the point M be given 
in the Right Line IME; Let it be required to deſcribe the Curve A Mm 
which ſhall touch the Right Line I M in the given paint M the Mature of the 
Carve A Mm being known. | 


$2. Let T A produced be the Axis of the Curve required, and from the given point 

M let fall the Perpendicular M on the Axis AP, and draw p ws infinitely near P M, 

| then "tis manifeſt that the Particle of the 
Tangent M (Defin. 1) muſt alſo be a 
particle of the Curve required. 

Suppoſe the Curve A M to be diſcri- 
bed, and draw M R Parallel to Pp, then 
AP x is the Abſciſſa, PM = is the 
Ordinate and PT = is the Sub-rangenr. 
And becauſe the lines TP, PM are given 
by Poſition, Suppoſe PT (r): PM 0) 
:: 7:5: then it will bealſor: 5 :: (by ſi- 


milar Triangles) &: 3, Therefore x = 
=, and if the Equation Expreſſing the 


Nature of the Curve required be reduced into Fluxions, and Compared with this, the 
Parameter and Abſciſſa of the Curve, which ſhall touch the Right Line T M in M 
may be determined. 


EXAMPLE I. 


Let it be required to deſcribe the Parabola A M which ſhall touch the Right Line 
Min M. The Equation Expreſſing the Nature of the Parabola is a x = y There- 


fore * = 20, and x . But æ iö = == , therefore" = 2, and 


s = 22 which determines the Parameter of the Curve required. Now by the Pro- 


17 | 


| 229 1 
perty of the Parabola - =2 = —*, and conſequently x =" = (becauſe :: 


y: * and. =2) 25 chat is AP ATP. Which agrees with the Property of the 
Subtangent of the Parabola demonſtrated (Art. 25*) above. 
EXAMPLE II. 


Let it be required to deſcribe the Circle AM which ſhall touch the Line MT 

| (given by poſition) in M. The Equation Expreſſing the Nature of the Circle is 2 2 x 

— x x = Which being Reduced to Fluxions, we have a x —x x = , and x 

3 2, Whence 2 „ deer v x, therefore . e 
4 


ag —X ons 


= (by the Property of the Circle) A. And Conſequently 25 x y +2 rx x 


Sri, that is x 2 8 whence the Value of x (and Conſe- 
uently that of « the Semidiamerer) may be found by the ſolution of an Adfected 
tric Equation. | 


EXAMPLE 


to Miathentatical Philoſoply. — 83 
EXAMPLE III. 


Let it be required to deſcribe an Hyperbola AM, which ſhall touch the 
given Line I M 1n a given point M. Suppoſe the Tranſverſe Diameter = a, 
and the Parameter , then the Equation expreſſing the Nature of the Hyper- 
bola is bxx -|-bax = ayy. And reducing the fame to Fluxions we have 
2% _ ry 


ber N les = 2 — ” 8 nn 


21457 


„ (by the Property of the Curve) 


+ abr, and by Diviſion 5 = 


25 


427 7 an ST * . . . 
pings et, ee L SIS « And becauſe in this Equation 


there are two IndeterminateQuantites (vix. a, and x) *tis evident that the Problem is 
not Limited, and that the Values of h and x will come out different according as we 
aſſume the Tranverſe Axis 4. 


COROLLARY, 


83. Hence *tis manifeſt that tho one Line only as M can touch a given Hyper- 
bola in one point M, yet an infinite Number of Hyperbola's may touch a Right Line 
in one and the ſame point. 

But if the Curve A Mm required to be drawn, to touch the Line I M in the given 

int M, be an Equilateral Hyperbola, then (Art. 35.) 4 = 6, and the Problem will 
be Limited to one Particular Curve. 


FAQEF. IX 


To Inveſtigate the Equation Expreſſing the Nature of any Curve, Generated by any 
given Proportion between its Ordinates. 


84 Suppoſe A D a Determinate Right Line = 4, to which in any given Angle 
Apply the Right Line DK (alſo Determinate) = b. Then take any Number of 
aliquot Parts of A D, as AB, AC, or the Mul- 
tiples thereof, as AE, AF; and from the , . 


ints B, C, E, F Ce. Draw the Right Lines == a 
H, CI EIL, FM ec. Parallel to D K, which x] | 
keep a Conſtant and Immutable Proportion | | 
L 


in reſpe& of the given Line DK, and the K 
Part of the Diameter which they cut of, | 

And ſuppoſe the ſaid Right Line AD to be 
divided into an Infinite Number of Equal 
Parts, and an Infinite Number of Ordinates to 
to be Drawn Parallel to DK all in the ſame 

iven Proportion, then it is plain that the 

Little Lines AH, HI, IK, KL, Sc. will 
Conſticute a Regular Curve. 

Now 'tis required to find the Equation of 
the Curve, knowing the Particular Relation 
of the Ordinates : that is, 'tis required to find N 
an Equation ing the Relation between | 
the Ordinates and Intercepted Diameter. 


1*. Let AK N beaCurve as before, and taking 
Ac g=; AES I; AF =24; ad ſo ch at Pleaſure: 12 
the Ordinates to be as follows, v BH =$ b; CI = AI; E = 

&e, whence putting e in General for the aliquot Parts or Multiples 
| of the e will ariſe from the foregoing Hypotheſis, 
= «£6, the Correſponding Ordinate B H or E L will be 


— 


2 


AB SAD, and 
* bod bo Boer 
+h 2 
A is 
11 


From 
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From which the 405 the Curve may be Inveſtigated thus: put AE = eg 
==X> then is e= = . and pot EIL. =eeb=1, thenisee = , andConſe. 


quently *,- 77 *. Which is an Equation Expreſſing the Nature of the Curve AHN, 


denoting the ſame to be a common Parabola referr'd to the Line A F (touching the 
ſame in the Vertex A) as an Axis. F 


* 


2 Again, ſuppoſe A E = dL „ 


a 
and conſequently 2 = x, and the Curve A K N is an Hyperbola (4. 26.) re- 
fetr d to oue of the Aſymprotes AE. 


. The famethings be ug ſuppoſed, and A E being put . =x, ind EI. = = 
Veab—ecbby orgy = cab — eebb. Then in this Laſt Equation Subſtitute 
— for e, and there wil ariſe 79 =bx—2> x x, dendting the Curve to be an Ellipſis 

and putting a = b, we have 8 x — x x = yy expreſſing the Nature of the Circle. 
A Univerſal ; 
4. eee the Powers of e; and ſuppoſt 
„ rA and c = EL, then is e® , and e == and by 


a3. | wv | 


| 2 7 
equal Extraction e = — = = and þ* ** = 2 5, and (adrancing both fides 
a® i 


of the Equation firſt to the Power », and theſe again to the Power w) b® = a*y m, 
which expreſſes the Nature of Paraboliform Figures, and if » be Negative; that is, if 


1 be = = +, then the Equation þ = x* = 4" y* will expreſs the Nature of all ſorts 
of Hyperboliform Figures. 

5*. Suppoſe e eie AE, and ebJ-e*b+e3b=EL=z, 
then is e-e* E == = +, and a7 = bx; and conſequently, the Line 
AKN will be a right Line. 

ge. Suppoſe AD = #, and DK = . 1) and ſuppoſe AE =es, 
and EL ==; Hence if the intercepted OD =14, 26, 34, 


44, &c,orto } 4, } #, 2a, &c. the reſpective Ordinates 3 will be = b, * —, = LY 


or Vel, Verb Vn 4: Now tg rquir neigh n emer 
Ordinate and intercepted Diameter is ES ali oy 
W 50 =, and put 52 


we have tis rf 
Nee. — 


771 2 then ſubſtituting — in place of 4 
— a gives b x: pr which ex- 


FO, 
=—- — 
- - $+ 
— 
- * 


c oO 


Land hd 


of will be (ſuppoſing BP = 7) 5&5 = by. Now 
of the Ci : 


* 


to Mathematica Philoſophy. 
COROLLARY. 


$5. This Equation expreſſes the nature of the Logarithmetick Line, by help where- 
of if is an matter.to find the Logarithm of any abſolute Number * con- 
trary. _ Suppoſe AO=r = 1, AD == too, and DK =b = 10, th 
this Equation will ariſe 10* = 1 = 199000 u and becauſe Unity being by henry 
to any Power whatever, never alters its Value, but always remains an Unite; there- 
fore n laſt found will become 10 = 2 
Wheace, i abſolute Number y iven, its Logarithm x may be found ( 
vice verſa) from the common Principles of Algebra. | 


i 


5 


PROP. XXI. 


the Carve A Mm and the Equation exp? the Nature thereof be given, | 
2 any determinate Point M 22 it be reguir d to deſcribe 
another Carve B M m, which ſball touch the given Curve in the given Point M. 


$6. Let the given Curve A Mm be a Circle, and fi 
by the pro of the Circle 24x —xx . 
the Parabola BM to touch the Circle in the 
given point M. | 

Becauſe the Parabola is Convex towards the 
Circle, the Equation expreſſing the Nature there- 


ſe AP x, PM = : then 
let it be requir'd to deſcribe 


the Equation 
therefore ———— = y = (becauſe the Fluxi- 

iS . = 3 
onof tor BED = , and B AT TPP 
conſequently, «þ—b x = 2.t 7; which being multiplied by this Equation-re =4 y, 
we have 2 —tx =2. 77, and =, Whence the Parameter h may alſo be 


Circle is 24x —xx =y yg 


diſcover'd. 

Bur if the Parabola be Concave towards the Circle, then the Equation expreſſing the 
Nature thereof will be be = yy, whence 5 = —22— , and b=27 —2 x, | 
And in like manner, any other Curve whoſe Nature is expreſs'd by a given Equati- 


on, may be deſcrib'd, ſo as to touch another Curve, whoſe Poſition and Nature is 
given, in any given Point. 


PROP. 
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SECT: Iv. 
The Uſe of Fluxions 


.In Inveſtigating the Area's of all ſorts of Surfaces. 


DEFINITION I. 


1 the Curve Line AB CDE conſiſt of an infinite Number of little ſtraight Lines, 

join d n Angles in B, C. D, &c. then the Space A FO (the Anglc 
AOF being a right Angle in this Caſe) is a Po/jgon, and 

there be drawn the right Lines E P, 


A if within the Pol 
DQ, CR, BS, be” parallel to FO, and infinitely near 
one another ; that is, if they cut of the infinitely little 
B Parts (equal or unequal) of the Diameter, SR, RQ, 


c : : QP, PO, &c. thay. 7 will divide the Poligen into the Tra- 
pezia DQPE, CROQD, &c. and the Sum of all the Tra- 


I 
3 — 8 pexia will be equal to the Infinito-lateral or Curvilizea! 
Ii j* Space ABCDEFOA. 
TT 0 And if the ſaid Curvilimea! Space be divided into the 


G 
* Trapezia EGI D, &e. by Lines infinitely near one another, 
ee AO; then the Sum of all theſe Trapezia's will be equal to the Car vi- 
S 


linea pace AF O. 
DEFINITION. II. 


If AO be the Axis of the Curve AB F, and SB, RC, & Ordinates applied to 
the ſame, and if AQ be ſupposd , QP =, QD=PH =y, EH = 5; 
then EP=y +7, and the Value of the Trapezium DQPE = DQ-+PEx2QP 


— r and becauſe the Term 2 is incomparably leſs than 


2 
yx, it may be rejected, and the Value of rhe Trapezium D Q E or (Art, * the Fluxi- 
on of the Area may be expreſs'd thus y x. | 

COROL. I. | 
Hence if y be put for the Ordinate of any Curvilineal Figure, and & for the Fluxi- 
on of the Abſciſſa, the Sum of all the Rectangles y x, will be equal to the Curvilinea 
Space requir d. 


COR OL. II. 


If the Ordinates decreaſe, that is if 5 be = PE, andy — y = QD, then the Tre- 


33 : 
ex um DQPE = 2 „. 


. a D — , * 1 » & 
"= \ x "G2 n PR 1 - 
* " c * 
- I * ”w id = 
ew, = ” 
RS * 
NH | 2 7 - 
- - k L. * 
% 5 ! « p 
> 7 . « 2 
Y : , . _—r * 
* - 2 2 
- * * 
* .. _ * 
. L * 4 , 0 
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DEFINITION m.. * 58 
DEF hereferr'd not to an Axis, but to a fixt and determi- 
i the tes QA, 


infinitely near one ano- 
DH deſcrib'd on the 


„ OD = HE =y, and the Triangle 
2 JE or the R 7 the les QMDQ is | 


= QE #4DH = ZE I-2E = crejetting 


2 


3) K, and the whole Curvilineal Space QA F, which is equal to the Sum of all the 


Triangles QDE will be qual to the Sum of all the 2, 


PROP. I 


If the Carve AM mD, the Axis AO, and the Ordinate DO be given, and if 
another Curve ON LK be ſuch, that (if MT be drawn to touch the gives 
Carve in any Point M, and MRIN be drawn Parallel to the Axis AO, 
then) PT be always equal IN; I ſay, the Carvilined Space A0 D is equal 
to the Curvilineal Space DO K. 


87. For ſince the Triangles RM, MT are ſimilar, therefore TP (r): PM 


J:: MR (x):Rmw (75); and 
„e IN x 


GI (=t3)is =P Mx MR (= 


x), and becauſe there are as many 

es GN in the Curvilineal 

- 1 : 
in v 3 — 

t thee Gel Ne © N 

being always equal between them: eons Bo 

ſelves, their Sums muſt be equal; that is, the Figure A DO muſt be equal to the 


| 
| 
; 
; 
: 
1 


22 


a 
= 
3 
* 
9 I 
1 
NN 


Figure DOK. 


CONSECTARIES. 

$8. 1*, The Trilineal Space A DQ is to the Sum of all the xy; For 
equal to the Sum of all Trapezia 30 N H. ant RMA ! 
=y, and SH x HMS. 1 25 

25. If the Curve AMD be a Paraboliform Figure, and if the Equation 1 18, 
expreſſing the Nature of ſuch Curves be * = x; then the Sub-tangent > — 
and conſequently, the Trilineal Space DOK is equal to all the Rectangles , and 
the Trilineal Figure A DQ. is equal to the Sum of all the Reftangles x y, But all the 
wxy istoall the x5, axwisto x ; and all the waxy are equal all the y x, there- 


(that is the given Parabola) are to all the æ (the of the 

the circumſcribed Parallelogram) as is to 13 and by ion the 

Parabola AMDO isto — „ 
f \ ” 


4 


$8. Elarions : Or, an lun, 
ber x Parallelogram AQDO is equal to the Ares of the Paraboliform Figure 
AMDO | 


Hence if the Equation of the Curve be 5 =x, or = (putting the Parameter 
a=1) ax, then the Curve is a common Parabola, and the Area thereof ——— x 


Parallelogram A'QDO is equal ] Parallelogram AQDO. ; 

If the Ben of the Carve 7 = x; then the Space ADO is 4 the circum- 
ſcrib ꝗ rarallelogram AD. . „ 3 

And if y? be _ x, then y = x *, and the Curve AM D becomes Concave to- 
Fr rl at is, it is referr'd. to the Tangent AQ; and the Trilineal Space 
ADQ = the circumſcrib'd Parallelogram -A QDO. wow." | 


A} 


PROP. I. 


The ſame things being ſapposd, as in the preceding Propoſition; "tis requird to 
. 2. of al ſorts of Hhperboliform Figures. 


89, Let the Curve CMmB be an Hyperbola or Hyperboliform Figure, and A K, 

AO the Aſymptotes, and let the general Equation for ſuch Curves be (Art. 28.) 

y*® = (the Parameter being 

| = 1, and the Index being Ne- 

gative) then the Sub-tangent PT 
will be equal to x. g 


And becauſe ty =yx, if G. 
be always taken equal PT, then 
the Rectangles NIGn = ty will 
always be equal to the Rectangle 
ways done, the Figure KAOBC 
— infinite towards K C, that is, all 

| the Rectangles y.x will be equal 
to the Figure K LS H equal to all 

the ty = (becauſe t ] all the ij. But (ſuppoſing the Figure KA OBR C 
—b; and the inſcribed Rectangle I. BOA = 4) the Figure K L. BC will de =6 
— 4 all the xy (becauſe IR & and RM =y). Whence all the Rectangles 

* all the, y x, = 6, are to all the x y = b— d, as mis to 1, and by Diyi 

ME 12 677 tn the Figure KA OB C is to the 2 — 
LAO B, as the Exponent of the Power of the Ordinate () is to the ſame Expo» 


nent leſs 1. 8 BY | 23 
CONSECTARY I. 


+ go! . I i be greater than 1, then the ſpace Indeterminate towards K may be 
meaſur d; if » be = 1, then the ſecond Term in the Analogy is equal to nothing, and 
conſequently the Space K A OB C is infinitely extended towards K, and infinite in re- 
ſpe& of the inſcrib d Parallelogram LO. And if » be leſs than 1, then the Space 


KAOBC is morethan infinite. 
* W | 771208) ; * 1 * 
CO NSECTARI II. 


© 2*. The Equation expreſſing the Nature of the Apollonian Hyperbola is y = * = x, 
or (ſuppoſing che Parameter @/== 2) , whence it; appears that w— 1 is 
= 2 and conſequently the proportion between the inſcrib'd R LAOB and 
the ſaid infinite Space is infinitely great. But to meaſure all other of Curvili- 


neal Spaces KG MG Included bergen the Aſjmprotes and any Hyperboliform | 


* - 
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Curve; fay, w—1 : 1 :: Parallelogram *APMG : the Area of the Curvilineal 
figure K GMC: For m:m—1 :: 6:4, and by Inverſion and Diviſion m— 1 : 
: | 


:: 4:4 — 4. | 84 
CONSECTARY III. 


30. Hence it is alſo manifeſt, that any Parabola, or the Complement of any Para- 
bola to the circumſcrib d Parallelogram, or an Hyperbola being given, and ſuppoſing 
the Ordinate PM = y, the intercepted Diameter AP=x, PR = OD 4 is 
Axis AQ =e; that all the P R or s are to all the PM or ys, as mJ 1 is to . 

And if it be requir'd to find what proportion all the is advancd to any Power »; 
has to all the s advanc d to the ſame Power », it may be inveſtigated in this manner. 

Suppoſe the new Curve NG to be deferib'd, ſo that NN be always equal or pro- 
portional to PM“ or y*, then it is manifeſt that the Sum of all the j: is equal to the 
Sum of all the. P N or to the Curvilineal Space AO G N, and becauſe 3 is always 


K 


Re” tb 5 8 n "Heb © ET ; 
equal or proportional to PN and P N becomes equal to OG, at the ſame time that 
becomes equal to b* = OD)” tis likewiſe manifeſt, that the Sum of all the þ* is 
or proportional to the Sum of all the OG or the Parallelogram AOGE: 
ence it appears that to inveſtigate the of all the y* to all the 4 is 
ſame thing as to inveſtigate the n of the Curvilineal Space AOGN-to 
Parallelogram AOGK. Which may be done thus; im Paraboloides and Hyperbo- 
loides, the general Equation expreſling the Nature of ſuch Curves is % = x, and 
conſequently y* = x. Now ſi 7 =H then's = xs and ol —— 
$ an Equatjon expreſſing the Nature of a Paraboliform, or Hyper boliform 
Let the -ſaid Curve be ANG, d Ar = * AO =0 N= and OG =. 
Then (C 3“. Art. 90) _ + 2 > i; E. all the 4: to all the x. Aud | 
becauſe & was put equal to „*, therefore when z or PN becomes.O G or 4 then 
1* becomes b*z and conſequently d js =, therefore 583%. 


Hence 
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| Hence we may eafly due the 64 Pro. au Ine e 1 
| CONSECTARY IV. 
1 4 For we found before z = x*, and it is alſo m: E:: 


1: 1 ＋ : y*: 


*. Is the dire seu and 1:1 — 2 : all the y*:: all the l. In the Nigative 


Series. Whence it is evident that if the of the Power of the i 
Diameter x, be taken for the Index of the Series, wits, it will be as'1 is to the Fower of 
the intercepted Diameter or Index of the Series (becauſe S . = x*, and conſe- 


_— * repreſents 3* in the Dimenſion requir'd) Increaſed by Unity, i are all the 
y* toa 
| CONSECTARY V. 


5*. Hitherto we have found the proportion of all the 3. or (Multiplying both by 
the Fluxion x) y* & to all the b x, their abſolute Value may be found thus: It was 
by the preceding Corollary, m : PS:: all the z *: all the dx; that is, & is 


the Space AOGN, to the Rectangle AOGR = 4%, Therefore == 


= all thezx=S: y" x, (becauſe a = yp"). But b*=4, therefore 8: y*x 


mdc meb" 1cb* 


CONSECTARY VL 


6*. And if we ſuppoſe the Index 2 = 6+thea the Valueof ll they»; is = 


=; and again, If in place of þ* we ſubſtitute cr. (becauſe 3" = x® d, thatis 


when y becomes = , and x = e, cF® = þ* = eF#) we ſhall have all the y* & 


CONSECTARY VII. ; 
. Hence Afercators Lem. 6. Logarichmotechn. may be deduced, upon which 
the Learned Dr: Gray's bee Eee chi 12 For berg al the 
e e the invariable Quantities if 


1 117 


there be any) all the * x = - — = (by putting the greateſt x =) 1g 


hence we have the Demonſtration AS Of" Rule ig Summatory Aritbme- 
tial, to find the Flowing Quaniity of 4 given Fluxion. 


CONSECTARY vm. 


- $5, For inſtance, if the Right Line A O c be divided into an infinite Number 
of x, the Sum of all the Rectangles contain d under any Power of the Abſciſla x, and 
all the æ reſpectively, that is the Sum of all the x© # x, or the Flowing Quantity 


whereof * f & is the Fluxion, is equal to = e = tothe Power of « 


7 * = SS = 


e ad thc 


Eu AK 
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increaſed by Unity, and divided by the new Exponent ; and ſeeing the thread of 
ilourſe us led the en to this Head, 1 hall more & large 6 the fie in the 


next. 


F Sb ; PR O P. III. | 
To fd the h N of any R. 


91. The Summing up of Infinite, or finding the Sum of all the Fluxions of an un- 
known Quantity, or the finding the ing Quantity from its Fluxion given, is not 
leſs difficult in many Cale th he IP — I ſhall begin with the eaſieſt 

Examples, and proceed gradually to thoſe that are more Intricate and difficult. 


EXAMPLRE I. 


Let it be requir'd to find the Flowing Quantity of this Fluxion 438, or 0 x3; 

to the Index of the Flowing Quantity add 1, and then we have aax%** x; 
divide this by the Fluxionary Letter x, and by the new Iadex o 1 or 1, the 
Quotient 2 x is the Flowing Quantity of the given Fluxion. 


EXAMPLE IL 


Let it be requir'd to find the Flowing Quantity km py the Flowing 
Quantity of the firſt Member hb S and that of the ſecond Member « x y 
is Sexy] whence it is plain, that the Flowing Quantity of * + ax is (Art. 12. 
13) = 4x5 $7! i 
EXAMPLE I. 

Let ic be rbquird to find the Flowing, Quantity of 3 x #; increaſe the luder of 
the Flowing Quantity x by i, and then we have 3 x* x, which divide by the new 

* 
index 3, and by be Fluxionary Letter 5, then the Quotient = 2 Ky 


= x? is the 
3K * 
Flowing Quantity of the given Fluxion. 


And ©ntverſally : 


Eu e fats He CEE: if fence; e taker & 
the Flowing Quantity x by 1, and then we have mx* x, which divide by the new 
Sr —— 
Quantity requir d. 3.4 0 01 

| EXAMPLE Iv. 


Let it be requir'd o find the Flowing Quantity of 2 _ 2, TheFforion (An. 16.) ex- 
pres by the other way of Notation, i is 4x=2 x, ain Ghote 


— 0 224 


3 r 
of is 24 21 7 nnn . A = e 


u 1421. 
R EXAMPLE 
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EXAMPLE V. 


Let it be requir'd to . x. To the 
Index of the Power of the Flowing Quantity add 1, and divide by the new Expo- 
nent and by x, the Quotient is = x =3 = =; = the Flowing Quantity requir'd. 


EXAMPLE YL 


Let it be requir'd to find the Flowing Quantity of *—* 7% ; this Fluxion may be Ex- 


prefs'd thus r x x* x, and then the Flowing Quantity thereof is 2 r "txt = 
2 
'$yr * 

EXAMPLE VIL 


The Flowing Qpantity of x4/27x, 07x x 2 27ix xt is4 x 27 K xt =} Varzxs, 
and the Flowing Quantity of x /2 7x — xx is found by reducing 27x — x x|* to 
an infinite Series, and Multiplying the ſame by x, and then finding the ron, 
Quantity of every Term. 


EXAMPLE VIII. 


To find the Fluent of ax Vr 22. In ſuch Caſes where the Fluxion is af- 
fected with a Vinculam ; we muſt conſider whither the Fluxiogal Quantity ſtanding 
before the Radical Sign, be the Fluxion of the ſimple or compound Quantity under 
the — V/isculos, in fock Caſte the Fivent may be foand by the general Rule, 


Thus in this Example I obſerve, that ax is the Fluxion of @ x — 2a, and there- 
2 24x=—240 


fore the Fluent of «x Vax—a80 axxax—ad is} X6X—66 = 7 


Var - 44. 
la like manger the Fluent of cr * x Tr - TA or 


— | 
2rx—2xx x3Vara—zxx *+ will be found (if to the Exponent — + we add I, 


and divide by the New Exponent 4 and by the Fluxionary Quantity l 
to be V2rx—xx, 
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92. Theſe R ules may be Demoufrated by Induction alſo; and bitauſe that Method by par- 
ticwar In fances may ſerve to grve the Reader 4 clearer Notion of Summatory Arith- 
metick, 1 ſoell Explam the ſame in the following Examples. 


1*. In tht: Rectangular Triangle ABC. Suppoſe AB = , BCI, AP = * 
Pp=x, Þ M=7; den the Equation of the Triangle is 5 = 5. 
= and Coe infinitely lite Parallelogram Mp = to the Fluxion 


of the Triangle, is = 7; = (by ſubſtitution) . And the 3 e 


Flowing Quantity is = (puringy =* 2. tt re- © —3 


4 . 


mains to be prov d that the Sum of all the y x is = to 2 


Compleat the Parallelogram A BCD, then it is evident that the Triangle ABC is 
equal to the Sum of all the j x, and the Triangle ADC is equal to the Sum of all 
the x j. But both theſe Triangles are equal to the Parallelogram, and each is equal 
to 3 the Parallel and the Parallelogram is equal to - y, therefore all the x 
= 7 = Triangle ABC. 


© 


2*%, Let AM he a Parabola, AP = x, PM = y, the Parameter = 1, then the 
Equation of the Curve is x* = y, and the Fluxion of the Parabolic Space, viz. Mp 
=yx =x*x, Now it is evident that the Sum of all thoſe Parallelograms is 
equal to the Parabolic Space AMBD. And the Flowing Quantity of x* * 


bs an = (putting y for &) 2 * j, which we muſt prove to be equal 


to the Sum of all the 5K. | 

Compleat the Parallelogram AD BC, then it is manifeſt that the Space AM BD 
is equal to all the y x, and the Space A MB C is equal to all the x y. But by the 
Method of Tangents it is, y: x :: 9:8, and y =, and itithe Parabola f = mx, 
ergo * = mx. 
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Whence w: I:: *: x3 + 5x 
And conſequently : I: :S IK :S S 
But S8: s ⁰α 
Therefore i: S: 
And conſequently f x xy 875 Q. E. D. 


But the Examples 1 baue produc'd, there are others which occur, to which theſt 
Rules cannot be immediately applied; and that the Reader may not be at too 8 bſi 
in ſuch Caſes, I ſhall endeavour to aſſiſt bim in that particular, But f, It will 

be neceſſary to premiſe this | | 


: LEMMA. 


93. If a Binomial be to be rais'd to any Power, g. v. #, (which repreſents any 
Number, Whole or Broken, Poſitive or Negative) then the Uncie or Numbers pre- 


A 


* 


fixt to the ſeveral Terms are, 1 . I n. 1 222 


* * x , Cc. Reſpectively. i | | 
And if P-|-P Q repreſent the Quantity to be raisd to the Given Power; P the 
firſt Term, and Q the reſt divided by that firſt Term, and =” the Exponent of that 


Root or Dimenſiom, then | 1 . 
A B * D 
pPFPQF= PF+ Ad . c.. | 


For inſtance, if it be requir'd to Extract the Square Root of rr — x x; that is, to 
raiſe (the Word raiſe being us d indifferently for involving or evolvigg any Binomial) 
the Binomial yy — x x to the Power or Dimenſion, whoſe Exponent is. 3, then 
p Q= ==, =, and »=2; and conſequently, 77 - Tr = r— 


rr 


* * ar © 
DTT ET ar ne 

Let it be requir'd to raiſe the Binomial a + x to the Power whoſe Ex is ” 
or let ms be the Index of the Root of the Binomial, which is to be Then) 


r Q, and — = (# inthis Caſe being = 1) , therefore PY "is = 


+ man='x FIT ve ma R = * 7 4 + mx 


.. ©=2,0.4 x*. Se. 
4 | 


2 3 | | 
By the ſame Method any Tri-nomis!, Quadri-nemial, & c. or Isfinito-nomial may be 
rais d to any Given Power, % 2 To raiſe the I»finito-nomiat a -|- bz + c 2,* + 
42 ＋ , &c. to the Power, whoſe Exponent is w: in the preceding Bi- mia 


Inſtead 


S. * 
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 laſtead of x put bz er + dz?, &c.| , and inſtead of x* ſubſtitute 
Jaz FI „e, Oc, Then it ismanifeſt that oF Iz Fez? TIL, 
is = a + man= x b&Þ cnt F207, Gu + man an—=2?x 


5 » U 
5 m—1l ——_— 


R Res + dz), Sel: ＋ &c. 


EXAMPLE I. 
Let it be requir'd to find the Flowing Quantity of this Fluxion + #77 L. 
Reduce rr — to an (Arr. 93) Infinite Series, and thenry — x x# is = r — 
— — — — &. and conſequently , xVrr —xx is = 


27 er 6 iz 


of every Term of this Series, then the Sum of all the * rr - Kis S r* 


x? x? x7 5 x? | 
6r Jer izr © ingar? © *. QE. I. 


EXAMPLE II. 


It is requir'd to find the Flowing Quantity of 2 5 It is evident from the (Art. 
rr | 


+ x 


16.) Notation of Powers, that - is =rr X == ws a But r 1 1 


x xx „* — 
( 93) HF-. and conſequently . Ee or- 


3 -& I 5 . . 
is ce and on b 2 — 22 
A Flom r b een 
&c. — . „ + , Oc. 
GE I. | e 


s C HOL UA 


And if we divide the Series (Exam. 1.) by 5 —— reduc'd to an infinite Se- 
0 : # I $ 
ries, and multiply the Divifor by the Quotient, we ſhall have yx — g 2 
' FISTS, Jo lo: p | I 
4 e 2x? 32x _, — —' 
ria? i, TIT Is 0 One BUST 
And in General, If the given Fluxion conſiſts of Univerſal Exponents and Coeffi- 
cients, reduce the part the Vinculum to an infinite Series, which multiply by 
the part before the /mculwm, and find the Flowing Quantity of every Term; laſtly, 
divide this laſt Series or the Fluent: by the part under the Radical Sign ed, with 
any the moſt convenient Exponent, and multiply the faid part under the ſaid Expo- 
5 nent 
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nent by the ſaid Quotient, fo ſhall you have a Series expreſſing the Fluent of the 
Given Fluxion, and readily ſhewing when and whither the Series conſiſts of a ſinite 


Number of Terms or not. | - 


94. The Fluent 2 a Huxien involving ſurd Quamntitiet, may be imoeftigated after another 
OT bieb is ſometimes 222 by much to *% ormer : The Principles 7 this 
Method are, 


10. Reduce the given Fluxion to its ſimpleſt Terms. 


2%, Aſſume a new Equation Adfected with indetermin 'd Coefficients, ſo that redu- 
cing the ſame to Fluxions, the Terms of this may be compar'd with thoſe of the 
Given Fluxion, in order to determine the unknown Coefficients. 


. Having determin'd the aſſum'd Coefficients, ſubſtitute their reſpective Values 
in the aſſum'd Equation, and you have the Fluent of the Given Fluxion- 


Since this Method deſerves the Readers ation, I ſhall endeavour fully to e xplum the 
ſame ;, and that I may not be miſ-underſtood ood, I (ball in with ſome eaſie Examples. 


EXAMPLE I 


Let it be requir'd to find the Fluent of ax Va x — 4, the Fluxion reduc'd to its 
ſinipleſt Terms, is 4x x ax . Now ſuppoſe the Fluent of this Fluxion to be 
A * a=—aad, then it is evident that the Fluxion of this Fluent muſt be equal to 
the Given Fluxion, that is 4 A «x ax xax—anc) | is =axx ax — #4, There- 
fore (dividing by ax —as)2 1 Ax * ax, and A = . Having thus found 
the true Value of the indeterminate Coefficient A (viz. 3) in the 3 Equation, 


ſubſtitute the ſame in place of A, and then we have; —— or — 


r equal to the Fluent of the Given Fluxion. 
E __ MPLE II. 


To find the Fluent of „this Fluxion is expreſs'd thus r* - x x 


Ms 


27z—xx\"5, Suppoſe the Fluent thereof to be A „ then the Fluxi- 
U e — x 2rx—xx|" , =rX—XXX 2rx—xx|" T 
Therefore j A x 2rx — 2K =rx—xx, and A=1; and conſequently, the 
Fluent of the Given Fluxion is equal to rr. 


EXAMPLE III. 


To ind the Fluent of 4x" rr 7. Aſſume an Equation with indetermi- 
nate Coefficients, ſo that ſame to Fluxions, the Terms thereof may be 
 compar'd with thoſe of the Given Fluxion. Let the ſaid Equation be Adx'—*** 


TB + C4x!r=3n+1, &c. x DSA et fx" |" 
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Then, 
g A Adxr r α⁰ -F BANK 732 1x CAN - 3 


&c. F x f x x AA gmt; — 


BIX -. TCI, &c. = dx* xx FX ; 


Whence, ſuppoſing / - 1, and paving £= 1 


x Fe * xnx AAf N + 5 nx Bdf arme+ esCfe, 
&c. EEE a a 

And Multiplying each side of the Equation by p x ef x*| e have 
r TIN AA EN AFI B- Spxr—znchi x 


Cdx'=3" &c. xe fxt pun Adfex'ÞaxBdfers e cafe, 
&c. Fe. 7 FF . 
Which being Order'd, we have 


e Sen Le 0 


nx Adfp*" NUN Nec „ &c. 
+ nxBdf, + »xCaf) 


= d D * f + e 


From which Equation the unknown Coefficient A, B, C, &., may be determin'd 
in this manner, 


px IX AAT ALFA 
and Dividing by p 4, 
1 AA I, 
Subſtituting m +1 for , 
. AfcreFinenaf I, 


Win Aon a 


ö mari x; x f : 
| Secondly, » 


rf 8 r—2»1 xBdf-+nxBdf=0. 
And by Tranſpoſition, Diviſioa and Reſtitution. 
r—2n-+1 x Bf+ mn = x Bf =n—r—1xAe 
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. ei ri z A 
PTT TEN ren? 


In like manner, 
* . 
mu r— 22 ＋ Af 
6 Whence it is evident that 1 + BIT H CAN, &c. 
= m+1 ; OY a SEE 7 8 
Fs a EIS, == x f 
__nu#—r—1xde 5 gr 208 oþ- MP © n=im=ixde _ A 


— x — 
8 e ee 


2 —r—rixde 


— „ 7 i &c. x Pf =S:dx"x K HN 


Ferie FIA / 
Ja 


In which it may be obſery'd that, the Exponents of the Terms of the Indetermi- 
nate Series before the Radical Sign, may be taken different from thoſe above, 
ded that the Exponent of the firſt Term be not leſs than » — » += x, and that the fol- 
lowing Exponents proceed regularly : That the Exponents of the Terms before the 
Radical Sign may be continually Increaſed or Decreaſed by », for in either Caſe, the 
Terms of the Fluxion of this aſſumed Equation will become Homologous to thoſe of 
the given Fluxion : That when the Exponents Increaſe regularly by , the Fluent will 


Conſiſt of a Finite Number of Terms when — Cd is equal to a poſitive 


whole number: And that when the Exponents Decreaſe Regularly by a, the Fluent 
will conſiſt of a finite Number of Terms, when 2 is equal to a poſitive whole 


* 
This General Theorem may eaſily be applied to find the Fluent of any given Fluxion 


included in the General one dx" * x FT. g. To find the Fluent of 


aixax— aa,*. put the ſame equal to the general Fluxion, wiz. 


> — ————— . - We 
4* K Pf * SAX XNA & 424 


Then 4 , r=06, F 4, n=1, , e==—-84; and if we ſubſtitute the 
{aid particular Values of, 4, r, f, 1, , e in the general Fluent, we ſhall have, 


5 4 * x1 * 1 d omg, Ah ans, 1 


my -|-r-|-1xf | EFT us. ware: x f 
EY ELLE: | + 22721 x de en x de 3 

„ri / 5 rt „F mn-pr—2n-+1xf ; 
5 1 


X 


—_1 


＋ c. x FE 


— 1 x xg2—1+1 Rx 4 * —46, 
iin. 


} 


7 — 2 S „%. Q. E. I. 
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I bave birberto explain'd the general Mas bad. of finding the Fluent Eluxion by beip 
of Series in Foy therefore ſhall not farther inſiſt — or 2 or mucnted for 
the ſame purpoſe, but refer the Reader (who deres to bave a fuller Account of them) 
to a late Learned Treatiſe, writ by that Excellent Anahſt G. Cheyne M. D. and 
entizuled Fluxionum Methodus Inverſa. 


95. Since the Buſineſi of infinite Serien, 1 ſometimes tedious and too perplext, ſeveral other 

i:ular Methods bave been invented to find the Flowing Quantity of a Fluxion. 

ſhall ſuffice in thi place to give the Reader an Idea of them, which will become more 
plam and familiar by ſeveral other Examples to be ſeen in their proper Places. 


EXAMPLE I. 


Let it be requir'd to find the Flowing Quantity of x V2r x — x x. 
On the Center C, with the Radius CB r, deſcribe the Semi- 
circle AM B, and ſuppoſe AP = x; then is PB =2r— x, and 
MP=42rx—xx, and Pp = x; therefore the Fluxion of 
the Area, viz. the Parallelogram Mp is = x v 2rx — xx, and ©. 
conſequently the Sum of all the & V 2rx — xx, that is, the Flow- 
ing Quantity of the given Fluxion is equal to the Semi- ſegment 
AMP. 


EXAMPLE II. 


Let it be requir to find the Flowing Quantity of ——=Z-— , Draw the | 


—ͤ— 0 


2V2rx—xx 


Lines AM, A m infinitely near each other, MP, mp cular to the Diameter 
AB, and MR Perpendicular to A , then by the Fan the Circle AM = 


NS a Fun: 1 


„rx, and Rm» the Fluxion thereof is * Now becauſe the Triangles APM, 
27 * 


MR are (the Angles AMP and MwR ſtanding on equal Arches of the Circle) 


ſimilar, it is, PM (Varx—xx): AP (x) :: Rm — ) : MR 
WES. | A y2rs 


= = 


rxx 
= ——_—— z; and conſequently, the infinitely li + 
V2randarg—gs + yy y little Sector MAR = 


ARX MR is = —=—==== to. the given Fluxioa, whence it is evident 


2V2rx—xx 


tat the Segment AO MA is the Flowing Quantity of the given Fluxion. 
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EXAMPLE III. 


Let it be requird to find the Flow. 
ing Quantity of this Fluxion x x x 2 
Var xx, On the Center C with 
the Radius CA =r, deſcribe the Circle 
AFEM, and ſuppoſe AP = x, Pp 
= &, PE = ar — x, the circumference 
AFEM ez then I fay, that the Sum 
of all the xx x 2 Varx—xx is — 
err 


” <> 


DEMONSTRATION. 


Let the Circle AFEM be the Baſe of an up-right Cylinder, and the Parallelo- 
gram ABD E the Section of the Cylinder through it's Axis, AB the height of the 
Cylinder is equal to A E the Diameter of the Baſe. Draw the Diagonal AD, then 
a Plain paſſing through AD, and perpendicular to the Plain BE, will divide the 
Cylinder in two equal parts, and cut off the Semi-quadrantal Ungu/a ADE. Now 
the Fluxion of this Ungula is equal to the Parallelogram Q Multiplied into its height 
PRor AP (becauſe the Angle RAP is equal to 45%) =xxx2V2rx—xx; 


and conſequently the Sum of all the xxx 2/2rx— xx is (when A P becomes = 


re 


to AE or x 27) equal to the Semi-quadrantal Unguls ADE = —-. QE. I. 

— Inftances might be to A w in finding the Flnwi 

N reer 
PROP. IV. 


To find the Area of the Triangle ABC. 
96. r e to the Baſe BC, and ſuppoſe A D = , BC=5; 
draw any Line as MM (5) Parallel to the Baſe, and another Line 1 infinitely 


near the ſame, and ſuppoſe AP = x, Pp = x, then 
the Fluxion of the Area of the Triangle. is equal to 


Mar M=, and becauſe the Triangles MAM 
BAC are fimilar, it is, x: y :: 2263 and conſe- 
queatly the Equation, of the Triangle is 5 = — 


bxx 


and the Fluxion of the Area y x is = —— , and the 


Flowing Quantity is 2 = 4 x y = MAR. and when the Point P falls on D, 


x and y becomes equal to 4 and b reſpedtively, and 1 xyis 211 to the 
A d dle Triangle ABG Q. EI. 2 : ch 


\ PROP. 


) 

h 
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p 
e 
m 
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PROP. V. 


Th find the Ares of a Circle, 


97. Ia the Circle A BC, drawtheRays AB, AC, infinitely near each other. Suppoſe 
AB=r, and BC= x, then the Fluxion of the Circle is the in- 


Fairly leue Sefor or Redline Triangle ABC =, and the * 
Flowing Quantity is 2 = (ſuppoſing the circumference x = c) — 
e, when the Arch BC becomes equal to the whole Periphery. 

Whoſo bas a mind to confiler this more nicely, may leur R. the ReSification of 


Curves, and reduce the "Oey of the Cirele 70 bn inflnite Serie 


CONSECTARY I. 


. The Area of a Circle is to a Rectangular Triangle, whoſe Baſe is 
equal 00-the Clocomdirence, and Altitude equal to the Semi- diameter of the Circle. 


Co NSECTA RV 11. 


2. The ſquare of the Diameter of a Circle, is to the Area of the ſame Circle, as 
the Diameter is to 4 the Periphery ; for ar: 2 


PROP. VI. 
To find the Area of 4 Right Cone. 


98. Let the Triangle BAC be the Section of the Cone the Axis AD 
and imagine the Axis AD to be divided into an infigite Number o equal Parts, and 
on every Point erect the Perpendiculars PM, pw. Then it is evident, that as the 
Rectangular Triangle A BD turns round about the Axis AD, all the Points M, , 
deſcribe the Circumferences, which compoſe the Surface 
of the Coue; and to find the Sum of all theſe Circumfe - 
rences, ſuppoſe DC the Radius of the Baſe = 7, and the 
Circumference of the Baſe = AD=#, AP=x, 


Pp ==, PM =; then wR = y, and Mm = 
V. Then :e: 5: = to the Circumfe- 


rence deſerit/d by the Point M , and conſequently 2 1 


V do the Fluxion of the Area of the Surface 
of the Cone, And becauſe the Triangles APM, ADB are ſimilar, it is, x3 7 : 


n whence x , 47 7, 4. = 2, Therefore the Fluxion of 


the Area *7 Veri 5* is = (by ſublic) *2 Ver: . V 
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= I as + rr, and the Flowing Quantity, or the Area of the Surface of the 


8 


Cone is 77 aa + rr = (becauſe when P is in D, then = — Vas err 


S (becauſe Va rris = AB the fide of the Cone) 4 the Periphery of the Baſe 
multiplied into he lac et the Cone. Q. E. I. g 


CONSECTARY I. 


99. 1*. The Radius of a Circle equal to the Area of a given Cone, is a mean Pro- 
portional between the ſide of the Cone and the Semi-diameter of the Baſe. 


CONSECTARY IL. : 


2*, The Surface of a Cone is to the Area of the Baſe, as the fide of the Cone is 
to the Semi-diameter of the Baſe, for the Surface of the Cone is ©—- (a being equal 


to the Side, and e equal to the Periphery of the Baſe) and the Arca of the Baſe is 2 


ac Tc 
and: :: : . 
2 2 


CONSECTARY III. 


3*. The Surfaces of any two right Cones are in a Ratio Cempounded of the Ratis 
of their Sides, and the Ratio of the Semi\diameters of their Baſes. Let à and b be 
the Sides of two Cones, and c and 4 the reſpective Peripheries of their Baſes, then 


| the Surface of one is to the Surface of the other, as ©* is to ff : 54; that is 

as the Sides and the Peripheries of their Baſes, or in a Ratio Componnded of the Ra- 

tiones Of their Sides, and the Semi-diameters of their Baſes. 
CONSECTARY IV. 


4*. And if we — one Cone within another, and their Sides (or Surfaces) 
Parallel, the Sides of the Cones will be as the Semi-diameters of their Baſes, and 
N their. Surfaces will be in a Duplicate Ratio of the Semi- diameters of 
their Baſes. | | 


PRO P. VI. 
| To Meaſure the Surface of 4 Sphere. 
100. If the Semi-circle ABD be ſuppos'd to revolve about the Diameter AD, 


it will Generate a Sphere, and every Point in this Semi-circle will deſcribe an intire 
Circle, and the Sum of all choſe Circles is equal to the Surface of the Sphere. 


Draw 


RY = v 


L * * 
4 
F 
* * 
9 
” * Þ 
hs . 
. 
* 
* P * 
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Draw any Ordinate M P = y, and another Ordinate =p infinitely near M P, and 
draw MR parallel to AD, then is wR =y. Let the Radius BCor A C be equal to 
„Ar, andthen Pp==; then ſay, r:e 8 
5 „ Circumſerence deſerid'd by the > i 
Point Mz and becauſe the Triangles-C P M, 
» R M are ſimilar, it i. PM (3): MC(r):: 


MR (x): Mm = - 


Point M) the Product cx is the Fluxion of the 
Area of the Surface of the Sphere, and the Area A G 

it ſelf is ex equal to the Portion of the Surface Generated by the Revolution of the 
Arch A M abour the Diameter AD; and becauſe x becomes equal Wan, when Þ 
comes to D, therefore e & is then equal to 2 rc = to the whole Surface of the Sphere. 


F 
101. The Surface of any Sphere, wiz. 27 is equal to four times the Area (2 

of any of its great Circles. ; N | 

ond, 200 oe i CARL if 


2. The Area of any Segment of a Sphere, cur off by a Plain or by two Parallel 
Plains, is to the whole Surface of the Sp as the intercepted Portion of the Dia- 
merer bs Why Wage Diameter, n N 

ehe een any two great is to the whole Surface, as Angle of | 
— between thoſe great Circles, is to four Right - angles. 8 

pr RO .. 

3%, If à Circle be deſcribd, whoſe Semi- diameter is to the Diameter of 
the Sphere, the Area of the ſaid Circle is equal to the of the Sphere, and 1:45 
if the Diameter of a Sphere be equal to the Semi-diameter of - a Circle, their Su- 2 
perficial Contents will be equal. — s 2 | 

PST in 

4*. If a Sphere be inſcrib4 in a Cylinder, whoſe Altitude is equal to the Dia- 
meter of the Sphere, the Area of the Cylinder (a re) is Quadruple the Area of 
the Baſe () andthe Area of an Hemiſphere is double the Area of the Baſe of the 


as has alt 4 


£ 
| 
4 
f 
[ 
2 
| 
2 
: 
: 
Z 


. equal to that 
Line K L and the Semi-circle AR D deſcribe 
Surface deſcribd by A M is to that deſcrib'd 
and the Surface deſcribd by K N is to that de- 
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65. And to find the Diameter of a Sphere, whoſe Surface ſhall be equal to the Sur- 
face of a given Cone. Let the Surface of the Cone be , (e bring the Periphery of 
the Baſe and # the Side) and ſuppoſe the Semi-diameter of the Sphere requir'd be 
x, then ::: 5 == to the Circumference of a great Circle of the Sphere, 


and conſequently the Surface of the Sphere in = ©; Whence x = VT and 

the Semi-diameter of the Sphere is a mean Proportional between the Side of the 
Cone and a fourth part of the Semi- diameter of irs Baſe. 
CO ROLL. vn. IG 

7, If the Semi- diameter of a Sphere be equal to the Semi-diameter of the Baſe of 

a Cone, the Surface of the Cone is to the Surface of the Sphere, as the Side of the 


Cone is to four times the Semi-diameter of the Sphere. For are 2 24. 


co ROL vin. 


8. If AB DG be the Baſe of a Cylinder, and if a Plain paſſing through the Dia- 
meter AC D Obliquely to the Circle of the Baſe, cut off a Cylindric Ungula, the 
Surface thereof, or the Portion of the Cylindrick Surface comprehended between the 
Circle of the Baſe A BD, and the faid Plain, may be found thus. Let the Ratio of 


PM to its Correſponding Perpendicular be as w is to », and ſuppoſe AC , CP 
= x, Pp=z, PM=,, Rw=7; thenis Mm =, and the Altitude of the 
infinitely little Parallelogram ſtanding on Mw is 2 7, and conſequently the ſaid 
Parallelogram or the Fluxion of the Ungater-Surface is — 7 5 = 25 and the 
Flowing Quantity or the Portion of the Ungular Surface ſtanding on the Arch MB 
is = 2 7 x, and when x becomes Sr, then the Ungular Surface ſtanding on the 


3 "a g : 
Quadrant AMB is = r= —CK, and if the Vngula be a Semi-quadrantal one, 


then mis = #, and the Cylindric r AMB, is equal ual to 
the Square AC B K, and the Surface of the whole Unguls s=2KC=AL. 


COROL. IX. 


9®. The Surfaces of unequal Spheres are in a Duplicate Ratio of their Semi-diame- 
ters, for the Surfaces are proportional to the Area's of any of their great Circles, 
and the Area's of thoſe Circles are (becauſe the Area's of unequal Circles are ina 
Ratio Compounded of the Rationes of their Semi-diameters and Peripheries, and 
the Peripheries are as the Radij) as the Squares of their Semi- diameters. 


* 8. 


e in a 


% Metbematice! Philoſophy. 


PROP. Vit. © 
| To Imuffigate the Ar of all ſorts of Parabels's.. | 
Let AMP be a rabola, Ap the and P M an Ordinate Draw 
„e infinitely near PM, and 1 r _—_ ' 
the Parameter equal to 1, Pp = xz then the Fluxion-of the 
Area is y x. Now the general Equation expreſſing the Nature of 
all ach Curves is 3 z whence y =", and conſequently, 
the Fluxion of the Area y « is equal to *r x, and the Flowing 


Quantity or the Area requird is —1— 2 = (becauſe 


75 


2 =" I 


COROLLARY. 


103. If a be = 2, then the Curve AM is the Conic Parabola, and its Area is 
=4$AP x PM =3 theCircumſcrib'd Parallelogram, and A M T the Complement 
of the Parabola to the Parallclogram is = + the Para!lelogram : the Parallelo- 
gram, and the Triangle AMT is =4 Sr ee therefore the Space Com- 
prehe ded between the Curve A M, and the Chord AM is =} the Circumſcrib'd 
Parallelogram PT, and the Space A » M T is —4 the Arca AMP, and the Area of 
the Parabola is to the Circumſcrib d Parallelogram as 2 is to 3, and to the lnſcrib'd 
Triangle as 4 is to 3. 


PROP. IX | 
eee 


106. Let A Mr bea : between its Aſymptotes CB, C E, and having 
drawn the Ordinates P M, — — ſuppoſe CP , PM, 


and Pp=x; then the Fluziver of the” 


= A E 
2 is y x- No the general Equa- er 
the Relation — FEST 
al forts of Hyperbolif form Curves and — Ry" IL 
their Aſymptotes is ( ve i pole the ga . 


rameter 21, and the 
Negative) * = ; 5 — 


Fluxion of the Area n eli, ifs owing Quatey or the Aresit elf is 


E 


C 0 NS N CTA RY I. 
105. oak the Exponent mi Negative therefore the Areas = = f 1 


or —=— #7. Whence it ens thatif = be greater dn 1, the Space ECPME 
s Fae, , if be =I, then it is Iufinice, and if w» be leſs than 3, 'tis more than in- 


CONSECT. 
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CONSECT. u. 


| n M08 doth el 
iyperbols, the -Equetion expriilicg Rare thereof u = or ne ; 


2 5, therefore che Area of the Hyperbolic Space CPMFE = 


* ben that i. i i nie in reſp ofthe Prallelogram c p M R, and the Space 


CBAMFE is infinite in reſpect of the Parallelogram CB AD. | | 
If be = , then the Equation of the Curvey®=xis 5—=3 = x, or 14 


or „ = xy?, and the Ares of the Hyperbolic Space COMFE = — 


2-+7 = 2 the Parallelogram CM. 
If be = , then 5" Sis, or1 I., or 2 . And 


——xj="t+xy, which ſhews that the Area of the Hyperbolic Space 
CPM FE is more than Infinite in reſpe& of CPM R 
CONSECT. III. 


3%. w—1:m:: Parallelogram CMR: Space CPMFE, and by DiviGon 
„111 : Parallelogram CPMR: Space RMFE 


CONSECT. IV. 


— 


= * 


. 


an H 
of an Equilateral Hyperbola, deſcrib'd to the ſame Princi 
— 2 O A the Tranſverſe Axis, and CD the Can 
an Equilateral Hyperbola deſcribd to the 
Principal Axis AO; then the Conjugate 
zs alſo 1 AO. Now by the pro 
of the bola, the Square of r Ordi. 
nate PM is to the fare OP x AP:: 
5 4 rn AO; that 
| | — = = 2, CDS AP=x, 
A Fi =, P = 24 111 :: T rA: 
7), and 2:2 :: 42 err: v9 b 
fore 27: : : bb: 48, 1 
PM O0: TN (S):: 114 That is, 
Ordinates PM, P is bps bs the fame 
P =: N Proportion as bisto «; cherefore the e 
AFM i wo theSpace r Na 2 or as 
3 


|? | PM js to PN. That is, the Spaces AP 
APN are Proportional to their Altitudes P M, PN, or $0 the Conjagacy THT 
and the Tranſverſe Axis (.) ; 


CONSECT. V. 


35. In like manner, The Areas of Ellipf are ins Ratio Compounded of 
the Subduplicate Ratio of their Parameters, and the — — Ratio of their 
| 1 Axes. For Ellipſes are proportional to Parallel Circumſ{crib'd about 
them, and the Conjugate Diameters are mean Proportionals between the Tranſverſe 
Axes and the Parameters. Therefore if the Parameters be equal, the Circumſeribd 
„ will be in a Ratio Compounded of the ſimple Ratio of the Tranſverſe 

ä Ratio of the Tranſverſe Axes, and if the Tranſverſe Axes 


be equal, theCircumſerb' Parallelograms will be in a Sub-Cuplicate Ratio of the 


Par- 


* Ra 2 


0” y > Wu vu 
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Fenk. 
Let it be requir'd to Inveſtigate the Aris of the Logarithmetick Space AMB CE. 


106. Let AM B be the Logarithmetick Line, and CE its Af and dra 
_ _ — * vn 1 other, and draw the Line 51 T i — 
e in 8 ymptote in T: Tis ird to find 
Space AM E Comprehended by the N the Area of the 
Curve, the Ordinate, and the Aſymp- 


rote. 


B 


PM=y, and Pp=x 
2 of the Area, or the 
Parallelogram Mp is = y x. But by 
the Property of the Curve, the Sub- 
rangent PT is equal to an invariable 
Quantity, v g. = s. Therefore it is 


5 ,ỹ˖,)ÿ, aw © ET 


P P O 


ſequently the Fluxion of the Area y is , and the Area it ſelf is equal to « y. 


CONSECTARY I. 


107, The Space A MPE (tho! [infinitely produc'd) is to the Triangle (Compre- 
hended by the Ordione, Tangent and Sub-tangent) MPT as 2 is to i. 


CONSECTARY u. 
2%. The Space Comprehended between any two Ordinates, v. g. the Space RMPQ 


is equal to the Rectangle Comprehended the Sub tangent and the difference 
tween the ſaid Ordinates, viz. = PT x MD. | 


CONSECTARY m. 


37. The Spaces Comprehended between two Ordinates are Proportional to the 
difference between them reſpectively. ne 


Wk PROP. 


* 


78. Fluxjons: Or an Introduition, 
| Mies i 
To Inveſtigate the Area's of Cycloidal Spaces. 
bts of Gees 


108. A the infinite variety of Curye none ber more exercs'd the Thoug 
meters, than the Cycloid. Carteſius, Torricellius and Robervallius frf# gove the 
11 A ＋ r fmce whom Dr. Wallis and Afr. Paſchal, and 

— 2 ee a Ly e e. s, 

* ewto ens Mr. Romer cover d ſurpriſing Properties 

bn} > be Hg beving 4 Cirexlar Baſe. * | 7 


15 — T-ah Semi- cycloid, and the Generating Girele APB from any 
Point in the Ordinate, v. g. Q, draw QM parallel to the Baſe B C, cutting the peri- 
r P, make the Parallelogram AFM Q. and draw f infinite- 

near FM, cutting QM produced in ꝶ, and the Curve in . Put AB = 2 


AQ=FM=x, = QP =y; then (by 
the property of the Circle) 2x 9 


N yy. Whence rx —xx= 75. and y = 
A aud becauſe the Triangles DPQ, 
I pPO are ſimilar; therefore PQ (y) : DP 
D (r):: PO (x) = Now it is the 


Nature of the Vulgar Cycloid that the Arch 
AP ++ the right Sine of that Arch PQ are 
equal to QM. Therefore it is manifeſt that 
the Fluxion of the Ordinate of the Cycloid 
QM, wit. Ms is equal Wee TOY TR and the 


| right Sine PQ; that is, mS=Pp-|-po=— 


* 


. * 
Fx & & 


—＋3 rx — xx 
Fee, 


I 27xX—xx 
conſequently, the Keane Flv yas EN x Mp = x * {A BEE 
aha ; 27x —AX; 


. « Var —xx = tothe Fluxion of the Area AMF. But the 


/2rx—xx 


| ä of the Portine of the Cine abs eons, therefore the Area 
A MF and the Correſpondiag Portion of the Gircle AP Q are always equi. 


CONSECTARY I. 


109. The Parallelogram AC is equal to the Semi-periphery AP BM AB = four 
times the Semi-circle A P B A, and the was nom of the Cycloidal Space AMCB 
to the Parallelogram, wiz. AMCX is equal to the Semi-circle AP B A; therefore 
the Area of the Semi-cycloidal Space AMCB s = to three times the Area of the 
Semi-circle APBA, 


4 
| 
t 
$ 
! 
4 
1 


CONSECTARY II. 


' 2% The Cycloidal Space AMC is to the Circumſcribd Parallelogram A C as 
3 is to 4; 


CON. 


) N- 


ments ADP, AR in the place of 


. ; $1 5446. „ 
ol s % : * * 4 
* 1 — 
— 1 
IX 2 
8 ac 4 : . » 
/ 75 4 _ 
* 
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CONSECTARY in. 


. Space Comprehended between the Chord AC and the Curve AMC is 
equal to the Arra of the Semi-circle APB. For AMCB is equal to 4 Paralle 
AC, and the Tria ACB is equal to ? Parallelogram AC; therefore the 
AMCA is equal to4 Parallelogram AC which is equal to the Area of the Semi- cir- 
cle APB, and the Space AMCA is equal to the Space AM CX the inſcribd 
Triangle A C B. | 


CONSECTARY IV. 


. the Quadratire of the whole Cycloldal Space, ot ty itidefthits Por- 
tion — on the Quadrature of the Circle, yet infinite Number of 
Segments of the Vulgar Cycloid may be Squar d without ſuppoſing the ſame. 


Let E AG be a Vulgar Cycloid, the Baſe EG, and AB the Axis, and the gene- 
riting Circle AP B. I fay, if the Point Q be taken at pleaſure in the Axis AB, 
and if C D be taken equal to AQ and the Ordinates D M, QN, and the Line MN 
connecting their Extremities be drawn, the Segment of the Cycloid MENM = 
Rectangle Triangle PBD + Rectangle Triangle R BQ, 

Draw O AK parallel to the Baſe, and NO, MK parallel to the Axis AB, and 
draw the Radij CP, CR. 


Firſt, If the Ordinates DM, QN be on the contrary Sides of the Axis AB: 
Then the Segment Me NM is equal to | | 
the Trapezium MK ON — Trilineal 
Figures AKM and AON. Now the 
Trapez. MEONis = + MK +4NO 
K = becauſe NO is = AQ = 
CD, and KM = AD) £ CAR RO 
—=+$+CAxXAK-+3;3CAxAO And 
by the property of the Cycloide, 4 AC 
AK is = CA Arch AP +- PD 
= Sector ACP + Triangle BCP = | 
Sector A BP. In like manner it may be Demonſtrated that j CA x A © is = Sector 
ABR. Therefore the Trapexium MK ON is equal to two Sectors PBA + RBA. 
But by (Art. 108.) the > property of the Cycloid, the Trilineal Figure A K M is equal 
to the Segment of the ADP, and the Trilineal Figure A ON is equal to the 
Segment A QR. Therefore if from the Trapezium MK O N the Trilineal Figures AK 
M, AON be Subtracted, and if from the Sectors PBA, RBA, the Segments ADP, 
AQR be Subtratted there will remain the Segment of the Cycloid Me N M equal 
Triangles PBD + RBQ. ; 


Secondly, But if the Ordinates ON, D'M be on the ſame Side of the Axis AB, 


then the Segment of the Cycloide 


MeNM = Trapezium MKON 
Trilineal Fi AON = Trilineal 
Figure AK M. Now the Trapezium 
MKON = HHR + 3ON a O'& 
=;CAx AK —$CAxAO=- /, 
Sector P B A — Sector RB A. Theres 
fore if we Subſticute abe Circular 


the Trilineal Spaces A K M. A O N, we ſhall have the Cycloldal Segment MeN M = 
Sector PB A — Sector R BA -þ Segment 2 ADP = ReQangle 
Triangle P 8 D — ReQangle Trian RBQ 3 855 


5 


\ 
* + 


by 
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E. If the Points D and Q Coincide, then it is manifeſt that BD or BQ = 2 BC, 
** 1 | and the Chord MN is Perpendicular ' 

| to the Axis AB, and the Segment 

MeANM will be equal to an Equi- 
lateral Triangle inſcribd in the Ge- 
nerating Circle, and Space MPBAM 
will be equal to three times the Area 
of the Triangle CPB. Which was 
G firſt Diſcover'd by the Excellent Mr. 


ens, 


6*. But if the point D fall in the Center, then Q. will be in A, and the Segment 
 MeNM will Degenerate into that which the Celebrated Mr. Leibniz, firſt Squar d 
without having recourſe to the Area of the Circle. And the faid Segment MeN M 
will be equal to the Rectangular Triangle P BD = 5 the Square of the Radius. | 


7%, And to Square an infinite Number of Sectors of the Cycloid. Aſſume any 
point Q in the Axis AB, and draw the Ordinate MN, and take CD=AQ, 
and dbaw the Lines DM, DN; 
then I ſay, the Se or of the Cy- 
cloĩd DM AND is equal to the 
Iſoſceles Triangle PB R. For the 
Sector of the Cycloid DM AD is 
equal to the Trapezium DMK A 
D — Trilineal Figure AK M. Bur 
the Trapezium DMK A is =— 


DQ AQ AK ACR 


AK = AC Arch APP 
= to the Sector PB A, and the Trilineal Figure AK M is equal to the Segment APQ, 
therefore the Sector of the Cycloid DMAD is equal to the Triangle PB; and 
conſequently, the Sector of the Cycloid DM AND is equal to the Iſoſceles Tri- 
angle 


as we have thus Ne 8 ——— of — — — 

Sectors, ſo an infinite Number cloidal Zones (vir. Spaces Comprehe - 
| : 85 tween the Portion of the Curve MN, 
K the Portion of the Axis QD, and the 
Ordinates QN, D M) may be ſquar d 
from the ſame Principles. For if we 

| conſider that the external Space AK M 
is equal to the Segment of the Circle 
APD, and that AP = MP, we may 
find the Value of any Cycloidal Space 
G in Rectilineal Figures and Circular 
: Segments, and therefore if it be re- 
quir d that the ſaid Cycloidal Space ſhould be ſquarable, it is plain that thoſe Terms 
which conſiſt of Circular Segments muſt deſtroy one another, and conſequently be 
put = o, from which tion the Quantities which were aſſum'd at firſt may 
eaſily be determin d. Ex. Gr. Let it be requir d to determine the Right-lines CQ, 
CD in the Axis AC, ſo that the Cycloidal Zone DMNQ be ſquarable. Suppoſe 
Ac , CQ rg, CD =z, QR =p, DP =9, ARorNR =»s, APorMP 
ez then the Sector ACR = 3, and the Sector ACP = 4 ae, and conſequen ly 
the Segment A R or the Figure AON is = ACR CQR =$oan—t+px; 
And the Segment ADP or the Figure A K Mis = ACP —CPD = Z 142 
But the Cycloidal Segment AQN is = QO AON =QO —AQR = AQ «* 


QR+RN—AQR=AQxQR+AR—AQR =4a—xxp-[us—tas 
TI PY =ap—Spx+lou—xs | 
And in like manner the other Segment ADM is = aq —$9qz-+5ac—zc, 
And conſequently, the Zone DMNQ. = ADM —AQNis=a4q=—i9z—5z 
e- T „ N 4 


® we — _— _ "ns 


___ — 
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Where it appears that the four firſt Members conſiſt of Redilineal Figures on 
and that the Terms Aﬀedtce with v and e hinder the Zone from being Square. 
ble. Whence it is evident that if we ſuppoſe the Terms Aﬀeted with u and «© mu- 
ually to deſtroy one another, then the Cycloidal Zone. DM NQ will be =49 — 
192 —4# 2x. And the remaining Terms muſt be = o, that is, 1 —zc 
—1 aux» =0, and if we ſuppoſe the Ratio of c to « be given, (that is, as one 
Number is to another, that ſo one Arch being given, the other may be conſtructed. 
Geometrically) we may deſtroy the Quantities c and, u, and find Relation be- 


14 9 


+ x # = 0, becomes 2 — 2 — $8 x=0; and conſequently, r 
? 177 ; 2 5 4 


and if a: cf: 173, chen e = , or if it be : c :: 1 24, then z = 


2 . e. In the ſame Progreſſon. 


And to find the Value of ⁊ in other Terms; if we ſuppoſe CQ the Sine Comple- 
ment of the Arch AR to be given, then CD the Sine Complement of Double, 
Triple, Quadruple, Cc. that Arch may be found by common Algebra. Therefore 


| 2XX— 84 *. 2 fs 
if e be =2 then a = —— 2; f 232 then x = 1 _—_, or if 


a4 
$8x* — 84 X + a* 


2 40 then z = — Py bl , Oc. and comparing theſe Values of z 
with thoſe formerly found, we may find the Value of & in any ſuppoſition. u g. if 


be = 2%, then s = LEE = EE 8, and conſequently, $ x x — 24x = 


3 Whence x is = D $444 =4a+V ao =he} ov/4r. 


Hence it is manifeſt that if C be taken 2 - a4/4r. And if the Ordinate 
QN be applied to the Axis in the point Q, and if the Arch RP be taken = AR, 
and the Ordinate MP D be drawn, theg the Cycl-id-! Zone DMN Q will be 247 
e zr , the Rectihincal Triangles CAP + DAP - CAR 


And this an infinite Number Cyelaidal Zones may be Deter mim d, which admit of 4 
Luadrature, wiee the Propatien laters the drabes AR, RP — 5 rag 
Numbers, * 15 k 4 | 


4 
* 


4 PROP. 


6 


roveen 8 and «. vg. IF c be =: © 752, then the Equation Je ze = Faw | 


* 


er \Or an Iutrodlfion 


PROP./ 3 nw 
ALI, ba eb FILA e 


.L10, Let ANE be a Gifbid, BF irs Aſywptote, and A ME 8 


of the Ciſſoid is ſuch, that BP: PM: APN, and weg 
the Triangle ABM is in the Semi- circle) PM:AP:: AP: PN. 
Draw another Ordinate w 


82 


abs 


. 16 | — 27, PB SA -, Pp , _ 
=y. Then PM (Y): APCs) 75 


(* : PN ===. AIR 
Aacteral ul Figure Fay o the Fluxion/ of 


— — — 
— Pi 


27 xX—XXx VIrz—xx 


—xV2rx—xx. | Whenct tis evi- 
vident that the Flowing Quantity of the 
laſt Member is equal to the Semi-ſeg- 

ment AO MP, and the Flowing Quan- 
der of the firſt Member is Quadruple 
the Segment AO MA; which will ap- 
pear thus, 

From the point A in the Semi. circle 
draw the Chord A M, and another A m 
infinitely near the and on the 
len Then (by property of the Circle) AM 


| = 4/21 x, and te Flxion thereof RM is = Jr 


MPA, MR mw (for the Angles MPA, MR are right Angles, and the Angles 
wMA, PMA ſtand on equal Arches of the Circle) are Similar, it is, PM 


H Ar A 20 Rim = — EE , and 
V2rx 


3. 


v2 


the infinitely little Triangle AR — mR x FAM = * £4 * 


2 —— yay 
V2arxvV2rx—xx 


= ———==— = to the Fluxion of the Segment A O M A, and conſequently, 


2V2rx—xx 


when P falls on B, and the Segment AO M A, becomes = AM PA or AM BA, then 


the Flowing Quantity of the Fluxion of the Area, that is the Area of the Ciſſoidal 


Space is equal to 4 AMBA—AMBA=to three times the Area of the Gene- 
rating Semi-circle, 


infinitely 
near PM, and ſuppoſe AP = x, AB 


the Ciſſoidal Space, is ene 
erm f 
* * * xxx 
— 2 — — (becauſe x x 
Fl V2rx—xx 
a = 
— ——_— Tru 
=27x— 2rx—xX) r - rm, 
A000 mx 
Are = 27x x 


Now becauſe the Triangles 


nas hs. edi ans 


ot ber 
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111. Reaſſoming the Symbols (r. 650) it is evident that the Sub- tangent D F 
= tis i erz =2: and 3a = 2: —1, and multiplying all the 


Terms by x, we have 3ux - and becauſeit is FD (t): DN (a 


„ IN (3): In (x) therefore ex =y x 24— x; if we put PC DF t, and 
deſcribe the Curve AG CS, then the Trapezium CP pG will be DN E, and all the 


Rectangles : will be = to the Space Comprehended between the Curve A G C5, 
and the right Lines A B and K B produc d = to the Ciſſoidal Space, or all the y x 
12 — x« Now if all a & or the Semi- circle be put c, and all the y x or the Ciſſoi- 


dal Space be put = f, then becauſe it was 3 -=, it will alſo be 30 = 
2 f—f =f, and conſequently, che (id js criple the Sewi-circle. 


Another way. 
112. Retaining the Symbols (At. 1 10.) Suppoſe PN =, they — = z, and 


75 us. And ſubſtituting 2» — x for yy, and dividing by x, & = 22 
xzz, and conſequently, 3xxx As ens and dividing by x, 
and ſubſtituting y for = we have 37 472—2x2—z2x= (putting 5 
27 — 0 2bz—z x. ö . N 

No if we ſuppoſe the whole Ciſſoidal Space f, and the Area of the Semi- circle 
— c, becauſe all the bz are equal to the z.x (both degoting the infinite Ciſſdidal 
Space) then will 3 c be = 2f—f =f} that is, the Ciſſdid is triple the Semi- circle. 

And to Inveſtigate the Area of any Portion of the Ciſſosd. 

If all the bz or all the x, be referr'd not to the infinite Ciſſoidal Space, but to 
any determinate part thereof, then let APN = all the c & be =f, and ANDB = 
all the bz = (ſuppoſing the Rectangle PN DR =p) f-+ p; a let all the * = 
AOMP be =d, then becauſe all the 3 7 x =all the 2bz—x%, it is alſo, 3d = 
2p+2f—f, orzd —f=2p, 3d—2p=f; that is, if from thrice the 
Area (AO MP) of the Portion of the Circle twice the Parallelogram PN DB he 
Subtracted, the remainder will be equal to the Portion of the Ciſſoidal Space A PN. 


And becauſe, when P comes to B, the Rectangle PNDB becomes = o, then 
3d—2pis=3d—0 =f, that is the Ciſſoid is to the Semi - circle as 3 is to 1. 


113, If the Radius AH be r, AP=x, PM =y, AN a Portion of a Ciſſoid, 
whoſe Ordinate PN 3 = and AG C a portion of a Curve, whoſe Ordinate 


1 * 


P C is ST = b, the proportion of the Curvilineal Space APC to the reſponding + 
Segment of the Circle AOMP is requir d; that is, the proportion of all the 
bxtoall the y x is requir d. The Equation expreſſing the Nature of the Circle is 
2rx —xx= 7), and conſequently * K 775 and multiplying by x, and 


XXX 


dividing by 5, we have 2 — ==; that is, bx —&x = x 7, and (put- 


ting all the * = APC =4, allthexx = APN = /, andall the xy = ( ſuppo- 
© 


Fluxions:., Or an Introduffion 


fing P to fall between A and H) = A 8 # the Complement of the Segment of the 
Circle =6) f=d—b = 3c— 2 p (putting e to the Segment A PB, and 
ug rang geen} pl % 
STe = Po 
"And if x be = 34, then-pis o, and and conſequently 4 is-= 2 T5 that is, the Area 


of the Ctrviliniael Figure 4, (ok ohe 505 is doable the Area of the 


whole Semi-circle or = =2 ; 


84 


114. The dme thing being a eu, the proprio berweon ce Carrliet Space 
| 4 77: 51 if 
APC whoſe Ordinate PCk =", and the Circle b requir d. 


The Fluxionary equation of the Circle Ei. which vai by r, 


and divided by y, ne ful hore LEM, * de all the eee 


— 


K* 


res = the Area APC = 9, and all the Redtanges — lE = 26—p,and lth Ret 


* 
es ry =», then will 3 - be g 20 de 
| age =o, i the Equation to the whole 22 — _ — x 2, and p 
and » will be = ©, whence q,= 26. | 


LE: 
Tot be 4% 3 R — 


CONSECTARY I. 


113. If BLo be a Semi<ycloid Generated by the n AAB; and if the 
Line L/ touch the Curve in L, and if 
H be the Center of the Ci 


Sn 
| TC , poſt i 16 2 , P 2 Ps 
| G Y); Pere, 'the Arch Bx, 
2 0 u chen (ar: po = , and 
becauſe the Triangles 8P L, Las arc 


aalen bene r. (2) LO 


N 


hs LaG): e == and be- 
cauſe #a (L (x) 2 7 (0 Ly 


. (x) therefore : x is always = x 4, and | 
"IM : placing xe from P to N, and deſcribing 
| * the Curve ANE, all the Rectangles 
* (or the Rectangles I a f I) that i 
K X the whole Cycloidal Space s ns coal 
; - 
8 D the Reftangles-s x or 2 (or the Rect · 
angles p) that is to the whole Space 
| FBANE, and becauſe PN is always = 
K *Y 4272 = nene 
ANNE is the and conſequent! 
the Ciſſvidal Space FBANE is equal to the Semi. cycloida] — BLoA= 3 rimes 9 
the Semi- circle A M B th 


2. H 


bl 
_ N 
+ a 


. 


rs 


to uu * 


CONSECTARY IL 
2. if « imple Semi-yclod and a did de ad to the ane Cl; the 


Area's will be equal. 


CONSECTARY II. 


30. If from any point L. in the Semi- y lcloid there be drawn La, LN parallel 
AB, Ae reſpectively, they will cut of te equal Spaces Lx AP Ph N 1 


CONSECTARY. Iv. 


4*. To find the Area's of Contracted or ProtraftedCycloidal 
the Symbols (rt. 70.) Let the Ratio of the Arch AP to the 
b is tO a, ICAO nn | 


— & Then 


a eo = 
the Fluxion of QP-4-the Fluxion of P N 8 


4246 
242 4 — . 
7 b 7 , e 
Ma, and the Rectangle Fu or the Fluxion of 
the Area of the Complement of the Cycloidal 


Space to aPar nel "AI: _ — 
, 


e PM be as 


But the Flowing Quantity of 2 ( Art. 
110.) 2 the Area of the Semi-circle APB=2c; and conſequently the Flowing 


5 
Quantity of A2 e = IP In like manner the Flowing Quan- 


F xxx | x4 
tity of bz the Area of the Semi-circle APB = 3e; therefore the Flowing 
a+6 
«+26 


"5 "FXX=—=XXX 


= FB cm 2e= . As 


CONSECTARY v. 
5*. The Semi circle APB — n 


to 22 — b, 


co,ονh nf yi.” I conn 


6. And bece he Parlllogram A BCX is = *. 22 


44. , 5 
* „ 


"3 


- ww « © 
EY *® 


4 n * Re p 
A i oy 23 
2 * g 
RY 
- * bl 
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I might ſhew in the nexs Place, how to Inveſtigate the Arat of Oc, 
Spaces, when their Baſes are Arches of Circles, and when the Point which 
deſcribes the Carve is taken at any Diſtance from the Center of the movea- 

bl Circle. Bat I b refer ſuch Speculations to a more convenient place 
in the Sector concerning the Rectiſcation of Carves. 


PROP. XIN. 
w fefa the Ared's of all forts of Spiral Spaces 
116, Let it be requir'd to find the Area of the Spiral Space, Comprehended be- 
eween the Semi-diameter of the Circle A B, and the Spiral Line A N B. 


Ora AN at pleaſure, Inti Spiral Line in M, and draw A's infinite! 
near A N, and on the Center A ibe the little Arch MR. Then fappoſe the 
Circumference of the Circle BDNB = , the Portion thereof BON = x, NA, 
AN =r, and the Portion thereof AM = yy. Then becauſe the Sectors AN», 


| AMR are Similar, it is, AN (-): Nw (#) AM () MR E. Which 


— 


the 


multiplied by 2 5, the Produdt L1* = Triangle or Seftor AMR is = to the Fluzion 
of the Spiral Space, Now ſuppoſe » the Exponent of the Power of the Circumfe- 


rence (e), and = that of the Radius (+), und ſuppoſe alſd that e*: x* ff f-; 
2 — 
Gy 5 Ten- * which being Subſtituted for j in (the Fluxi- 


7 


tity, or the Area AR MA is = ===——> = - 


m-|-2n R 26e 


date 1 
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and y = g | | _Y 
| CONSECTARY TI. 
117. The Spiral Space is to the Circumſcrib'd Circle as w is to w +2 #1 E 


the firſt Spiral Space 1s to its Correſponding Circle as the Exponent of the Radius 
err 


CONSECTARY u. 


27. fw=r, and #=1; then it h, e:x::r:y, and the Curve AR MB is 


Archimedes's Spiral, and the Area thereof, wiz. AKMBA = IH x er is = 
1 cr = 4 the Arca of the Circle BENB. 


CONSECTARY III. 


3*. Hence to find a Spiral Space, which ſhall be to a given Circle in a given Pro- 
portion, v. g. as p is to 3, we have 9: :: m-2n: m; and conſequently, g— p : 


p:: 29: and 7: p :: #: hence it is evident that if p be the Expo- 


nent of the Radius, then L= muſt be the Exponent of the Circumference. 


4*. Imagine the Spiral Line AKMB to be continu'd from B by G, C, unto 


then is BD = AB; and to find the Area of the Space 

ſecond Spiral Line BGCD and BD, draw the Lines AG, A g- infinitely near 
each other, and Interſecting the Circle BZ NB in Z, Z, and on the Center A with 
the Radius AG, deſcribe the infinitely little Arch GH, then if A Z be r, the 


Circumference BZ NB e, ZG =y, BZ =; then is HG , and 


conſequently, the Fluxign of the Area = HG x 4 AG is => x 25 AY 


rx pars +178 
. e 


12 pm; yu 4-z=, and conſequently 


5 m 


: R 2 rex +aTire® 47 
ties, the Area of the Spiral Space BAG B is = 222 = 2 2 
2* +1 W. * 
” a” | 


— . And the whole Space Comprehended between the ſecond Spiral Line BGCD 


and BD is = (becauſe then x 2552 = 


—— x 25 which is a General Theerem for finding the Area's of an 
infinite variety of Second Spiral Spaces. : | | And 
| 55. . 


whole Spiral Space A K MR AE Ee e then x becomes = c, ' 


* 


4% ws 
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CONSECTART v. 
5*. And in particular, if w = 1, and s = 1 (as in Archimede's Spiral) then the 
Area of the Spiral Space BG CDB is = 4 x <= 3 the Area of the Circle BZN 


(becauſe the Areas of Circles are in a Deion Ratio of their Duet i the 
Area of the Circle DPLD. 


ConsacTant VI. 


62. The Spiral Space AK MBA is = (C. 2®.) 4 the Circle B Z NB, and this 


Circle i is = 4 the Circle DPLD, n eee Space AKNBA 
is = + the Circle DPLD. 


CONSECTARY VII. 


21 The Area of the ſecond Spiral Space BGCDB = C. 5% 32 the Circle 
DPLD and the firſt Spiral Space AK MBA is = (C 54 DPLD. Therefore 
if = the ſecond Spiral Space, the firſt be Subtracted, the remainder AKBGCDB 
= 14 of the Circle DP LD, and the ſecond Spiral Space leſs than 1 is to the 

firſt Spiral Space as 6 is to 1. 


CONSECTARY VIII. 


8*. And to find the Area of the third Spiral Space, viz. the Area of DSOXD 
produce AG, Ag to 8, S, and on the Center A deſcribe the Infinitely little Arch 


SY, and ſuppoſe PS = y, then,  : * 1 27+: —4 = = 8 V. And the 


Fluxion of the Ares, or the infinitely little Sefor ASY is = A + ar7x +15 


2 7 
T 2" 2, 2 
(beca M * 2 * ” 
= uſe y = = 5 2 x + rx Aa the Flowiag 
h 267 26" 
* 22 32241 
re” x arc” ** — | 
Quantity or the Space DASD = 4 +3 * ＋— 2 r 


And conſequently, the whole Spiral Space DS OX D will be equal to 
L E 9 mm--21mn-3nm rc That is, 3 


2 e py e ac” 
Hypotheſis, the Spiral Space DS OX Dis =4 x == = (becauſe Circles are as 
the Squares of their Diameters) 43 the Area of the Correſpanding Circle X T V X. 


PROP. 


ww a 


le 
Cc . 
B 
ie 


F. 


e p 
= R > * * 
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 - PROP. XIV. 

To Inveſtigate the Ared's of Spiral Spaces by help of Tangents. | 

118. Let AKMB be a Spiral Line deſeribd to the Circle B; XN, and draw A MN, 
and Aw, infinitely near the ſame; on the Center A deſcribe the little Arch MR, 


and continue the ſame to L, and deſcribe alſo the Arch , draw 6 
to AN, and M T touching the Spiral Line in M and Interſecting A T in T. Then 


T 


fuppoſe AB =r = AN, AM =, the Circumference of the Circle BXNB = «, 
the Portion thereof BXN = x, N- =, mR=7, and MR == = ; Then 


becauſe the Triangles RM, MAT are ſimilar, therefore wR (3) : RM (2) :: 
AM (): Ar (e) and conſequently 25 = 72. Now it is evident that all the 
yz are equal to twice the Area of the Spiral Space A K MBB A; therefore all the 
j are = 2 ARMBA. 

Now to find the Sum of all the £5, to the point L apply the Line LS 2 = AT, 


then becauſe LI is = wR =, the Trapezium Ls is = ty, and if this be done al- 
Nr I IIIEVE ACE ib d; then the Trilineal Space ABPS will be = 2 


Let the general Analogy expreſſing the Nature of Spiral Lines be, *: “: :: 
*. Then AT (t) is = (47.72) 2, and tr = . And advancing 
every part of the Equation to the Power , »* 1* r* = w** , and ſubſtituting 
＋ for x*, there willariſe o. 2 — 5 » — 


Whence it is evident, that A L being , and LS t, the Curve AS P is a fort 
of a Parabola, and A L will be the Intercepted Diameter, and L'S the Ordinate; and 


to Inveſtigate the Area of the Paraboliform Figure AS PB; BPI AO == 


x1* . 


: = (becauſe x becomes = c, andy =r) e, and the Circumſcrib'd Parallelogram 


A= X re, and (44.88) 8 Parallelogram AP (270) 
Aa The 
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The Area of the Figure ASPB = „re, But the Area of the Paraboliform 


Figure APB is = 2 the Area of the Spiral Space A K MB A, therefore the ſaid 
| n | 
Spiral Space is = „ 


CONSECTARY I. 


119. If the Curve A K MB be the common Spiral Line, then m — I, and a = 15 
and the Area Comprehended under the ſame and the Radius A B is =4rc = 
Area of the Circle BX NB. 


CONSECTARY n. 


2*, But if the Nature of the Spiral Line be ſuch, that it cut the Radij of the 
Circle always in the ſame Angle, then the Triangles RM will be always ſimilar to 
one another; the Angle R being a Right-angle, and „ (by ſuppoſition) being con- 
ſtantly the ſame. | n 

Whence it appears that the Ratio of * R to RM is perpetually the ſame, v. g. 


as'q is to p, then py =q% and 5 =97%, and (finding the Flowing Quanti- 
ties) all the y ⁊ are = P72, and the infinite Spiral Space MK A is = LE 


2 


= 09 = (becauſe p: :: Ar: AB Dr, ſuppoſing d B to touch the Spiral 


Line in B. and A f Perpendicular to AB) 2 — (becauſe y =) . Whence the 
whole Spiral Space ABMKA is =; the Triangle A Bg. 
Es CONSECTARY Il. 
3. If we imagine an infinite Number of Ordinates A 9, AM, Am, As, &c. to 


be drawn, which Comprehend equal and infinitely little Angles at the Center A, 


its evident that the Triangles 9 AM, MA, m Ao are ſimilar (becauſe the Angles 
at A are ſuppos d equal, and by the property of the Curve, the Angles at 3, M, , e, 
&c. are equal) and conſequently, A: AM:: AM:Am:: Am: Ao, &c. whence 
it is manifeſt that the Ordinates are in a Geometrical Pr when the Angles 
at the Center are infinitely little and in an Arithmetical Progreſſion, and the Curve 
ARM is (for that Reaſon) call'd the Logaritbmetical Spiral. | 


CONSECTARY IV. 


4*. The Logarithmetical Spiral Line B MK A, makes an infinite Number of Revo- 
lutions before it can Terminate in the Center A. | 


. 


PROP: 


Su 
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P'R O'F. AV. 


To Inveſtigate the Area of the Space Comprehended between the Conchoid 
| and its Aſymprote. 


120. Let the Semi-conchoid A MB be deſcribd on the Pole C to the Aſymptote 
DE, and let the Nature of the Curve be ſuch, that drawing the Line C M from the 
Pole C to any point of the Curve M, interſecting the Aſymptote in N, the Rectangle 
CN x NM be always = CDx DA. *Tis requir d to determine the Value of the 
Conchoidal Space BM A DE. 

Suppoſe CD = a, DA=b, CN x, NM =y5 and draw another Line Cm 
infinitely near CM, and on the Center C deſcribe the little Arches NQ, MR, then 


is Q» = &, and by the property of 
the Curve x y = l, and conſequent- 


y, MN=z=®, and CM == 


XV © > 


2. Now becauſe the Tri 
angles CDN, N Qs are ſimilar, it 
is, ND (VX — as) : CD (a) :: 
Qs : , and 

XX—48 | 
(becauſe the Sectors CNQ, CMR 
are ſimilar) CN (x) CM ==) 
Ra = )*MR= _ 


Vxx—as 


* o 
a * K&K ＋E aabx 


. Which being mukiplied by s (==) the Product 


: | xxVxx—as 
. ax* Zz bx* x + a? b* x 4 1 + —oode 5 
C 2x* Vxx—as 2vVxx—468 xVxx—8aas 
es 1 | | N rt 
ſc — - = to the infinitely little Sector C MR or the Fluxion of the Space 
2 * VN 2 ' | | 11 
CAM, Now it is evident that the firſt Member, viz. —— is = CNQ = 
2 Vxx—48 os 
o- to the Flaxion of the Triangle CDN. | 14 
It remains only to find the Flowing Quantities of the other two Members, vis. 
b: 2 3 
— + E 2 = to the infinitely little Trapezinm MR NN, 
x Vxx—as 2x*vVxx—as 3 3 
the Fluxion of the Conchoidal Space AMND,” and conſequently the fiid Space 
P. 


With 


Py N - * 4 4 
" : 
= . - . „ 2 * - Ss bd 
Or un 
7 . : 19 


Wich the Radius CB = «, deſcribe the Quadrant CA B, and take CP = ©*: 
Draw the Ordinate P M, and another p infinitely near the ſame. Then ur = 


ht” 
24 pe 


N ( becauſe it is = ME CF V . 2 —— 


* 


mer 1 rg. And Pp = = mR = = (he Fluxion of CP = 


$2 1£ 


r LE and Gesa che Triangles MPC, IAM 


x AX.” 
WAI 2 ' AY Ef! es ' A 

A PLES! 
ae mir) MR or Qs = — N 


& * & * — 48 | 


,6 3; 


Ss = — 225 — and te bn o ul 19 the Ac BUF 


xVxx=——as 


the Negative Sign "> a as Z creaſes; yrs ob 
the Arch BM and not AM mult be che Flowing Quantity, becauſe ye. are to find 


the Sum of all the cody __ 1 fppalng (Oe Vegnaing nr 20 1 
x Vxx— C4401. ; 


reckon to CD. Whence it is evident, that if the Arch BM be multiplied by the 


Invariable Quantity b, the Product is the Flowing Quantity of — Sobs n 


x „4 


911 my A : 1 941 Hs 1 2 * 
Lat, To ind the Floming Quantiry of the thind Member, vis — b 
, 22 = 
4 * 


$ 
The infinitely little Space MQqw = MQ.x Qg = —<* . und the Flowing 
* VT 
Quantity of this Fluxion is equal 


to the Portion of the Circle C QMB Now if this 
Segment be multiplied by $6, and the Froduc divided 24 a, N 


wen Oi i of m i - BE4 „ eee ente 
2 K Vax—as 


ſeveral Values of x from CN to CO. 


And from hence I conclude, 3 ADNM —— 
Arch of the Circle BM x by the Invariable — DA Wech- 


Circle CQMB . A Me 


And if MN be always equal AD, then the Curve AMB will be Nichowede/s 
Conchoid ;, and to Meaſure the ſame, ſuppoſe A D DC ge, CN = x, CM= 


a+x, nnr 
(i:; c , = , and (becauſe the 


K 4 44 


Sectors CNQ, CMR are fimilar) CN (#): CM (+23) : : QN ax — 


n = egg, which muktiplied by 4 CM = e « the Frodo 


xXVxx—&#4 
— 


42 x 


95 4 
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LL + = 4 —=2 ts = ws the nhnitly ke 


= Vr 44 2 ͤK 4 — 46 
Sector MCR. * | | | 
Now it is evident, that the hü bücher br BY is = CQN = to the 


2 Vxx— 88 


Flxion of the Triangle CDN. Ie remains YO Quantities of the 


. 1 
The Flowing O — may be found chi, with the bus 


2X XX —848. 


© = 0, deſcribe the Qradrane of a Circle CBA, ad take Cp e, Draw the 
Ordinate MP, and another p infinitely near the ſame, and 
draw the Radij CM, C then is MP = — Xx —26. 


* 


A 
And PporwR = — . And becauſe" che Triangles 1 11 


CPM, MR re ſimilar iis PM (= an) 


* 


MC(s) : * (E22) 1— 
| XVXxX—44 


4 - 


which being multiplied by 4 4, the Product — —.— ann. 
12 


D 


And to find the Flowing Quantity of the other Term ax Let AMB be 


XxX — 


an Equilateral „C the Center, and CA the Semi-axis = s, CP = x, and 
PM =y; draw e Ordinates PM, p m infinitely near each other, and from the 
Center C draw the Right-lines CM, . If, the infinitely little Triangle MC 


is = to the Fluxion 45 —, and the Flowing Quaaticy is equal to the Space 
ACM; and conſequently, double that Space is equal | 


Vxx— 85 


+ n 2x5. Sees. ButCM =V2zx— 26, 


XxXx-—44 


d 
ds 
- 


and the Fluxion thereof r ba IE, ——_— 112 


28x — 48 


24 1 * — 442 14 * x | 


Bb ciag 


94 Flint Ur an Juras 


4 2 : 
cing both to one common Denominator) —= 2 — ; And conſe- 


XX - M* 2K 44 ih 


9 


| 3 3M +3646] 
quently, My is = ————=— == ic bing mph WHO 


G5 00 X Views F221 gf 


n prota 22 4 — is = tb the bauen cle Triangle 


2 ix Id ACK. 
MCm, at the Flow Quantit is 1 to the H 
1 ing y _ eee Say 


1 (Ie - 24 038 8] 7 
Hence is manifeſt, ft, that he 0 onchoidal Space tho 2 55 ene ) 72 
be . Alu the like may be ſaid of the Cifſoidal Al b. 


P ROF. XVI. „ iy nal 1 


— 


A Relation berweeis ths Curve Liar DC E, andthe" Right Lise A E infi 
nitely produc d. be ſuch, that the Perpendicular C'B 122 let fal from 
any Point of the Carve as C, be neci as the Square, Cabe, &c. of AB 
ge ray any determinate 5 Line AE: * 
is requir d to Nee % nee 
W Nu Lines ic u and, the Carve CE. - 


121. Soppoe AB = 2, D455, 5 then the Flaxionof tbe Ares 11 22 

x, Bot by the property of the Curve y is as = (# being the Index of the Power 
of be ig gen Hines £1) hed Jö 
== into an Invarlable Quantity, "which fop- 
poſe = 8*+7, that ſo the Terms may be Homo- 


If) 4't 7% 
geneous, then == ee therefore 


8791 


| M44 14 #1 


the Hluxion of the Ares n Fs 1 
3 and conſequently, the Aren it ſelf or the Flowing 


i | | | 8 21 2 8 gn+1 2 
| — r 2 
= the Area lying on the other ſide of BC or the inſinite Space B CE E, and becauſe 


4 ＋ 1 


L - is an invariable Quantity, the Area BCEE isas —— Tun if BC be 


reciprocally as the Cube of AB, then » is = 3, . 
minable Space B CEE is reciprocally as the Square of A Þ. . 3 


CONSECTARY I 


122. Becauſe the infinite Space B CEE A NH- · and FEE Ff, 


therefore the Space ; CF is as B= — Ff 


r . . oa oc. ac 


F 


F 
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2 
io 194 - "CONSECTA RY H. 
. p , i — - * 


BD be drawn Perpendicular to AE, from every” 
Eo de drawn Right Lines F A, 28 — ns ane Po 11 


to a given point A ia the Line A B, and if in the 


Line A E we take A AD, AI AF, ad. 5 

erect the Nn BC, ir LN TORE dv 

procally as A AR®, A, &c and if VF 1 Ft % 

elne CleE ide, the wer BOEK, Crs fs 

beEE will beas Th Ki reſpeively , 5 Ky ; = 

2144 wg YI W i KE 
the 5 BCeb will de a8 A wht del e od 

and pace Tr — ln We: 

A LD 'For though the Curve Termihate in , ws. 

a e eee ru Golly is the Give | 

with $1*% . 77 e A * 
CATARINA Tao 


i N ie BC oldie 1 and the Semen DC 
| te divided int an infinite Apes Parts, Bets h&'lc;' I ſo, 
all the Reflangles GO De Dex gh, W are equal 
TOS PEI 5; 220g 124 N A Donne ve! 


123, On Lay B gh rere =p BC, and complent the Square AC, 
draw the S8 oh Pun ro AB. 
and Ef para N 70 B then the Figures about A — — 
the Diameter A C, wiz. AF. and F C are the | 
Squares of BD and DC, therefore the ReQangles , , | 
BDxDg=EaxEF; Bgx gb =agqnab, | 
pb xb5=bpxbe, be, Aud conſequently, all 
the Reftangles (the Portions, Deg 
infinitely little) BD x De, By b, &C. are E ; 
equal to the Quadrilateral Figure WCC rr 
118 ABC — Triangle Agr = 4BCg =, 17 5 . FL A 

7˙ | 


: 


cn oA al) , nA 50 K 


The Ag Cen the ca aud BD n p * deres. 
DC DC-. 5 4 ay 4h vt ow; 


Theſe two ia ropoſitions ate mach a#d the Incompar dhle Mr. Newton, 
— 44.2 ah fr. he, 1, 2. Prop. yo. 1,1. Prop $1, 0. bb. 2. — 


* 


: $5 az 
C * * 
1 $3 43, $4 
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PROP. XVIII. | 
11 


Let A MH be any given Carve, AD the Axis, and HD an Ordinate 
to the ſame, and let the Curve ꝙ ⁊ Þ be ſuch, that if from any point in the Carve 
AMH, as M be drawn the Ordinate MP to the Axis A D, and MQ Per- 

pendicular to the Curve in the Point M, and Interſeiting the Axis in Q and 
if PZ (producing MP) the Ordinate of the Second Curve be continaally equal 
to the Sub. normal PQ of the Firit Curve; I ſay, the Carvilined! Space AD 


124. Let the Angle HD. be =4 a Right-angle, and divide the Axis AD iato 


: 5 — — and WR x MPs = RM x 
CEE" EN + QP. Now mRis = IL; MP = 
Me <1] | ILD LV, and.R M = Pp, and QP 

| >< | | . =PZ, therefore LIx LY =Pp x 
| "ſp 4 PZ; and conſequently, all the Rect- 
. * | angles P, which compoſe the Curvi- 
0 lineal Space AD are equal to all 
1 r the Rectangles L V which compoſe the 
Triangle H De, and that Curvilineal Figure is equal to this Triangle. But the 
Triangle H De is =4 Hox HD=$HDg. Therefore the Space AD is 
HD. Q. E. D. ä 


COROLLARY. 


125. Hence to Square any Curvilineal Space, as AD g, is the ſame thing as to 
find another Curve A M H whoſe Sub-normal PQ ſhall always be Ito PZ the re- 
ſpective Ordinate of the Figure to be Squard. For the Area AP Z e is IPM, 

and the Area AD4Zois =3DHg. 


LE MMA. 


. The Relation of the Carve ꝙ 2 N to the Axis AD, and conſequently the Auahtict 
Value of the Ordinate D ꝙ or the Sab. normal (DK) of the new Curve being 
given, to find the Relation of the new-Carve AMH to the Axis AD, and 
the Analytict Value of the Ordinate DH. AED 

126; Let the Relation of the Curve „ J to the Axis AD be expreſs'd by this 

* Equation (ſuppoſing AD , DON , nd DH=z) j* = x* + aax x, then 

the Value of the Ordinate D4, reduced to its ſimpleſt Form, is, y =x xx 44, 


and therefore, by Conſtruction DK is = x Vx x ＋ 4s, Now it is ir'd to find 
the Relation of the Curve AMH to the Axis AD; that is, to find the Value of HD 


in the Terms of the intercepted Diameter, the Sub-normal DK = x Vx x + 46 
being given. | 
I. Multiply x vx E, the Value of D4 or DK by x (or any Power of x 


at pleaſure) the Product is x x Vx C and heconſe the greateſt Power whhew 
own | 


. — Ix V7 Oo uv wr 


all 


A N 


17 


tict 


EU 
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the Radical Sign 4 285 12 write the . and all the inferior Terms thüe, 
x2 E + x?, and to each prefix an unknown Coefficient, and then we have 6 x * 
T. ee 8 being an invariable Quantity) which prefix before the Radical 


in of x, and ſuppoſe the Product b x* + e c8* Vr 
_ ad Be . ee e ee 4 En o 


ne, 


+ , * 1 
IN, "ELLE 


| | | * 
u With the Aninriel perten 22 op 9 Vezx Fa = IL, Invellig te 
the Analytick Value of the Sub-normal DK thus: For brevities Bhen =y b x? 2 952 


44s: =pjands/xx = , and then 5% i 2, and fandiog the Fluxions of 
both Sides of the Equation, 6 dave dp gp = 20% „ 

14 170 1 4 1 e 
and þ =26 xx +x6%, e reſtoring the Values of 77 7 55 J. the Equation 
rr + 77 — 2.5% will appecr 18 this fon. 


bz e432 1653 x R eee tee. 


8 
81 


r r 


| Ve {vs 


And reducing all the Terms to the fame Denomination, | 
eee Kale +c0! | | 
4 — | 

Fe wane. 


| Which way reduc d to an Analogy, we have, 


3b x? +2005 + e427 x4 25a* x +66) 
j ran e 


i 


4 K 2 IS 


:: DRK. 


7 - 
de * 


2 2 2 z 
hu hed rb F. I +es x + 26s EN 
| a a 
=x#xx +84. 2 » UE C H D Linne 


And cleariug d babes 6 


ee ee ee 


1 114 


n 


— 72. T4464 


W et as pH ma) Fam woe = 40. ax * =" FO 
— 6% Vx x + 84, and ſubſtituting the Values of the unknown Coeficicats, 
oi. 3 for band 4 for, we have this Equation g- S 


the Relation the of he cad the Axis 
AD, which we 2 Ordinate (DH) new Curve, 


© act ag, cos ERC r. 
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CONSECTARY L 


127, And if we rightly conſider the new Equation expreſſing the Nature of the 
82 it will appear, that the Vertex of the Quadratrix (or the Curve) 
AHD does not always co-incide with the Vertex of the Curvilineal Figure AD47Z . 
which is to be Squared ; But ſometimes it falls above and ſometimes below the ſame, 
and often it is purely Imaginary. ES 


CASE I. 


If theCurvilineal Space V D4 be to be Squard, and if V D be =x, D4 =y, and 
the Ordinate of the Quadratrix = x, and if the Relation of the Ordinate D4 tothe 
| Axis VD be expreſsd by this Equation y = 


xVx x-- 84: Then *tis evident that when 
the Intercepted Diameter x is o, the 
Ordinate y is alſo = ©, and conſequently, 
the Vertex of the given Curve is in the 
begianing of the Axis V D or x. 


2*. The tion expreſſing the Relation 
of the Arle of the Quadratrix VD to its 


Ordinate DH is Fe, 


==$% Whence to find whither the Ver- 
tex of the Quadratrix H F be in V the Ver- 
| tex of VI; we muſt obſerve, that if, 
when x is So, z alſo be =o, they coincide, otherwiſe not. Therefore ſup- 
poſing x = o, the Equation expreſſing the Nature of the Quadratrix in the Point v 


3 
is 5 x 2 2 2, that is x = * Whence it appears that when x is = o, 


then the Ordinate of the Quadratrix VF is = — 


3. To find where the Quadratrix HF will Interſe& the Axis, and whether above 
or below V we muſt obſerve, that when the Quadratrix Interſects the Axis, then 
zis = o, whence the Equation expreſſing the Nature of the Quadratrix becomes 


2x* ＋ 247 x Vxx + # 8 =o, and conſequently, x is = v — a?, which is an 


3 
impoſſible Equation, ſnew ing that the Quadratrix H F being continu'd infinitely to- 
wards R will never meet with the Axis. | 


CASE II. 


Let the Equation expreſſing the Nature of the Curve z 4 to the Axis V D be j = 


N A, then it is plain that when x is = o, then y V Vz; fo that 
the Curve to be Squar d, Interſects not the Axis in the beginning of x (or in the Point 


v.) 2*. The Equation of the Quadratrix HF g is (Art. 126.) thei 

x Vx + A, whence to find the Point where it Interſects the Axis, & is then 
4x* + 8ax+ 4 5 

So, therefore — 8 x re =0; that is, 4x* + 84. 


42 =o, and by equal Extraction 2 x +24 o; that is, x =—4a=Vs, and 
becauſe the Value of the Abſciſla is Negative, therefore che Poiat falls above V, and 
| Lo) 


S © en H =» - 


* 

; 

* 
l 
2 
* 
bl 
of 


- 
n - 
* 
7 be : 
= "SE. 
* 
« 
* * 


% Mathematical Philoſophy.” 99 


ves = 3%. To find the Analytick Value of the Ordinate of the Quadratrix 
VF, when the Intercepted Diameter VD vaniſhes; that is, when xis = o; the 
Equation of the Quadratrix in that Point is? * , = VF. 


Cats mn af 


Let the Equation expreſſing the Nature of the Curve V z4 be y = x Vx-|- «; then 
it is plain, that when x or the Abſciſſa V D is = o, the Ordinate y is alſo = o; and 
conſequently, the given Curve iuterſects the Axis in V. 2*. the Equation expreſſing 
the Nature of the Quadratrix Hg is (4r:. 126.) | * 


12x* 49x —= 80" r =, and if z 
15 


be ſuppos'd = o; then 
Iro, and by Reduction x =4a=Vg, 
and becauſe the Value of x is poſitive, therefore 
the Quadratrix H e Interſects the Axis in the Point 
o below V, the Vertex of the given Curve. 3*. 
To find the Analytick Value of the Ordinate of | 
the Quadratrix, when x is = 0, the Equation of the Quadratrix in that Point, vit. 


n 
mV, is N % = 2% = VFg, where it may be obſerv'd, that as the Abſciſſa 
x increaſes, the Ordinate x decreaſes until the Quadratrix meet the Axis in 8, and 


ever afterwards, the Abſciſla x and the Ordinates of the Quadratrix both increaſe at 
the ſame time. 


12x* | qax —8 22 


15 


CASE INV. 


Let the the Equation expreſſing the Nature of the Curve V 4 be y = ye x, then 
if x be = o, y will alſo be =o, and the given ; 
Curve Interſects the Axis in V. 2*. The Equa» 
tion of the Quadratrix VH is (Arr. 1:6) f x 
ax = EE, and if ⁊ be = 0, then} x ya x ==0s: "- 
Whence x = © Therefore, the Quadratrix VH 
and the given Curve V Interſect the Axis V Din 
the ſame Point V. 


CONSECTARY I. 


If in the Analytick Value of the Ordinate HD, any of the Members be a deter- 
minate and invariable Quantity, then the Quadratrix cannot Interſe& or meet the 
Axis in the beginning of the Abſciſſa x, and if in the Analytick Value of the Ordi- 
nate D J. any of the Members be an invariable Quantity, then the given Curve V 4 
cannot meet the Axis in the beginning of the Abſciſſa x. But if the indeterminate 
Quantity repreſenting the Abſciſla, aſſect all the Terms ſling the Value of D 4 
« then the reſpective Curves meet both in the Ls Point of the At, 
. * begins. uw, * 


CONSECTARY m. 


ln the firſt Caſe the Quadratrix H FR never meets the Axis VD. Whence it is 
evident that the Area VD is not = 5 D H/; becauſe D H anſwers to the whole 
Quadratrix RFHDg. It remains then that 3 DH; exceeds the Area of * 
| Dy 


VD4 by 4FVg; and conſequently, ü DHA ATV, = EL ETFS 


—*— is =tothe Area of the Curvilineal Figure V D 4. 83 


CONSECTARY IV. 


in the ſecond Caſe, the Area of the Figure VDZ4 is leſs than 4 D H 21 for if the 
Quadratrix HF the Curve 4 Z be produc'd until they et the Axis 
ing, then the Area „DAZ is = D Hg, and the Area VZ is = HFV, there- 


| * 
fore the Area of VDA Z is = +DHy —4FVq = == e x 


Vr 5 


CONSECTARY V. 2 


In the third Caſe, the Area of the Figure VD 4 exceeds £D H q; becauſe the Qua- 
dratrix Interſects the Axis below the Vertex V; ſo that 3 DH ;/ is = the Area 8D 4x, 
and. 3 FV = Area Vox; therefore the Area VD4ogViis=3DHg-FiFVg= 

2 12 > 
De o data + 2 we 


CONSECTARY VL 


In the fourth Caſe, the Quadratrix Interſects the Axis in V, and conſequently, the 
Area VD is i DHT S NV. "($5 


And thus I heve- briefly explain d the Principles of another Method for ſquari 
Curvilineal Figures, and Illuſtrated the foe by particular Inſtances. I ſþ 
in the next p e ſbew how it may be applied to Inveſtigate the Area's of an 
infinite Number of Carvilineal Figures, their Nature being expreſs d by any 
one general Equation. 


EXAMPLE I. 


128. Let it be requir'd to Inveſtigate the Area's of all ſorts of Paraboliform 
Figures, whoſe Nature is expreſs'd by this general Equation 2 x* = y*, the 


Equation reduc'd to its ſimpleſt Form, is y = V*=" x*, which being multiplied by 
x, the Product is x Ve"""x* ; therefore the Eminential Equation is b x + « 


Yann xn — 2 K. | 


2*. With this Equation Inveſtigate the Value of the Ordinate of the Quadratrix thus, 
put bx | ec =p, and V = q. Then is pg = Xx, and the Fluxion of 
this Equation is pg-j-qp =2 44 Butpis = bx, and i; = — x @®"*x5[2— 1 


r And therefore reſtoi ing the Values of 
n 99 


5,57 5, 9 in the Differential Equation p q -- qp = 224+, there will ariſe, | 


rw Minhenaical Phibſepby 101 


= 
nha* x +enx®=tz - 4 5 
—_— ogg bYa""xz* x x=224. 
„ Va 


And reducing all the Terms to the ſame Denomination, 
„eres x+ bm Yann x6] n V. 0 


— — 2 A221. 
= a 
mann xo” 


what fengtnt5+ bu arm wot 
— — — 
m Ve 
„eres x + xx bm X 4 x® 


= 
=” agn—" xn 


That is, 


” And reducing the Equation to an Analogy, 
1 28 2 N nll LT and : Sub- normal 
m V. 
„resin 6 9 4 oy Yann an, 
he (> 2m VN. 


And by Reduction and clearing the Equation of Surds, 


nbx* ena”! bm x a=" x* = 2 \/gn=n xn" * 72 yo 2 
2 7 Ty =2m x 4*=*x*, That is, 


b „2 — yt e111 4 A, 
. nh d=amxan x*, 


And comparing the Coefficients, e is = o, and I EIS 2m, and b = 


TM => Whence the Eminential Equation b x Ce Vans go] = M, be- 
the 
d by comes E Ver Therefore the Quadratrix and the Curve to be 


{quar'd meet both in the beginning of the Abſciſſa, and the Area of all ſorts of Para- 
f 733 SET... 
boliform Figures is = x Va x e E. I. 


EXAMPLE II. 


129. Let it be requir'd to find the Area's of all ſorts of Curvilineal Figures, whoſe 


Nature is expreſs d by this general Equation Vr 4 where m denotes the 
of Exponent of any Power, whether n Eminential Equa- 


tion is, b x * x -|- das x x-+-@ expreſſin the Nature of the Qua- 
— pity Lhe le the Values of — — ſuppoſe, for 


brevities ſake, bx* -|- cax ＋ das * VII = 9. 3 


[ 
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andpg-4qp = Burpis D 


1 
= 


— —ů— 
— ä. — 
m — 1 


= A 4- 
Therefore $bticing th vier- * 54, | in thi Equation 1 
ome; e e : 


ee + 97 x 257 x & 20 
LE. g's 
And Reducing all che Terms to the fume Denomination, 
— . x e 
* r | 
That is, 
— LCEIRED TReCT —— TIT 
„VT 
And Reducing the Equation to an Analogy, 
ban onto; Tn a nArooer ooes tdzs 
K X N ; a_-r_ 3 
| | „V 
30 ee — — 
EPS 2 Ve . 
* which which being deaf of Sards, by multiplying both daes of the Es- 
tion by 2 m Vx A B- wg „ the Equation will ſtand in this Form, | 


—— 


* 


bxx | 2mbax + cmas 0 2 
2mbxx cmax dat =2mxx + 2max. 
e K* ; 


, P 


_ SSSI RAT 7 1 


; _ A 2m—2mb _ 2 | 
Secondly , too be = Pr 


Thirdly, dis = o, whence 4 = —6 r =s 


Having thus found the Values of the Coefficients 5, c, d, (which were Indeterminate 
before ) ſubſtiture them in place of the aid Indeterminate Coefficients in the Emines 


tial Equation bx* + cax-|- des los Vx+ a = XK, and there will ariſe, 


2 ZW SX — 2858. 


1 * ＋ 1 * 28 - 1 Fi VI. N 


10: NA iαj, TP biloſophy. 2 
Which is an ein) noting the Nature of the Quadratrix 


the Ares of any otter ee r — 
be found, | 


For inſtance, Let it be requir'd to Inveſtigate the Area of a Figure, whoſe Nature 


nnn ieee In this Caſe the 
Vx +8 
BE TINS —_2m n 

Exponent wv is = 2, and conſequently —7— = | == N = 

—4 2026. 10 ==, 2 K * 
S nne, TA 
2 4-222. 8 
2m I Xx ww d and 
2xx—24X=444. — 


I is K Now the Quadratrix meets the Axis below the 
3 Vx 

beginning of x, and when x is = o, then the Square of the Ordinate of the Qua- 
dratrix is DO therefore the Area of the given Curvilineal Figure is = 


34/4 
axx —=26x —= 4668 444 1 
3 a ＋ 37. WEE 


And in comparing the Coefficients, heron nn 2 Compariſons, 
than is needful to determine the Coefficients, and if the Values of the ſame Cocffi- 
cient come out diſſerent; that * ne & is impoſſible to Square ſuch a Cur- 
n L 


This Method be render d Univer be 
tte 28 ne to the 122 2 le, +, 222 


that means one ſingle Theorem may to Square an 
— Cordlige Figeres, rA 


EXAMPLE II. 
130. Let It be requird to find the Areas of all forts of Curvilneal Figures 
expreſs d by this Equation j = x*\/x +, Multiply the Value of the Ordinate 


by x, the product is * N s, Where NTT TIS is the 


Exponent of the higheſt Pow the prefixt to the Radical 
fore the Inferior Powers being indi — Fqun 0. Tp 


batt oþ pat + dat + ann nt + fun Mead 
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By help of this Equation find the Value of the Sub- normal of the Quadratrix, 


and put the ſame — the given Value thereof, and then the Equation clear d of 
us 


Surds, will ſtand » bis 
»-|-1 + mb ti bamer + a=—1 x mdatnt + g=—2 x wext=? | 
+ * EI TIA » „* 5-1 

＋ e ＋ 4 A "= 
+ n— 3 x mf x*-3 | 
—-y— 2x me &c. > = 2@x**1 -|-2 max*®. 
2 f 
And comparing the Reſpectire Terms of this Equation, the unknown Coefficients 
will be determin d as follows, | 


2 | x 
— 
»-|-1xm-|-1. 


2 W 


+ ante oy jy e 


— 7 Xx 2 m1? 
* 
— 


1333 


„EIN EIN EIN 
nxXn—IxX 2 


„Pix -I -I Dr 


fourth, 22 


— Mx c — 2 * 1M 28 


Fifth, f= = ds 


n- IX E IX mm | 1x 3—Ixm-|-x 1. 9—2 xm x 1 —3 xm 1 


Now from the Compoſition of theſe five Coefficients it appears how all the reſt may 
be form'd in Infinitum; And becauſe the Progreſſion » x » — 1 x »—2 x #=3 x — 4, 
&c. in the Numerator of the Coefficients, if » be a whole and poſitive Number, or 
equal to Nothing, then the Quadratrix will be an Algebraick Curve, and always 
there will be as many Coefficients as there are Unites in 2 1, and as to the Signs 
prefix'd ro the Coefficients, after the firſt two which always are Affirmative, they 
are Negative and Affirmative Alternately, & -|- b-|- ce —=d+e—f + g —b, &c. 


And to Inſtance in particulars, if it be requir'd to find the Area of that Curvilineal 


Figure, whoſe Nature is expreſs'd by this Equation y = x * C, Then #is = 1, 
and mis =— 2. Whence b=f, e= 2, 4d 4 , CE NOR 


Equation bc ＋ dxn=i J-ex*=2 F-, &c. W. = XxX be- 


comes 2 = xx» Which expreſſes the Nature of the Quadratrix, and 
Rx 


3 
the Area of the Curvilineal Figure may be determin d as above. 


I was more willing to treat of this Method at large, becauſe tho the Equation 
expreſſing the Nature of the Carve conſiſts of Terms Compos'd of Invariable 
Quantities only, Nevertheleſs the Area of the Figure may be preciſely De- 
termin d. The admirable Aſſiſtances which we have in other Caſes, proving 
Defective in this : For Inſtance, | 

131, Let 


S8 


al 
I 


ial 
de- 
nd 


[7 — Philoſopby. 


131. Let it be propos'd to Inveſtigate the Area of the Curvilineal Figure V D A 2 
whoſe Nature vexpreſsd by this Equation y = x + 4 FEM the Fluxiog of the 


Ares i H = ax Vr. Which 
may be cleared of the Radical Sign thus, 


Suppoſe Vx = then x - 2x, 
and x u whence it is evident (by 
ſubſtitution) that x x -j- @ x xs = 
22+ z. Now the Fluxions on each fide of 


the Equation being the Flowi 
he muſt be —— Therefore 8 


TN N= 4 21 2 2) 

eee f. 1 
the Area of the Curvilineal _—_— which Value (§ 4*. Arts 127.) exceeds 
the truth by the determinate Quantity ? « Va. 
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But though we cannot find the Areas of ſuch Carvilineal F. 
— yet it enn Value of t 
Square of the Ordinare — n without having recourſe to Tan- 
ents or an Eminent ation, Which is an — and exceed- 
— Abriviates the Mert. * 


EXAMPLE I. 


132, Let the Relation of the Curve Z 4 to the Axis AD be expref#d by this 
Equation yy = * -+- 44x x, Then y = x xx + a, and the Fluxion of the 
Area is vr , a5, which 


255 2 then + AT \ 
ie conlequently a” -- 7 

aden of bod both ſides of the Eque n 
e ee 8. 
Now the Fluxion of the Area was af 5 
xxVzx + a6, and if we put 44 U . | n 
xx, and 2 = x x "4 4, the Flux- No 0 2 


on of the Ares in other Terms will 1X 
be = x, therefore the Flowi 5 

Quatity N = , and reaffhning. (4 © 
xx +84 for 24, and 4} xx + a8 | 
for 4 **, and vx #64 for x, we ſhall have 4 K r 


che Square of the Ordinate of the Quadratrix D H; and conſequently, the Square 
—— 


of DH is = — Vs x + a4; which was requir d. 


* 


Le EXAMPLE 
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EXAMPLE Il. 


Let the Relation of any Curve to its Axis be expreſs'd by this Equation + 


VIE then f= and the Fluxion of the Ages. n be = 


. Suppoſe vx 2 — then is K 4. &,. and X = 22 — 43 and 


& * 


ir 
conſequently, + 2, therefore the Fluxion of the Area 


. 5 
& X £ 


re 


2 — 24223 ; e | 
22 — = — 22? 2 — 28%, and the Flowing Quantity is = 2 - 
2 | 


RF 19-0950 


_ 8 xa; and conſequently, the Square of the Ordinate of the Qua- 
4-4 — 82. 


3Vx- a 
Valve of the ſaid Ordinate (Arr. 129.) found before. 


dratrix is = * C 


» Which is equal to the 


ROF. XX. 


If there be three Curves AMB, DN E, (and AC the Axis common to both) 
and GR L (whoſe Axis is CB,) and if the Relation between them be ſuch, 
that from any point M in the Curve AMB, drawing the Tangent MI Ir 
terſelting the Axis AC ( produc d) in T, and the Right Lines MPN and 
MR parallel to the Axes CB, CA; It be always P T: PM:: QR 

PN. 1 ſay, the Mixtilineal Figure A CF D will be equal to the Miætilincal 
Figure CGLB. 


f m be an infinitely little Portion of the Curve A MB, and draw mp n 

e | parallel to MPN, and m9 J 
rallel to M QR, Interſecting the 
Axis in the Points q and p, and 
the Ordinate PM in K. 

Now becauſe the Triangles 
MK, MPT are ſimilar, there- 
fore PT: PM:: K: MK. 
That is, PT: PM:: Pp: Qs. 
But by ſuppoſition PT: PM: 
QR:PN. Therefore QR: PN 
: Pp:Qq; and conſequently, 
PN xPpis=QRxQg,. That 
is, the Trapezium PN is al- 

r Ways equal to the reſpective Tra- 
Pezium _ Now the Space 
AC D conſiſts of all the Trape- 
zia PN p, and the SpaceCGLB 
conſiſts of all the Trapezia QR r9: 

the Mixtilineal Space 
ACF is equal to the Mixtiliges! 
Space CG LB. 


tl 


O N- 


Nom PM =CQ= QR, therefore PM (QR): PS:: 
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CONSECTARY L 


134 lf the points G and C co-incide, and if G RL be a ſtreight Line 
ding an Angle of 45% with CB, then this Propoſition differs not from the 18th, pre- 
— ; (that being but a particular Caſe of this) For if the Perpendicular Ms 
be drawn, then it is PT: PM:: PM: FS:: KY: KM:: Pp: Q:: QR: PN. 
QR:PN, and conſe- 
vently, PS is always = PN, which is the Condition on which the forecited Propo- 
tion is grounded. 


CONSECTARY I. 


If any two of theſe Curves be given, v. g. DNF and AMB, the third Curve 
GRL may be found. Suppoſe AP = , PN =s, PMS CGS PT =, 
and RQ=y. Then it is (by ſuppoſition) PM (x) : PN (s) :: PT(r):QR 

. 


3 Now if by help of the Equations expreſſing the Nature of the reſpective 


Curves, we find the Values of rand « in x, and ſubſtitute them in = =7. We 
ſhall have an Equation expreſſing the Relation of the Curve G RL. to its Axis CB. 
For inſtance, If the Curves ADNE, and AMB be common Parabola's, then «xz = 
x x, and æ ; and conſequently, PTA ===, in like manner 


% = 4%= xx, therefore x . Whence this Equation 5 = ; becomes 


— =; and conſequently 125 = x x, from whence it appears that the Curve 
GR Lis alſo a common Parabola Convex towards the Axis CB. 
And if the Curve A DN F be a Common Parabola, and AMB a Cubical Parabola, 


, 3 
then aa = x *, and 28 225 and PT == =—=e. Likewiſe, a = 4% and 


| 3 
2 = 48% = x}; and conſequently 2 = V. Whence the Equation —= , 


3 x? 


3 - z 
= V= =y; and conſequently - * = = yy, and by Multipli- 


cation and Diviſion 3 x3 = x”, which is an Equation expreſſing the Nature of 
the Curve GR. Fe 


CONSECTARY III. 


And hecauſe the Curve AMB may be varied infinitely, it is plain that an infinite 
Number of Curves GR L may be deſcrib d, each com ing the Mixtilineal 
Space QR G CS to a given Space APN D. 


CONSECT- 


Flurion / Or an Inroduflion 


CONSECTARY IV. 


H Me = PN, they PT izalo = QR, and the Trapezium MP p = Tra- 
Nee = Trapezium QR 74; and becauſe this Univerſally obtains, it fol- 
that, i QR be always taken equal to the Sub-tangent PT, then the Mixtilineal 


198 


rer 
to Figure nts G 
and C Co-inciding, 8 * 


PROP. XX. 


To Inveſtigate the Area of the Hypocrates's Lunule. On the Diameter A B deſ- 
eribe the Semi circle A DB, and draw another Diameter D E ar Right An- 
gfes fo AB. Dram the Chords A E ad B E, and on the Center E with the 
adius E A deſcribe the Arch A FB. Then the —— comprehended between 


the Sewigeriphery A D B and the Arch A FB is called Hypocrates's Lunule, 


135. Suppaſe the Diameter A B = 2, then the Chord AE will be=r y/ 2; 
and conſequently, the Circle deſcrib'd with the Radius A E is double that deſcrib' 

| with the Radius CD (becauſe Circles are as 
the _—_— of their Semidiameters) and if we 
put e for the circumference of the Circle whoſe 


Ip and conſequently, cr is = Area of that 


whoſe Radius is A E. Now the Sector AFB 
E A being a Quadrant of a Circle, is equal to 
the Semicircle A D B A, and if from both the 
Segment AFB CA be taken away, there will 
remain the Lunule A B B F A S Triangle 
AEB. 
And thus not only the whole but alſo any 
part of the Lunule may be Squared, ». g. If the 
| Ordinate M P, and the right Lines EP, E M 
be drawn, I fay the Triangle EA is = the 
Portion of the Lunule AMR A. For the Angle AEM = 4 A CM, therefore the 
Sector AER is = to the Seagr A CM, and the Triangles PQM, CQE are ſimilar, 
therefore, MQ:QP::QE: QC, and conſequently the Triangles CMQPQE 
are (Prop. 1 E. g. equyl Whence the Space AQM A is = Space AEPQRA, 
and Subtra from the Space A Q R A which is common, there will remain 
ARMA = Triangle AEP. | | 


PROF. 


Radius is CD, the Area therefore will be = 


A,  v HKH_—— vn 


Q. *» 


13 — * _— 


v5 ma TD WW ww | 6.4 vs VYTD Ys Www FyFwRerw-” 


By iy I 0 e 
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PROP. XXI. 


Of the Priperties of ele Tavolute and Evolure (Figaresſo u) 


136. Let the Spact A BHG be divided into an infinite” Number of ja, and 
imagine the n the Curve T3 7-475: r be Flexible, like ſo 
many Threads, Ordinates , H to be Rigid xible, 
— Trapezia CE FD may be ; AT PL 
into the Trilineal Figures | 
x y #, K if the points E and F be 
ſoppos d to Coincide, and if this be 
done in all the other Trapezia's, and 
if all the points of the Diviſions in 
the Axis be ſuppogd-to (be contract- 
ed or) meet in G, there will be pro- 
a new Figure & 4, and the 
Point x will repreſent the point of 
Conconrſe, whereia all the points of 
the Axis A, E, F, G, &e. meet; and 
the Figure x þ is call'd the Involuta 
of the Figure ABHG, and this is 
call'd the Evoluts of that. Now the 
Properties of theſe Figures are, 


1*. Becauſe the R CLFE 
is ſuppos'd to be chang'd the in- 
ſinitely little Sector of a Circle + x a T K 5 
this Sector is equal to half that Pa- 
rallelogram the Angles at and à be- | QC 
ing Right Angles, and à 5 being = B 
CL, and if this be obſerv'd in all the 
reſt, all the Rectangles C EF L, or | 
the Figure ABHG is equal to twice PIN 
the Sum of all the Triangles xy a or ne 
the hyvolata x . , | 


2*. Becauſe by ſuppoſition CL = | 
ya, and CD = 4, and the Angles 
L and a Right Angles ; therefore the * X 
No. CLD and y are ſimi- + 2 
lar and equal. Whence if we ſuppoſe | N 
the Angle T xy = ya4, then the 
Triangles Txy and TEC will be P 
(becauſe y=x = EC) {ſimilar and | 
equal | 


a ger gr boat the Atis AG; and the 
" with t K* 18 i N 5 ö 
dent from the Geneſis of theſe Figures g EY G 


Now there are two Problems, which wil ſerve as a fandario for our Inquiries 
about the Properties and Uſes of 0 Figares. * 


* 1 T | P 4 " 
8 W PROB- 
35 * . . * * n pe * , 
* . * * * de + 
= $4 
* 
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PROBLEM I. 
The Lovoluta #Þ bring given ; 10 find the Evolura ABHG. / 


tay) r rr „FD and ry =EC, 
are given. Now tis re» 


que'd wo fad the lengh of te 
A E G correſponding to the 
Ordinate EC = xy. The la- 
veſtigation may be thus: - - 

| appel T. TEA 
=EC=y, ya cla 


= LD = 5 =CD=x, 
17 = TC. Then it is T x 


(1) :x3 (3) ft ya (5): 38 
(53) and conſequently. & =7, 


and 8 * s 7 =alltheEF= 


Axis AG. 
And becauſe y is Indeterminate, 


CT ante 7 = Hann. 


Ly 


| p f=" =» which being always laid 
* from 1 to a, the Trapezium 1E 
e F will be = fy, and the Space 
4-4 2 

1% will be = Sf, which Fi- 
gure being Divided by r, there 


1 will are 677 = $5 = whe bor 


TM tha & the Aab EG. 20 which 

\ in the point E apply the Ordinate 
P ECS Y i, and then the 
| point C will be in the Evoluta. 


may be found, v. g. dividing _ 


6 plon n A'G the 0 the Evolar 
10409 went, ly the Ordinate AB in us 4, nll tbe A Dn IK 1 we 
D 


| . md the ymtan 18 team 15 =, and con- 
, then in this caſe making LS = f, the Equa- 


tion of the Curve, ASP is rt =f'y, and Subſticuring (Art. 72.) ®)* for we have 
mx = nf, and advancing all the Terms to the Power a, there will ariſe w * x* — 
f* =", And Subſtituting 2 for x *, there will ariſe . = . f.. 


And , = r* m* f®, which is an Equazion Expreſſing the Nature of a Fa- 


FSF 


=S 


roll, from the vit given. 


16 Vibe nc Php. its 
raboliform Curve. pn OP 88.) ieee - 


::79 (= Refangle AL LS): 2 = ko | = 


2 or the Length of the At N E, where EC E E | 
AM = Aud EF = Now Suppoſe AE 7 EI D 
— b =S, then the Equation Ex de 8 


Nature of the Corve A DH will be 9 * 


KO — — * And arancins all the Terms to the Power ”, we 


have LES b, 1 for f*, we ſhall have 


— — 


1 „ Er“ Which is an Equation Expreſſing the Na- 
le AS ny Curve 158 hits therefore the greateſt y = G H being =”; 


W ( = (putting / for 7) — > = 


* 

(putting => for : 5 rt = Gnken+i,=0) =) = SET TH 'The Rect- 
mgle AQGH is = 5" And conſequently the Mixtilineal Space A DHG 
is = (Art. 88.) — SD + But this Space s the Evoluta'of the Spiral Space B MK 


gave £2 
An übe (% 60% the Silt pd kent ——»xt+ 
which exactl _— that found (Art. 118.) above. I have the rather choſen to 


keep to the le, that the Reader may ſee how IE RG 
— the — 7 ln be drawn. 


PROBLEM n. 
Another way to deſcribe an Evoluta to any Involuta. 


TY. 71: Tx: y4, (Big. 2 in the forgaing page) that is, 4K £33 tn, whence 


2 =2— Now ſuppoſe — es 8 then will er = bs. Therefore extending the 


Involuta into a ſtraight Line . ſo that y & in both 
be = X, apply y A =, in the point 5, then A1 7B = 
bx, and DBA is = S, which Space being divided 


Mendon] e r Le 


( 2 page) AF, and making EC = x9, 
the 8 Jag tf be the Evolutum of the Space x Bu. 


EN Method of deſcribing the 


With any Radius x P = r, deſcribe the Arch PO, and let the infinitely little Arch 
QR lntercepted between x y and x# be produc'd = «, then bec2uſe the Radi) are 
proportional to their Arches, it is xy: ya XR: RQ; that k, pix 7 
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Whence x 2 place the Arch OR QP, in a ſtreight Line, and apply the Line 
; | RIA = the point . 
0 7H and Or, His 85, which Space divided by v, will 

8 give $ = = Sx, = (Fig: 1- 211 the Axis of the 
Du + 1 Evoluta A E, and EC Y = RI =, and the Curve 


41 B D is 2 . 
The Evelutum being given to find the Involutur. 


24 


8 a. page 110) ele & uy. Is evi- 
dent, that to determine the point 1 
> to the point C in the Evelutw, the Line mn 
= EC. But to determine the point » we alſo de- 
termine the Angle vor the Arch f or PR; to do 


which, by the preceeding Article y = = rx, and — = & Now ſuppoſe , '= _ 
then . = 6. Which being applied from E to N, the Trapezium NEFS=bz 


P 


will be =" = emice the Seto of th Circle . N add therefore al 
the bx or the Space NE GK will be double the Sector æ RR; and conſequently, if 
this Space be divided by r, there will ariſe s 8 8 4 = Arch RP, which being 


found, the Angle R x P is alſo known. Whence if in the Radius x R we take xy = 
EC we ſhall have the point in the Inwolwrwwm Correſponding to the point C in the 
Evoluturm. Et fic de Ceteris. 


Suppol the Sve, AB HG to be given, to deſcribe | 


SECT. 


ABATDp A gerne 


2 & 


rr 
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; The Uſe of - Fluxions 


In the Reſolution of the Queſtions de maximis & minimis. 


" 
3 HE Doctrine de maximis & minimis has been applied only to thoſe Problems, in 
. which among an Infinite Number of Parts or Fluxions oſ a given Curve, the 
8 greatef or lac is requir d; but by the Induſtry of later Geometers it is now extended 
Is to — Problems, er among an Infinite Number of unknown Curves, one i, 
a requir'd, eni maximum mmimumve at. Which more Sublime Invention is 
0 no leſs uſeful than the — ng iy 

And becauſe in this and the following Sections we ſhall have frequent uſe for Second 
and Third Fluxions, it will be neceſſary before we proceed further, to give the Reader 
a Notion of them. 

The Nature of Second, I bird, Fourth &c. Fluxions. 

137. I have already (Arr. 2.) proved that Quantity is diviſible in Infinituw, and 
if that every ſach Infinitely little Particle is again Iafinitely diviſible ; kan” that 

there may be an Infinite Series of ſuch Infinite diviſions, every Term whereof will be 
lufinitely greater (or leſs) than the preceding. 
ng | ſhall now apply that Doctrine more particularly to the Generation of Curves. 

The Fluxions of Variable Quantities (v. g. the Fluxions of ſeveral Ordinates in 
the ſame Curve) are themſelves Variable, becauſe as the Terms Increaſe not uni- 
formly, their Increments muſt needs be Unequal ; and the Increments or Decrements 
whereby firſt Fluxions Increaſe or Decreaſe, are conſider d as their Fluxions: And 
this Flaxion of « Flaxion is what Analiſts Call « Second Fluxion. | 

Thus if p be drawn Infinitely near P M, _—_ pM. then R is 
the (Art. 3.) Fluxion of the Ordinate P M, and if 5 be = P, and q »|| p m, and 
Sm|| AB, and MH RS, then HS = RN, and R exceeds 8 by H, whence 
is manifeſt that the Ordinates Iacreaſe une- 
qually, and that H a is the Decrement or Flux- 
ion of the Fluxion R, that is H is the Se- 
cond Fluxion of the Ordinate P M. 

ln like manner if a ſourth Ordinate Fo be 
drawn Infinitely near , » T parallel to A B, 
_—_ and L parallel to 8 T, then the difference 

between the Infinitely little lines H, Lo is 


the Fluxion of the Second Fluxion H », or the 
Third Fluxion of the Ordinate P M. A PPJF 


138. And as I obſervd (Art 6.) before in Firſt Fluxions ; ſo here, Second, Third, 
Oc. Fluxions, may always be expreſs d by Finite ſtreight Lines proportional to them 
or their Velocities. : 

Thus, if the Abſciſſa be ſuppos'd to Increaſe uniformly, and if p r, 9 e f o be taken 
proportional to R. S, Ie. And if the Curve G uw ys K be deſcribed. then 
the Ordinates of this new Curve will be proportional to the reſpective Fluxions of 
the Ordinates, of the given Curve A M. And if ua, y &,e+ be drawn parallel to 

K. AB, and a third Curve deſcribed, having its Ordinates proportional to y x, 4, 84 
the Firſt Fluxions of the Second Curve, then the ſaid Ordinates of the Third Curve, 
will be proportional to the Firſt Fluxions of the Ordinates of the Second Curve, or to 
the Second Fluxions of the Ordinates of the given Curve And in like manner a Fourth 
Curve may be deſcrib d having its Ordinates Proportional to the Firſt Fluxions of 
the Ordinates of the Third Cui ve, or to the Third Fluxions of the Ordinates of the 
Firſt given Curve, &c. 4 6] _ 

2 „ þ 


7 
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But if it happen that the Ordinates Increaſe uniformly, then the Curve A M will 
be a ſtraight Line, and then there will be no Sd Fluxtens ; and if the Ordinates be 
as the Squares of the Intercepted Diameters (as in the common Parabola Convex to- 
wards the Axis) then the Second Curve will be a ſtraight Line and the Firſt Curve or 
Parabola will have no Third Flaxions ; and if the, Ordinates be as the Cubes of their 
Intercepted Diameters (as in the Cubical Parabsla) then the Third Curve will be a 
ſtraight Line and the Firſt Curve will have no Fourth Fluxions, &&. 


That ig the Conick Parabola there are no Third Fluxions, and in the aid Cubick 
Parabola no fourth Fluxions, &c. may be prov'd, if, | 


In the Conick Parabola, 


The Intercepted Diameters be 1, 2, 3, 4, 5, 6, 7, 8, &c. 
Ordinates I, + 9, 16, 257 36, 49, 64, &c. 


Firſt Fluxions 3» 5 7, 9, IT, 13, 15, &c. 
Second Fluxions 1 
Third Fluxions d, o, ©, % , (tn 


In the Cubick Parabola, 


The Intercepted Diameters be 1, 2, 3, 4, 5, 6, 7. &c. 
Ordinates 1, 8, 27, 64, 125 216, 343, &c. 


Firſt Fluxions 7, 10,37, 61, vi, 127%, CC, 
Second Fluxions 12, 18, 24, 30, 36, &c. 
Third Fluxions „ 
Fourth Fluxions n . 


139. As Firſt Fluxions have been noted with one Prick over the Variable or Flow- 
ing Quantity, ſo Second, Third, Fourth, & c. Fluxions are noted with two, three, four, 


&-c. Pricks over the Flowing Quantity Thus if PM be =y, then RM =; Hy 
= 5, and Lo - H or Hu—Lo=y 

The Powers of Second, Third, &c. Fluxions are noted in the ſame Manner as in 
common Notation, thus the Square of 5 is y * the Cube of 7 is7? ; the Square of) 
is y *; the Cubes of / or y is y 3, 55, reſpectively, &c. 

And if the Intercepted Diameters AP, Ap, Ag, Af be put equal to x, and the 
reſpective Ordinates PM, pm, q n, fo, be put =, and the Portions of the Curve 


AM, An, A, As, =z. Then tis evident that x will denote the Fluxions of the 
Abſciſſa, Pp, p 3, 9 ; and) will repreſent the Fluxions of the Ordinates R, Sn 
To; and X thoſe of the Curve, wiz, Mm, m n, no; as has been Intimated ( Avr. 9.) 
above. 


140, But to find, for Inſtance, H » the Second Fluxion of P M, we muſt Imagine 
in the Axis two Infinitely little Parts P, pg, and in the Curve other two v. g. M, 
mn, in order to find the Fluxions Rm, Sn; and if we ſuppoſe the Infinitely little 


Parts P p, p9, 9f to be equal, then its plain that x the Fluxion of the latercepted 


Diameter is an Invariable Quantity in reſpect of 7 and 3 becauſe, when P comes 
to be y 4, it is ſtill the ſame, while R w hich comes then to be 8 8, and M which 
becomes n, vary. | 


And if we foppoſe the Infinirely little Parts of the Curve, Mm, ww, no, to be 
equal, then x will be (Fg. is Page. 112.) an Iovariable Quantity in reſpe& of x and 
y, or if we ſuppoſe Rn, 8, To to be equal, then 5 is an Invariable Quantity in 
reſpe& of & and x. | In 
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Ta like manner to find the Third Fiation of P M ov the Fluxion of the Second 
Fluxion H, Imagine Three little Portions of the Abſciſa, Pp, p4; ; and in the 
Curve A M D other Three M, ww, no; and Three others in the Ordinates, vis. 


Rm,Sm, e T, then x, J or 2 will be Inrariable according as you put P e, 94, 4; 
Rm,Sm, Le; or M, mu,” & equal between chemſel ves. The Method is the ſame 
for Fourth, Fifth, c. Fluxions. | 


141. The like is ta de underſtoaod of the Curve A MD, where all the Ordinates 
PM, P, Pu, meet in the Firſt Point P; for to figd the Second Fluxion of P M, 
Imagine two Ordinates P, P » to be drawn, ma- 
king the Angles MP, „. lofigitely little. On 
the Center P with the Radius P M, P mr, deſcribe t 
Arches MR, mS, then R is the Firſt Fluxion | 
p M, and the difference between RM and 8 is the Se- 
cond Fluxion of PM; and we may ſuppoſe the little K 
Arches MR, 8, or the Arches M m, ms, or hſtly ” 

R wand 8 to be equal to each other Reſpecively. 


ln the Firſt Cafe x will be Invariable in reſpect of y 
and ⁊; in the Second ⁊ will be luvariable in reſpect of 


3 and x, and the third 3 will be Invaaiable in reſpeck of + and z. And in this man- 
ner we may find the Third, and Fourth, C&C. Fluxions of PM. 


142. And here it may be obſervd that there are Degrees of Infinitely little Parts. 
Thus R u, for Inſtance, is Infinitely little, in reſjectof PM, and Infinitely great, in 
reſpect of Hm; and the Space PM , is Intiviccly little. in reſpect of the Space 
A PM, and Infinitely great, in reſpect of the Triangle MR. 

And it is alſo remarkable, that the whole Fluxion Pf (that is ſeveral Fluxions 
added into one) is Infinitely little, in reſpect of A P. For every Quantity which 
is made up of a Finite Number of luſinitely little Parts, ſuch as Po, pq, af (in reſ- 
pe of another Quantity as P A) is Iafiaitely little, in reſpe& of the the ſame Quan» 
tity A P. Becauſe, before a Quantity Compoſed of lufinitely little Pres can be of 
8 ame order with given Qnantities, the Number of their Iafinitely little Parts muſt 

Infinite. n l 


143. In Curves, wherein the Ordinates Rs are 
Parallel between themſelves, produce the right Line 
M until it Interſect 8 in H. And on the Center M 
with the Radius ms = deſcribe the little Arch » &, and 
draw the little right Lines 1, Ii, & cg, parallels to 


„S and 8; this being done, if we ſuppoſe x Inva- 
riahle, thats MR = mS$; it is evident that the 
Triangles MR mand mSH are equal and ſimilar ; 
and conſequently, that k HS =mwR—nSornsS— 


„R I, and HI = x. But if we ſuppoſe x to be 
Invariable, that is to ſay, that Mw = or mk, 


then 'tis evident that the Triangles M Rm, me k 
are equal and ſimilar. And conſequently, that & c 


— y, and Sg = x; and laſtly, if we lyppoſe Y 
to be Invariable, that is, R = 8, then the Tri- 
angles i, M R will be equal and Similar, and 


S SL and IA = 
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144. In Corves whoſe Ordinates P M, P, Ps concur in the ſame point P. On 
the Center P with the Diſtances P M, P . deſcribe the little Arches MR, „ 8, which 
we conſider as Infinitely little ſtreight Lines * 
cular to PM and P On the Center M with the Radius 
» » deſcribe the little Arch » & E, and make the 
EH Ps; and draw the little right lines /,/ i, 
ck g parallels towS and Sn; then becauſe P S is 
right Angle, the Angles PS EAP (orEmH) 
that is the Angle PME —Sm H isa right Angle, and 
the Angle P E is an External Angle in reſpect of the 
Triangle M R , therefore P m E = MR m-+ R Mm, 
and SubcraQing from both the right. Angles MR and 
Pm S-E H, we ſhall have RMm =S wH. Hence 
it will follow. | 


1c. That if 2 be ſuppoſed Invariable, that is, if MR 
be = 8, the Triangles Sm H, RM will be equal 


and ſimilar. And then Hm = , and Hk ==. 


2*, If z be ſuppoſed Invariable. the Triangles g m l, 
RM, will be ſimilar and equal; and conſequently & c 


= 7, and Sg or e = XK. 


Laſtly, if y be ſuppoſed Invariable, then the Trian- 
gles iml, RM m will be equal and ſimilar, and conſe- 


quently 5 = In = x, and I4 K. 


PROP. I. 
To find the Fluxion of 4 Quantity Compos'd of Fluxions, 


145. Suppoſe Art. 143.) any one Fluxion in the given Quantity to be Invariable 
and 4] the reſt . then find the Fluxions of all the Indeterminate Quan- 
tities, as if they were finite Variable Quantities, by the Rules deliyer'd in the 


* 


Fs EXAMPLE I. 


Let it be requir'd to find the Fluxion of 72. if & be ſuppos'd Invariable, then 
a | 
the Fluxion thereof is -- IZ. 1) be Invariable, then the Fluxion of 17 is 


x x 


EXAMPLE II. 


Let it be requir'd to find the Flnxion of £V** IZ. xx ; be ſuppos'd Inva- 

| * 
riable, then the Fluxion of the given Quantity is 4 x V/x* -|- 5* -- x « 4 
#£*+y*|"3 x 27 3 divided by * = &x Vz * divided by 
x* ＋ 57 


Xx = 


r 
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x = (reducing the Fluxion to a Fraction of one Denomination a2 +5 7 
= to the Fluxion of the given Fraction. RA 12 3 
The OPERATION. 

TheFluxion of a is = z, 
The Fluxion of ES ” | #4 „„ 
Ver + 5? is = Cn Tap ee = 
VV 
Therefore the Fluxi- 
on of ee ec —+ 2 x* LF. 
Vi N 
And the Fluxion f e. 
the Denominatorx is 4 
a the —_ of 3 
the Numerator Multi- 8 N "= 
plied by the ras, * N 7 X K. 
nator is 0 ra 


the Denominator Mul 
tiplied by the Numera- * ** Vet +94. | 
tor is , 
The Square of * . 
Denominator is E 


Therefore the Fluxi- 
on of the Fractio ** V + Der- E V 


1 +y? is = 
* 


And the Fluxion wo; 


4 


py 


And becauſe x is ſupposd invariable, therefare - So. 


And the Term — * x x \/x* + 5* in the Numerator is alſo = 0, 
Whence the Fluxion * — of 
7 — 3 ＋ xx x — 
12 I 2 7 . + y* 
* 


* N . nai page +455 

: TE 

But if y (in the Game Fradtioa) be ſupposd the Invariable Quantity, then the 
fluxion thereof is 2x VN CNE +51 1122 2 XxX—XxX 2 
V=*+/", the whole being dirided by . the Stang of the Denominator; 
inne V. ande by 55; equal 


x3 ＋ 7 
H h * 


E. I. 
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* V x* 1 
to the Fluxion of the given Fraction. 


The OPERATION. 


2 Ve? "3 EIW 
Ir is requir'd to find the Fluxion of — as ws. » ſuppoſing 7 Invariable. 


* 


The Fluxion of 2 is L 


The Fluxion of NN x * * 2 


Ve +57 s 


Therefore the Fluxi- 2 
r = + 2 Vx* +97. 
2 Ve ＋ 7 * i Vr +j* 

And the Fluxion * TH” 
theDenominator xis 1 
e Fluxion of = * g 

umerator Multipli 6 XX 3 2 5 
by the Denominator abt rw Ts r* + s 
Is J 
Dee Mat 

inator Multi 3 7 Fo 
plied by the Numera- C ©* Ve" +» ; 


tor is 
The Square of the = + 
Denominator is . 


3 23 


eee —— + Ve! +7 - | 
* 


2 * 5 x + xxx x* +* — Xx „ 2 
vx 2 


** 


| 


e r INENY 
M N 
3 
— 7 — — 2. Q. E. 1 


* i 


EXAMPLE 


- 2 33 HY 
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EXAMPLE III. 


The Fluxion of — 5 gh (ippoſing x invariable) 5 +35 x x* iI 


e 1255 e r N 5 x #* + pf = 


e Divided by 5 2 . a El 
N n 


EXAMPLE IV. 


x * +5 A. 17 f F | 
The Fluxion of 1 _Y= r 22 is (fppoſing * Invariable ) 
—=Xxy | 1: +I 
123+ x—2x5 5* „„ divided by x * 7 the Square 
of the D nor of SEES VET +zzxx* rf __ 


x* yg 
* 6s 7 pa ITY * EB. 
-311: Ve +5* +a vst 370 
25˙ 


COROLLARY. 

146. Hence tis manifeſt that any Fluxion in a given Quantity, cannot always be ta- 
ken for the Invariable Quantity. Er. gr. In the fourth Example, 5 cannot be taken 
for an lavariable Quantity, becauſe in that caſe its Fluion y would be equal to (Arr. 3.) 
nothing. And the Denominator x y would be = o. And y could then have no place 
in the given quantity. And for the ſame reaſon, z or x cannot be put for an Inva- 
riable Quantity when their Fluxions z, & are lugredients in the propoſed Quantity. 


DE FJ. 


: 
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DEFINITION I. 


Let the Curve M D M be given, and itsOrdinates PM, E D, P M parallel between 
| themſelves. And ſuppoſe that as the Ab- 
| ſciſſa A P continually Increaſes, ſo the Or- 
dinate PM lacreaſcs alſo until it come to 
a certain point E, in which point it is the 
greateſt that can he applied within the gi- 
ven Curve, and afterwards that as it paſſes 
from E towards B it Decreaſes. Or on the 
- contrary, if the Ordinate PM Decreaſe 
as the Abſciſſa A P Increaſes, until it ar- 
rixeat a certain point E, (in which point 
it is the leaſt Ordinate that can be applied 
to the given Curve) and *. In- 
creaſe as it paſſes from E to B. Thea the 
line ED is called the greateff or leaſt Ordi- 
nate. | 


DEFINITION II. 
If a Quantity ſuch as PM componnded 


of one or more variable Quantities as AP, 
be propoſed, which Increases continually 
as AP Increaſes, until it come to a certain 
point E, after which it Decreaſes, or the 
contrary. And if it be requir'd to find, in- 
ſtead of A P, the Value AE, fo that ED 
which is compoſed of the ſame, be prea- 
ref or the of all ſuch: like Quantities 
PM compoſed of A P, then that is called 
a Queſtion de maximi:s vel minimis. 


Theſe things being premi#d, I ſball endeavour in the next piace, to comſider 
the — of an Ordinate P M from A to B, and to 2 the various 
Affections of the Fluxions thereof as it moves along, and the Relation be- 
tween the Fluxions of the Abſeiſſa and them, in all the —_ Caſes that 
commonly happen; and this I think, being well underſtood, will be ſufficient 
to enable the Reader to reſolve any Queſtion of this Nature. 


147. When AP Increaſes, and alſo PM, then tis evident that the Fluxions R 
and P p will be both Poſitive. And contrarily, if PM Decreaſe while A P Increaſes, 
the Fluxion RN will be Negative. 

And it is manifeſt that as the Fluxions R, R are Poſitive, the Ordinates being 
between A and E; and Negative, the Ordinates being between E and B, fo the 
Fluxions of the Ordinate R Decreaſe continually from A to D, and in D the 
Fluxion R vaniſhes, or is = ©, and afterwards from D to B it is Negative 
and Increaſes. and thus we can eaſily conceive, that a Quantity which Decreaſes 
continually connot paſs from being Poſitive to be Negative, without paſſing by no- 
thing, or o. 

Ad if we Imagine the Ordinate P M to move along the Line AB from A to 
B, then tis manifeſt that the Fluxion R Increaſes continually, until the Ordinate 
P M become E D, after which it becomes Negative and continually Decreaſes, And 
the Fluxion R from being Poſitive, paſſes by Infinity, to become Negative. 
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And to aſſiſt the imagination in this Caſe, (becauſe it ſeems hard to conceive that 
a Quantity which Increaſes continually ſhould paſs by Infinity.) Suppoſe Tangents 
drawn to the points (Hg. 1. Pop. 120.) M, D, M. Then ir is evident that the Tangent 
in D is parallel to the Axis A B. and that the Subtangent [ncreaſes continually as the 

ints P and M approach nearer and nearer to the points E and D, and when the 
point M falls in D, then the Subtangent PT will be Infinite, and when AP exceeds 

E, that is when the points P and M paſs to the contrary fide of E D in reſpect of 
A, then the Subrangent begins to Decreaſe and becomes Negative. Et e contra: 

And to inſtance more particularly in the preſent Caſe : The Ratio of the Ordinate 
to the Sub-tangent is always as (Eg. 2 and 4. pag. 120.) mRis to MR: But when AP 
hecomes = AE, the Ordinate is ED, and the Subtangent vaniſhes, therefore in 
that point, the Ratio of the Ordinate to the Subtangent, that is the Ratio of m R to 
MR is Infinite, and as m R paſſes by Infinity (in the point D.) from being Poſitive 
it becomes Negative. Or if R be Negative, it always Increaſes until AP become 
— AE, and then it is Infinite, (in reſpe& of the Fluxion of the Axis) afterwards 
it becomes Poſitive, and then continually Decreaſes. 


148. It being plain then, that a Quantity which continually Increaſes or De- 
4 2 
1 creaſes, cannot paſs from being Poſitive to be Meg ative; But it muſt paſs H 
i Infinity or Nothing, viz. it muſt paſs by o when it continually Decreaſes, and 
it muſt paſs by Infinity, when it continually Increaſes, before of a Negative 
it can become Poſitive, or of a Poſitive a Negative Quantity. This I ſay, 
being now manifeſt, it follows that the Fluxion of that Nane which ex- 
1 eſt or leaſt 
of 


preſſes the great «ſt Ordinate ought to be equal to Nothing or Infi- 
— and the Natare of the Curve MD M being given, if we find the 
Value of R m, and put the ſame equal to Nothing or Infinity, it will ſerve 
to diſcover the Value of AF in either of theſe Suppoſitions. This will 
appear more at large in the following Propoſitions. 


PROP. II. 


If the Curve AM B te 4 Semixcircle, AP = &, the Ordinate PM= , 
| it is requir d to find the greateſt Ordinate C D. 


149. Suppoſe AC = 4, then the Equation expreſſing the Relation of the Abſciſſa 
AP to the Ordinate PM is 22 * —xx = yy, and reducing the ſame to Fluxions, 


& —XX 


we have & x — * * =» and dividing by „ we have SEO A 


—=y = (At. 148.) (when P M co-incides with CD, which we On 
ſuppoſe to be the greateſt Ordinate) = ©, and multiplying both 


ſides of the Equation by y, there will ariſe ax — x x =o, and c D 


(by Tranſpoſition) «x = x x, and = xX Whence it is evi- 
dent that when x or AP becomes = a or AC, then CD is the 
greateſt of all the ſimilar Ordinates that can be applied to the ſame B 
Diameter AB. ; 

And if the Curve A M m be an Ellipſis, the Equation expreſſing the Nature thereof 


is (Art, 32.) 22 = ax — x x ( being = AB) which being reduc'd to Fluxions, 
by no- b 


* we have => =&4X —2XX = o, becauſe y is = © ; and conſequenaly, the 


Term = o. Therefore 3 = x; that is, the Conjugate Diameter is al- 


ways the greateſt Ordinate that can be applied to the ſame Diameter. 
11 150. Let 


122 Fluxions Or an Introduftion 


150, Let the Equation expreſſing the Relation between the Abſciſſa AP = x, 
and the Ordinate PM be aa x3 — x5 eck = y5; tis requird to find the 
Value of x, when the Ordinate y is the greateſt. If the Equation be reduc'd to 


Fluxions, there will ariſe 34 x* x — 5 x4 x | bbcex = 553 #5 = (becauſe / = — 


(Art. 148.) o; and conſequently, 579 =) ©, and (dividing by x) 344x x — 
5 x4 -|- bbee = o. Whence it is eaſie to find the Value of x or AP, when the 
Ordinate PM is the greateſt. 


151. And if the Equation expreſſing the Nature of the Curve be -E — — 


4 *, chen 3 5 x+ 37 „ =axy+axy; and conſequently, y = 2725 


= (Art. 148.) o. Whence ay = 3 x x, and y = — , and ſubſtituting this Va- 


Ws 


„ and 


=2, and 5 — V2; that is, xr = 14 V2 = AC the latercepted Diameter, ſo 
that CD (drawn Parallel to PM) will be the greateſt of all the Ordinates PM. 


*PR'O BU H. 


If the Property of the Carve MDM be given, it is requir'd to find ED th: 
leaſt Ordinate applied to the given Axis AB. 


152. I AP Dx, PM =, à a determinate Quantity, and let the Equa- 
tion expreſling the Nature of the Curvc 


MDM bey —a= 43 A , then y = 


3 Va—r 
—— Now if we conſider the Nature of the Curve 


MD Mit will appear that y Increaſes a: 
the Ordinate P M Decreaſes, and that in 
the point E, 7 is (Art. 147.) infinite in reſpect of , therefore I put = £ Ve 
3 — * 


— Infinity. Whence *tis evident that to make that Fraction lafinitely great, its De- 


3 — — 


nominator muſt he Infinitely little, or nothing; therefore 3 V — » = ©, anc 


I —C—  -- 


V. - o, and æ a, which is the Value of AE fought. 


PRO? 


— 


ſo 


Of 
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FROE NV. 


AMF be « comtratted Semi-cycloid,, whoſe Baſe BF ts leſs than the Semi- 
circumference of the Circle A N B, and whoſe Center is C. Ii is requir'd t9 
find the point E in the Diameter AB; ſo that E D ſhall be the greateſt Or- 
drnate can be applied to the Axis AB. 


153. Draw the Ordinate P M at pleaſure, luterſecting the Semi-circle in N, and 
make the lictle Triangles M RK w, NS». Suppoſe A= , PN= , the Arch 
AN =, the Semi-diameter AC = a, the Se- 
mi-circumference AN B = c, BF =6; then 


(by the property of the Cycloid) it is ANB „ & 
: BE (b):: AN x NM — ** 1 Mo. Ep 
(c): B ( ) * » (x) . = = 3 2 FIX / p 
| bz N f X. 
conſequently, P M = y -E , and the Fluxio 2 0 
' f 2 
no \ | 
thereof R mw = 7 -j- —= (Art. 148.) o, when Y ko | 
the P falls on E the point requir d. But the = — 
Triangles NS», NPC are ſimilar; therefore 
CN (2): CP (a- &): : N. (z) : Sn = — = 7 and conſequently, 


7 ＋ 20 S IIS aby, Whence ac lc and 


rn = x = a+ 2 = AE. 

Whence it is manifeſt that if CF be taken (from © towards B) a fourth propor- 
tional to the Circumference ANB (c) the Baſe BF (6) and the Radius CB (2) 
then E will be the point in the Axis AB requir'd. 


ron. 


If the Nature of the Curve A M, the Poſition of the Axis AP, and De- 
terminate Point R inthe Loom be given: *Tis requir d to find the point N in 
the Curve, ſo that the Right Line RN be the ſborteſt Line which can be 
drawn from the ſame point R to the given Curve. 


154- Suppoſe AP = x, PM=y, AR =, and PR =e—x; then it is evi- 
dent, that PMq PR RM Sec - zeec 
＋ lt is likewiſe manifeſt, that as the point M ap- 
proaches the point (N) requir d, ſo the Line RM; and 
conſequently its - Fluxion Decreaſes, and in the point 
N the Fluxion of RN is = 0; therefore the Fluxion of 


the Square of RN mult be S o, that is xx—ex-|5 
= ©, and if by help of the Equation of the Curve, we 


find the Value of y y in æ and x, and ſubſtitute the ſame 
in this Equation, it will ferve to find the point o in the 
Axis, in which if che Ordinate „N be applied, then N 
will be the point in the Curve requir d, and RN will be i wo lodzg 

the ſhorteſt Line that can be drawn from the given point R to the Curve AMR. 


EXAMPLE 
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EXAMPLE I. 


_ 155. If the Curve AM be the Common Parabola, then let the Parameter be = 
b, and the Equation Expreſſing the Nature of the Curve will be bx =y yz. And 
reducing the ſame to Fluxions, we have 1 bx =. Whence we ſhall have x x — 
ex Ly SO Sz IT. And by Tranſpoſition, and diviſion æ 
=e— 4 That is Ag AR 1; hence it is plain, that if Ry be taken = 
4 the Parameter of the Parabo a, and the Ordinate N drawn, then R N will be the 
ſhorteſt Line requir d. 


\ 


* 


COROLLARY. 


If RA be = 6b, then a Circle deſcribed on the Center R with the Radius R A, 
will touch the Parabola in the vertex A, and be altogether within the ſame. For in 
that caſe, N and A coincide, and R Nor R A will be the ſhorteſt Line that can be 

drawn from the given point R to the Curve. 


And in the preſent Example, its evident that a Circle deſcrib d on the Center R 
with the Radius R N mill touch the Parabola in N and in another point 
oppoſite to the ſame on the other ſide of the Axis AP. 


 'BRXRAMPLE IL 


146. If the Curve A M bean Ellipſis (or Hyperbola) then if the Parameter be 
= b, and the Tranſverſe Axis A B = 2 2; the Equation expreſſing the Nature of ſuch 
Curves is 2 27 =24bx + bxx; which being reduced to Fluxions, there will 

: . 4 1 
ariſe 2 2 =«bx Fx x, and conſequently y y = a . Therefore 


the general Equation æ x — * 73 =0, = 24x x — 220 * ab x b x 


x = ©. And by Tranſpoſition and diviſion 2 a x 4b =24 cÞ bx, or2 ax b 


* 224 b. Whence x er ;andconſequently Re x =L40*7 


22/1 
Whence ariſes this, 


CONSTRUCTION. 
Take Ro Wan proportional to the Tranſverſe Axis, A B its Parameter, and 
Co (the diſtance of g m the Center of the Section) for 22 : b:: Pe: R. 


And (by Compoſition in the Ellipſis and Diviſion in the Hy perbola) 2 4: :: 2 Pe 
1 Ro. That is, as the Tranſverſe Diameter A B, is to the Parameter :: Cy 


9. 
CORROLARY. 
a7 21 Fel 24b + bb 
And if AR (e) be ſuppos. aa 


— + b. Therefore Re = RA, and couſequently, the points N and A Coincide, and 
a Circle deſcribd on the Center R, with the Radius RA or RN, will touch the 
Hyperbola or Ellipſis in the Vertex A, and be altogether within them. 


PROP. 
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PROF VE 


Ty divide the Right Line A B, in the point E, ſo that the Product of the Square 
of one of its Parts A E. multiplied into the other Part E B, be the greateſt of 
all the products made by the Square of any one part of the Line A B, multiplyed 
into the other part. | 


157. Suppoſe the unknown Quantity AE = x, and the given Line A B = a, then 
AE*xEB = axx— x3, which is requird to be the greateſt of all the Rectangles, 
made by the Square of any one Part of the given Line, multiplyed into the other 
Part. Imagine a Curve Line MD M ſuch, that the Relation of the Ordinate PM (5) 


to the Intercepted Diameter AP ( x ) may be expreſs d by this Equation y = . = 


And let it be requir'd to find the Point E, whoſe reſpective Ordinate E D is the grea- 


teſt that can be drawn within the Curve, and then y = Z£XZ 3 * — 0, and x 


4 4 
=328=AE. 
And Univerſal : 


If it be requir d that x ® x  — be the Greateſt of all ſuch Rectangles or pro- 
ducts (the Indices w and » repreſenting what Numbers you pleaſe) then the Fluxior 
of the Rectangle is either = © or Infinity ; m x * © 1 2 * . - = —_— 


x =o, and (dividing firſt by x ® =* x, and then by ) mR 2 — K — 
* o, that is a & x, and conſequently x = —=— s= AE. 

If „be =2ands = — 1, then AE will be = 22, and then the Problem is ex- 
preſs d thus. 

Produce the Line A B, on the fide B̃ to E, 
fo that the Quantity i; E be the Laß that is 
poſſible : For then the Equation of the Curve 
vill be ——- =, wherein, if we ſuppoſe 
x a, then the Ordinate P M, which becomes 
c=, that is, it is Infinite, and ſup- n P B 


poſing x Infinite, we ſhall have y = x, that is, the Ordinate will be Infinite alſo, 


K K PROP. 


* ” 
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PROP. VIL 


If an infinite Number of Cones be inferiVd in 4 gjven Sphere ; "tis vequir'd to 
422 find that which has the greateſt Convex Surface. 


158. The Queſtion amounts to no more but this, to determine the point R, in the 
Diameter AB of the Circle AFB; fo that the Rectangle comprehended under AF 
and the perpendicular FE be the greateſt of all the like Rectangles comprehended 

under AN and NP. For if we imagine the Se- 
mi-circle AFB to Revolve about its Axis AB, it 


j and the ears wr! Triangles AFE, ANP de- 
ib d in the fame Sphere, whoſe 
Surfaces are proportional to the reſpective Rect- 

B angles AFxFE, ANx NP. | 
Suppoſe the unknown Quantity AE = x, and 
AB (the Diameter of the Sphere) = 24; then 
by the property of the Circle, AF = Vxx+ 


2 * - = Via, and EF = * — xx 


and AFxFE = y Teen - 2 , and becauſe this Rectangle is requir'd to 
be the Greateſt , therefore the Fluxion thereof muſt be equal to o; that is ; 


3 


42 * 3ax* x 


— = o, there- 


— TT 


Vaaax* — 22 


— hs & . . 
424 —28x3| K - GK - 


fore 48 =3x, and x = Fo. 


ROY. FL 


If among an Infinite Number of * each be equal to 4 given Cube 
=4*; "tis reguir d to find that which has the leaſt Superficies, one of its Sides 


being = b. 
159, Suppoſe x to be one of the Sides of the Parallelepipedon requir'd then the 
third Side . And taking the Rectangles under the three Sides ö, -*?- x, Alter- 
Fo 7 kg | 


nately, their Sum, wix, bx+ op Tis=; the leaſt Superficies of the Parallelc- 
pipedon ſoughr. | 
And the Fluxion thereof, vx be Dt =0 = bx xX -&; and conſe- 


XX 


R 
quently x = * 7 + So that the three Sides of the Parallelepipedon which anſwer 


3 3 
the demands of the Queſtion are b, VT» and Ve, and the two unknown Sides 
are now diſcover d to be equal between themſelves. 


PROP. 


Sides 


JO F. 
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PAO KK 


Any Curve Line MAN, and « determinate point within the ſame, as D, being 
given; "tis requir'd to draw the Line L DK, which (of all other Lines draws 
through D) ſball cat off the leaft Segment L A K. 


160. Draw the Line MD N (at pleaſure) through the given point D, and draw 
„Ds Infinitely near the ſame ; on the Center D, with the Radius 1 D M, deſcribe the 
Arches M R, „ And on the ſame Center with 
the Radius D N deſcribe the Arch NS; then 


the Sectors D MR and De are equal, and the = 
Sector D NS or the Decrement of the Area D N At 

», exceeds the Sector D MR, or the Increment ; In. - 

of the Area D M by the Space NH. Whence 232 * @ 
it is manifeſt that if MD N be ſuppos d to move / n 
on the Center D, from N towards K, then the M——D 7 
Necrement of the Area, will exceed the Incre- i 


ment, and conſequently, the Space A mn, will 17 
be lefs than A MN; and when DM = DN, that / 

is when N comes to K, and M to L, then the De- 
crement of the Area DN will be equal to the / 

Increment D N mv, that is, the Abſolute Fluxion | 
of the Segment L AK will be = o, T 

ment L. AK will be the leaſt that can be cut off by a Line paſſing through the given 
point D. ä Ee 


CONSECTARY. 


161. Hence in the Parabola, Hyperbola, and Ellipſis, if it be requir'd, to draw the 
Line LDK through the given point D, tocut of the leaſt Segment LA K; t 

che 2 point D, draw the Diameter A D, and O AP, touching the Section in 
A, then draw LDK parallel to O AP: For A D, is a Diameter (by ſuppoſition) 
and the Line L D K is an Ordinate to the ſame; and conſequently, is Biſſected in 
D, therefore the Segment LA K is the (Art. 160) leaſt that can be cut off by a 


Line paſſing through through the given point D, 


And if the Curve L A K bean Ellipſe, then the other (Lower) Segment cut off 
by the ſame Line, L D K will be the greateſt Segment that can be cut off by a Line, 


paſſing through the given point D. 


PROP. 
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PROP. X. 


\ | ' 

Let the tuo points E and C, and the Right Line 8 8 in the ſame Plan with 

them, be given; and let it be requir'd to find the point E in the Plain SS, 

ſo that a Body moving from E to F, with the given Velocity r, and from E 

ro C with the given Velocity h, ſhall move from E by F to C in the Shor- 
teſt Time. 


162. Let F be the point requir'd, and on the ſame as a Center with the Radius F F, 
deſcribe the Circle ES«S, and on 88 let fall the Perpendiculars EQ, CD, 25. 
Then ſappoſe the given Qpantities EQ = a, QD'= 6, 

CD Se, QF = x, and then FD=b—x; EF = 


Vaa+- xx, and FC=Vec-|- bb—2bx+ xx. 
Now it is manifeſt, that if a Body move from E to F 
with the Velocity r, and from F to C with the Velocity 
hb; if thoſe Velocities are equal, then the times will be 
as the Spaces deſcrib'd EF and FC, and if the Spaces 
EF, FC be equal and the Velocities unequal, the times 
will be reciprocally as the Velocities, therefore if the 
Spaces and Velocities be both _—_— then the times 
will be in a Ratio Compounded of the direct Ratio of 
the Spaces and the Reciprocal Ratio of the Velocities; 
that is, the time which the Body takes to move from E 


to F will be repreſented by == , and that from F to C 


by — and the ſum of both EE e or bxEF-+r xFC will repreſent the 


ſhorteſt times in which a body can move from E by F to C with the reſpective Velo- 
cities. | 

Now if we ſuppoſe the times which a Body takes to move from E to C with the 
Velocities r, and 6, to be repreſented by the Ordinates R V, perpendicular to the 
right Line G N, then the leaſt Ordinate N M will repreſent 
— Time, which the ſame Body takes to move from E by F 
to 


And if we ſuppoſe EF = vV aa--xx = (for Brevities 


the foreſaid Reaſon) = y/ n, then we ſhall have this Equation 
by/m-|-r/n=RV=y. And reducing the ſame to Fluxi- 


—bm rn 


nn, = 7 = Os But m = 2 x x, and 

. - . —— Ha rn of 

5 =2 PO ION there r b=— 
2bxx 2rxx-+2rbx 9 n 3 
+ ag And by Tran ſpoſition, and Diviſion —Fe- = 
b x 


CONSECTARY I. 


163. In Dioptricks, if we ſuppoſe FC = F E (which we may do, becauſe the Re- 
fraction in the point F is the ſame, be the Line F C longer or ſhorter) then is r b — 


rx = bx, And conſequently r:b::x:b—x::QF:FD. That is, the Sines 
0! 


fake) = Vm. And FC=v cet bb—2bx-Fxx = (for 


893 SK... e OY es: Ft es WE LANE > 


e Re- 
rb — 


Sines 


0! 


_ diums, whoſe Denſity decreaſes in any given Proportion, then the N 
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of the Angle of Incidence and the refracted Angle F Q and FD, are directly as the 
Velocities r and 8. h a * 

And if S ES be « Medium Air, and Sx $ a Mediurm of Water; r the Velocity of a 
Particle of Light, moving from E to F, and 5 the Velocity of the ſame, moving 
from F to C, then becauſe the Velocity of the faid Particle in different Mediums is 
Reciprocally Proportional to the Denſities of the ſaid Mediums, it follows that che 
Sices of the Angle of Incidence and the Refracted Angle are Reciprocally Propor- 
tional to the Denſities of the Mediums. | 


f CONSECTARY IL 


if + NOI gout E in Air, and another point C in Water be given; to find 
the point F, in the Surface SQDS (dividing the Air and Water) fay r +6: :: 
b:b—x:: QF-þFD (or QD): FD. | 


CONSECTARY III. 


And in Catoptricks, we prove, that the Angles of Incidence and Reflection are 
equal : For if a Body, moving E to F be Reflected to G, it is ſtill in the ſame 
Medium and ry = 6, therefore FEx - & FEG x; that is, FE:FQ:: FG: 
FD. Now the Sides being Proportional, and the Angles Q and D being Right An- 
gles, it follows that the Triangles-EFQ, GE D are ſimilar, and conſequently the 
Angles E FQ, GFD are equal; and becauſe r = b, therefore b— x = x, and 
CT is the Sine of the Angle of Incidence is equal to the Sine of the 
An ed Rn oo = 5 


 _CONSECTARY 1v. 


If Mediums of different Denſities be Included between the parallel Plains A h, Ce, 
D d, Ee, and if the Denſities of the Mediums decreaſe in any aſſigned Proportion, 
then the Ray (M R) of Incidence | 

will be refracted from the Perpen- M | 

dicular, and the Particle will move © tar! { 
from M (or R) to X (or V) in the A - 

Lines MR, RS, ST, TV, VX Pe N. 


in the ſhorteſt time poſſible, and 2 
if RS, 8 T, TV be ſuppoſed e- — — Cc 
qual, then the Sines of the refract- N 

ed Angles SRs, TSr, VT, ONE 7 =: d 
vix 8, Tr, V. will be propor- | : 
tional to the facility, or rarity, of E . 

the reſpective Mediums Included T V e 
between the parallel Plains, A 65, ; | 
Ce, Dd, Ee. And if we ſup- 5 

poſe an Infinite Number of ſuch Plains (between A 6, and Ee) parti 


eq 
ſe a Curve, 
Time, will 


lafinitely little Lines RS, ST, TV will be Infinite alſo, and will com 
* Particle (v. g. F Light) moving from R to V in the 
And to Inveſtigate the Pro of the Curve RS T V. which a Particle of Light 
deſcribes, moving from R to V in the ſhorteſt Time, through the Medium Al Ee; 
whoſe Denſity decreaſes in any given Proportion, it muſt be obſer v d that as the Den- 
ſity of the Medium decreaſes, its Rarity es, and that the Velocity of the Par- 
ticle is Proportional to the Rarity of the Medium it moves in; that is, the Velocity of 
the Particle of Light as it deſcribes the equal right Lines RS, ST, TV, is 
Fare 
ight deſ- 


nal to the Sines of the refraſted Angles, wiz to Ss, T. Vo, Ge. re 
And that from hence it plainly appears, that the Velocity of the Particle of 


cribing the lafinitely little, a | Portions of the Curve, is always Proportional 
to the Element um the reſpeQtive Ordinate of the ſaid Curve. f 


6; L1 | | Theſe 
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Tiefs things being premisd, # r ovly to find the P the Carve 
2450 the rus of Light deſcribes, in any heſis 7 43 f 
Velocity; or to Trace the Path of the Particle of Light, in any Medium, 
whoſe Rarity Increaſes in am groen Proportian. 


Let A B K be a Mediuni Terminated by the Horizontal Plain AB, la which ſup- 
poſe A to be the Radiant Point. Draw A K Perpendicular to the Plain A By and deſ- 
cribe the Curve AN », ſo that the Ordinate P N will always repreſent the Rarity of 
the Medium at the reſpective Depth A P, or the Velocity of the Particle of Light 
in its path in the Point M, and let AMG, be the Curve which the ſaid Particle 


1 B 


„„ - 


| 


deſcribes, Suppoſe AP x, N=, PM, Pp=MR=x, Rm =, Mm 
= A and any Invariable Quantity aſſum'd at pleaſure =a; then if M be made 
Radius, the Fluxion of the Ordinate R will be the Sine of the refracted Angle, 
which is Proportional to the N of the Particle of Light in the point M, and be- 
cauſe P N is Proportional to the Velocity of the Particle of Light in the point M, it 
follows that the Ratio between PN and N is conſtant and Invariable; that is, 


- =_ * (the Element of the Curve « being Invariable) whence 25 = 25 or a7*. 


= 22 #* = (becauſe MR is a Rectangular Triangle) a 2 x *-|- 22. y *, and by 
Tranſpoſition a y* — xx5* = xxx? and by Diviſion and equal Extraction, 3 = 


And by help of this Equation the Nature of the Carve A M G may be found 
in all imaginable Fel es, 

For Inſtance ; if the Rarity of the Medium AB K, be in a Sub-duplicate Ratio of 
the Depth; that is, if the Rarity of the Medium P or M, or the Velocity of the 
Particle of Light w M, or the Exponent of the ſaid Velocity R, or P N be as the 
Square Root of the Abſcſla A P, then the Curve A N will be a common Parabola, 
and a =£%, and x = , and ſubſticuting theſe valves in the general Equa- 


F - 2 * . . . 4s Xx . g 2 
r we have) =x — = 1 - Wbence I con- 
9 + 24 — 44 2 — * | 


clude that the Curve A M G is the vulgar Cydoid; for if B G the Diameter of the ge- 
nerating Circle de = 4, and if the Semi-cycloid A M G be deſcribed, rhe Fluxion 


of the Ordinate R An. 108.) is = Qq S = ZEEFEEE þ AE 
| | Wax —xx 2% T 42 
. Wheace 


== | it follows that the Fluxions of both 
Vax—xx WET | 
Curves being equal, the Curves muſt needs be one and the ſame. 


& * 


We 


. = 


ther Point alſo given, in the ſhorteſt Time: 


* 
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We may alſo prove that the Curve AMO is a Cycloid, in this manner @ Prieri: 


15 .. FR <= IXS at 


SY Vax—xx 2. V = * 


- Now the Flow ing Quantity of . ———= (Gppoſing the faid Fhixian Poſitive 


24/4x—XxxX 


which was really Negative) is V. & —x x or D Q, and the Flowing Quantity of 
=== 6 = Arch d, and therefore he Flowing Mun: of Vas 


24/05 xx 

PMS=BQ—DQ, therefore MDis = i * AB = Se- 
u. ithery BOG) F EDO. ds Weg nenden 
iy, G is = Ne N S Which (4 70.) proves 


= 


MG, is the vulgar * 


sc HOL IU Mu. 


The Excelfent Geometer M. Jo. Bernouili, Profeſſor of Mathernaticks at Groenwgen, 
ata all che Marhematicians in Eee, to find the Curye, ig which a beavy Bo- 
, deſcending by the force of its awa Gravit Ne ve from a giyen Point, to a 
5 the ſame Excellent Perſou afterwards 
Demonſtrated the Identity of that Curve with this, whic cle of Light deſcribes, 
in Mediums not uniform; the Rarity of the Medium aſſetting the fame in this, that 
the Acceleration of Velocity does in that : For it a heavy Body deſcend from A, 
in the Curve A M, and if the Velocity be id a plicate Ratio of the Altitude, 
and if a Parycle of Light Iſſuing from the Radiant paint A, paſs through à Medi 
um AB K, whoſe Rarity Increaſes in a Sub-duplicate Ratio, of the Altitude or 
then the Velocity of the Particle of Light, will be ja a $yb-duphcate Ratio 
of the Altitude or Depth. Whence it appears, that the Velocity being the ſame, 
whither it be produc'd by the uniform Action of Gravity, or from the Rarity of the 
Medium, the Curve deſcrib'd muſt be the ſame in either Suppoſition. 


CONSECTARY V. 


Make the Angle EAF = 45* oo, and let the Ordinates EF, &c. repreſent the 
Rarity of the Medium at the depth A E, then in this Hypotheſis, the Rarity of the 
Medium is proportional to the depth. Suppoſe A E x, EF = ENS and AXL 
the Curve which the particle of Light iſſuing. from the Radiant point A deſcribes 


Then x = x, and xx = xx, whence the general Equation y = vin 
| "2 V4 2 
. Whence I conclode, that the Curve A X L is the Arch 
Vaa—xx 
of a Circle: For if A T be taken = 2 «, and the Semi- circle ALT be deſcrib'd on 
the Diameter A T, and if H be the Center, and HL perpendicular to AT; then 


Ulis =x, and IX = = , and the Fluxion thereof 2 x is =4 5a—xx| * 
2.x x = —*=— » which is the ſame with that found before; and conſequently, 


Va- KA ' % 35) Yo und wh nome uv 44 ormmbiO If 

2 particle of Light — in a Medium, whoſe Rarity increaſes proportionally rot 
iude or Depth AE, or a Bedy delcagyingw een Ke een AR 
| — Spaces it deſcribes) will move in 


(or a Velocity nal to the perpe 
the Arch of a Girele from a given point to a given point, in the ſhorteſt Time. 6 
N b 1 Nr i [1 2 £< 194 vV/ 6 — \f 


ooh £ 


CONSECT- 


become y = 


. ' 4 
Ty, 
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Plain A B. 


CONSECTARY VI. 
lu the firſt Hypotheſis, the Rarity of the Medium being in a Sub-duplicate Ratio 


of the Altitudes, if A Por æ be i, thenzz =# 4, and & = 4, andy = —=* 


5 — 22 


a 4 * 4 K* 


e Wubence at that Depth, R the Sine of the Refrated Angle 


is Infinite in reſpe& of M R, that is the Infinitely little Portion of the Curve M 
will be parallel to R, and conſequently, the Particle of Light cannot deſcend low- 
er in ſoch a Medium, but in that point it will be Reflected towards the Horizontal 


And in the ſecond Hypotheſis, the Rarity of the Medium being in a direct Ratio 


of the Alti if AE x be 4, thenz = ls and y = . 
titudes, * a, 4 1h 4, and y = 
—. Thatiss x the Sine of the Refracted Angle is Infinite in reſpect of X r, 
and conſequently, the Particle of Light at that Depth (or being in the loweſt point 
of the Circle L) will be reflected towards the Horizontal Plain A B. 


CONSECTARY VI. 


If As be perpendicular to the Plain AC, and $ L perpendicular to AS, and if the 
Curve F » N be deſcrib'd within the Aſymptotes 8 A, S L; fo that (ſuppoſing AS = 
24, AP=x, and PNS = Y) the Nature be Expreſs'd by this Equation 


24—X XxX = 47 Thea to find the Nature of the Curve of Refraction AMD, 


i s 
the Ordinates PN repreſenting the Rarity of the Medinm, in the reſpective paral- 
iel Plains NP E, by the property of the Carve FuN, a e and x = 


24—Xx 


* — 0 Wheace the general Equation 5 . will become y — 


ya? 
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— 99 ; vas e eee OD ; F 
— —_— — — — | From whence 
ii aan 924 — 44K 4 54-4 K* | 


| conclude that the Curve of Refraction AMD is a Parahola ; For if AC be taken 
— «4, and if the Parabola AMD be deſcrib d to the Focus C, then will A C be — 
CD, and the Parameter of the principal Axis CD will be = 4, and if AP be 


Fluxion of the Ordinate E M, vi RM is = f . 4 4 x 442 = 


— which being the ſame with that formerly found, proves that the Curve 


AMD, which the Particle of Light deſcribes, is the Curve of a Parabola : And if x 
be ſuppos'd = #, then the Equation of the Curve FN, vir. 2 —x x Ix = 4 be- 


comes XX 843, and conſequently X 4 whence 5 = will be = 


Ei that is, if AS be BiſſeRted in Z, and the Plain ZD ſuppoxd to be drawn 


parallel to the Plain AB, then when the Particle of Light arrives in D, 5 will be in- 


finite in reſpect of x; and conſequently, the Particle not being able to penetrate 
— 13 the Fluid, will be Reflected in D, and deſcribe the other half of the 
ara 4. | 
And if x be equal o, then the Equation expreſſing the Nature of the Curve F N will 


be 24K 2 4, ors = . whence X (AF) 2. That is the Velocity of 


the Particle of Light at its Ingreſs in A is as 2%. 

And the Rarity of the Medium or the Velocity of the Particle of Light is recipro- 
cally in a Sub- duplicate Ratio of its diſtance from the determinate Plain S L for 2 a — x 
xXx; = 63, whence = — that is (rejecting the Determinate Quantity 


V2 a— x? 


a?) theRarity of the Medium or the Velocity x is directiy as * . or recipro- 
: H—=.7X 


cally as P S +. 

And becauſe, the Infinitely little Portions of the Curve M, are ſuppos d 
therefore the times of Deſcription are reciprocally proportional to the Velen Anf 
becauſe the Velocities are reciprocally as PS f, therefore the times are directly as 


p54, whence if the Parabola 8 « o be deſcrib'd to the Axis S A, the Ordinates P- 
will repreſent the times which the Particle takes to deſcribe the lnfinitely little Por- 
tions of the Curve M. And the time which the Particle takes to deſcribe any Por- 


tion of the Curve A M D is proportional to the Area of the correſponding Portion 
of the Parabola 8 FA. 


CONSECTARY VIII. 


But if we ſuppoſe the Particle of Light to emerge out of ſuch Fluids into another 
Fluid of an uni Denſity (before it arrive at the Vertex D) then the Proportion 
of the Sine of the Angle of Incidence, to the Sine of the Angle of Emergence nay 
be Inveſtigated ; for Inſtance, if the Raricy of the Fluid comprehe between 
the Plains A C, NM, be ſuch chat the Particle of Light move in the Curve of a 
Parabola A M, and if the Denſity of the Fluid below the Plain or Surface NM be uni- 
torm, then the Particle of Light will Emerge in the Point M, and continue to move in 
the Line MK. Through the point M draw B M T perpendicular to the Plain of 
Lmcrgence, and produce the ſame until it Interſe& the Plain of Incidence A C in B. 
and the Line of Incidence G A produc d in T, and produce the refracted Ray K M uaril 

Mm 


ic 
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it Interſect the Ray of Incidence uc'd in. H; then on the Center H, with the Ra- 

dius H M deſcribe a Circle In AT la K and V, and BM ig Q; © Now the 

n it is evident, thac the Rectangle 

ded under T M and a given Parameter is = AT 7. And the Line AT 

in H, whence if H O be drama Perpendicular to B — — 

if we add the equal Line: QO, O M, then TQ += BM; and. becanſe B M is given, 

T Qn alſo given. Now the Re&angle com under QT end T M is to the 
under a given Parameter and I M, that is, to T A 9, ina 

But the Refan n XR 7 

n, therefore the Ratio 


=I 


given 
(or HM /), andATgisio4 TA, N 0 


the Triangle H IT, becauſe the Sides are proporti ir Op- 
poſite Angles, the Ratio of the Seo te Aagls ede F. 3 
Err x. 


CONSECTARY N. 


And if the Nature of the Curve of Refration A MG be given, then the Denkt 
of the Medium, and in what Proportion it Increaſes or Decreaſes may be be 


for (Ne. 4) 2257 = iS „ whence x V 22 — - 
Sap ee e ava Fg the Pro- 


1 


A - 


2 


75 


* 


2 
propre of ho Gare eANs, orthe monies 
* 7 conſequen , the Proportion in which the Denficy 
of the Medi * Ha 


EXAMPLE $6 


Let the Carve AMG which « —— Light deſcribes in „Mals, * 
Denſity Decreaſes in a given P e 2 emi- cyelua; is requir'd to find 
in what Proportion the Rarity the ſaid Medium Increaſes, 


_ SapobAP=s, Py 7» BG the Diameter of the generating Circle =, 
and ſuppoſe the Curve A eben AM G Fache and the Ordinate P.N =. 
Now decauſe the Curve of AMG | » Cycioul, tharepre. the Figrion 


a 7 = andy = 


; 
„ 
| 
T 
7 
| 
d 
- 
8 


E god 


iy 
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of the Medium in all Alticudes may bedetermin'd ; Kr dare 
be e eee N 
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ENA ee en 


* Nu 
ANs is a common Parabola, and becauſe the Ordlnares of the Para- 


dts ets aer Foto nee Ae” 


IAM UR UL dn n had wh 


Lit the l Moi AMD be Pede: "Tis requird to find the 
Carve FEN, which deter mines the Rarity of the Medium in 
72255. 
4 1 


Let the Focus of the Parahola be in the Horizontal vlaw FA, u Nein G and 
ſuppoſe AC = then. CD che diſtance of the Focus from the Vertex is = «, whence 


nene 2 2 e EM. * = 
; and conſequently the general EOS. I SS = 


g4% 48 


vill become & : —— ——— 


N 7 * | 4 * V 2022 — — STEEL + 44x? 95244 — 4 1 


n 3 expreſſeth the Na- 


e e conſequently if A S be taken = 2, and AP = x, 
e ee re F ers err as SPI. 


c o NSECTA RY X. 
in ike manger if the Carve of Refraction be an Arch of a Circle, then the 


1 13 


T C ON- 
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/CONSECTARY XI. 8 


And if the Curve of Refraction be a Cycloid, then becauſe the Infinitely little 
portions of the Curve M are equal, and the Velocities in a Subduplicate Propor. 
tion of the Altitudes ; therefore the Times are reciprocally in a Subduplicate Ratio 
of the Aſtitudes, and if to the Axis A K, a Curve be deſcribd having its Ordinates re- 
ciprocally in a Subduplicate Ratio of the Altitudes, the Area comprehended between 
the ſaid Curve, and the Axis A K will repreſent the time which the Particle takes to 
deſcribe the reſpective Portions of the Curve AM G. | 


LEMMA. _ 


164. If a Ray MN, falling on the Curve RS, be reflected in the point N'toG, 
and if the reflected Ray GN 0 Perpen- 


F, and they will be Perpendicular to N E and NE; 
now the Angle CNE, is equal to the Angle of Inci- 
dence, and C N E, is equal to the refracted Angle, and 
CE is the Sine of that, and CF the Sine of this, there- 
fore it is (F. 1®: Art. 163.) CE:CF::r:6, 


12 the Angle CEF = CN K (becauſe both 
on the ſame Arch FC) and the Angle E CF — 
ENF=CKN ; therefore the Triangles ECF, NK C 
are ſimilar, and conſequently, CE: CF: : KN: KC: 
103 thats, K N is to K C, as the Sine of the Angle 
of Incidence, is to the Sine of the refracted Angle, or 
reciprocally as the reſiſtence of the Mediums. 


CONSECTARY I. 
165. Hence in the Parabola, If an Infinite Number of 
Rays MN, or ON Parallel to the Axis B C, be reflect- 
ed by the Curve RNS, the Point of Concurrence will 
in 


be 
Ray N K is always = (Art. 164.) KC, therefore (C. 6*. 
) of the Parabola. 


ONSECTARY u. 


2 If BND be an Ellipſis, BD the Diameter, and H, K 
| © the Foci; Then all Rays Iſſuing from one Focus K, and 
V  reflectedin N, unite again in the other Focus H; for the 
Angle of Incidence K NC is = (4. 7) Angle of reflection HN. 


* 


co N. 


ts athemdtical Philoſopby. 


TY N'S'E/G TA RY M. 


"NH*NK:: HC:'CK ; and by Compoſition; 'N'H + NK:NK:: HCA 
GK: CK; of (Arr. 48) BD: NK:. HR: CK, and by Permutation, . 
NK: CK :: 1 therefore if the Ellipſis be ſuch, that ic be BD: HRK: : :, 
it will alſo be NK: CK :::; and if te Ray of Incidence M N, Parallel to BD, 
be refracted to K; then it will alſo be NK: CK ::: b; and conſequently, if the 
Tranſverſe Axis of an Ellipſis, be to the diſtance between the Foci, as the Denſity 
of the Medium within the Fllipſis, is to the Denſity of the Ambient Medium, 
the Rays of Incidence be parallel to the Axis, all the refracted Rays will Converge 
to, and unite in the remoteſt Focus K. n | 
And the like muſt be naderſtood of Spheroides, generated by the Revolution of 
the Semi-ellipſis BN D, about its Axis BP. lo) 


17 


co NSECTART iv. 


| In the Hyperbola let B D be the Tranſverſe Axis, and H, K the Foci;z then (in like 

manner) it may be proy d, that NK;CK :; BD: HK. Wheace if by the Con- 
| ſtruction of the Hyperbola it be BD: HK :: 
a 0, It will be alſo, NK: CK: z:. And 
ö if the Ray MN parallel to the Axis B D be re- 
fracted in N to K, it will be NK: CK :: 7:6. 
Therefore if the Tranſverſe. Axis of an Hyper- 
bola be to the diſtance of the Foci, as r, is to 6, 
or — — as the reſiſtance of the Mediums, 
then all the parallel Rays MN (being refracted 
in N) will (after Refraction) Converge and 
Unite in K, the Focus of the oppoſite Section. 

— 2 * | F INI 


CONS ECT AR . V 


: If RBS, repreſent a Portion of an EVipſis, 
* B K the Axis, and K the remoteſt Focus; then 


: if, on the Center K with any Radius, you deſcribe 
c the Arch RLS, then RBS L, is call'd a Meniſ- 
r cus Speculum, becauſe it reſembles the New 


Moon or a Lunule. And by help of this Meni/- 
eu? Glaſs all the Rays MN parallel to the Axis 
BK, and Refracted in N, paſs out of the Glaſs 
into the Air again in L, and unite in the Focus 
K, for the Refracted Ray N L converges to the 


f Focus K, and 5 the Center of 2 

a RLS, the Ray is perpendicular to 

- Arch in L, and conſequently paſſes directly on, K 

. from L to K. 

11 CONSECTARY VI: 1 

A Plano- convex Hyperbolical Glaſs NBS, unites the Rays MN parallel to the 

Axis B D, in K, the Focus of the oppoſite Section. 4 

: CONSECTARY VI. 

e 1 | 

| And if K, be the Radiant point, all the Iſſuing from the ſame, and 
in N, on the Convex fide of the 4 — bolical Glaſs N BS, will 
come parallel to the Axis BD; and in the en RBSL, all the 

. from the Focus K, being refracted in N, will run parallel to the Axis R 
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CONSECTARY vn. 


An in a Gnvero- nv ex Hyperbolical Spoculum, all the Ra ing from the 
j focus of one, win Converge and unite in the eden thang 2 


PROE Xl. 


f ihe , Lite AB & divided into fin Parts, A C, CE EB "Th ae. 
TH; wide the uli Pare CP, i the Paine E, ſo that the „K. Ts 


\ Reftanghe A Ex EB, to the Reitangle CE E F, bethe leaf of al 
SR ae p 187 . 1 7 pable 


166. Suppoſe the given Quantities 
Known Quantity CE = x, then AE 


AC=8; CF=b;CB=e, and the un- 
SA; EB=c—x; andEF=b= x, 
and the Ratio of A Ex E B to CEx E F will be 
exptefs'd by thisF Mat DET DEE 


bx —xXx 


r aſſignable be- 
tween ſach es ne lf we imagine 4 
D Curve M D M to be ſuch, that the Relation be- 


twee the Ordinate F M (y) and the Abſciſl 
CP () be expreſs by this Equation y = 

5 Y D . The Queſtion 
will be to find the Point E, where the Ordinate E D will be the leaſt that can be ap- 
plied to the Curve MDM]; therefore, if we reduce the Equation to Fluxions, and 
divide by « x, there will ariſe e ** AK x= bx x} 24cx—abc=0, and 

| finding one of the Values of the Root x, it will anſwer the demands of the Queſtion. 


1 FRO. 


| IF 


I» , 


© } 


LR Oo 


'BBE BY = EPCTwD 


P. 
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PROP XII. 


Let CF be « Chord, ue ane epd vhernf be made faſt G uid t6 the deity eau 
jw th. F, 4bout which Juſpend the Wah 2 
one 1 in the {ane For:i- 

Dy" Line CB; and ſuppoſe, both the Chats 2 Pauli Wh wirbout 


Weight ; *Tis regui/ d to Jo the loweſt deſcent of the Pulley and the Weight. 


err e will deſtind as low «s below the Ejori- 


poſſible, 
Lin CB; and he Line 
2 the Week D efore t Af, will repreſent the greateſt 4 


04 jo ee, Chats = 
3 DEB=0, CB=e, the Yaria- 


Quantity dE, deu 8 F 


nner 


i andF = VI 172 and 
e 
which ought to be equal to the greate [omg 
of the Weight D ; 00 and conſeqventiy Its Fl ux- 


ex 
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* * 
ee eee, | 
EE © +cec=—2cx Va- = | ; 
by ReduBiiags ox 30 3 fele—as » 4 
ec o; anddividing by x — c, we flave 2 cx 

x—844x —84c =0, and conſequently; one 

of the Values of the Root x in t uation O 


nd 4 
EO CRF — (>) 


through tlie it comes to reſt. 


—Y g * 
v4 


* * 
« _ 
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PRO F. XIII. 


Let the Nature of the Curve Line A MD be ſach, that the Value of ile Orai. 
nut be expreſi d by a Frattion ; and „that when the Abſciſſa A b (x) 
1 becomes = a, then the Numer ator and Denominator of the Fradlion become each 


egal to nothing : *T'is reguir d to find the Value of the Ordinate (P M) in tha 


7 Paint. k 


** 168. Suppoſe AB = «; and let the Curve Lines AN B, C  B be applied to the 
ſame Axis A B; ſo that the Ordinate PN exprels the Numerator, and F © the De- 
nominator of the general Fraction Expreſling the Value of the Ordinate P Mf v. g. 

955 2 2 Suppoſe PM = . tt is maike 
Ds. 


7 that both thoſe Curves will Interſect the 
| Axis in the ame Point B, becauſe (by i 
bg) 7 poſtion) when & becomes = « the Ordi. 


nates PN, P O, become each equal to no- 
thing; now tis requir d to find the Value 
N S of the Ordiaate BD ia that poiat. 


2 . 
. 
* 
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feſt that when the Abſciſſa A P becomes = 

AB, then the Ordinates P N, PO Vaaiſh, 

| and that when, A B becomes = A 6, then 

| the Ordinates of the Curves ANB, COB 

become bf, ö g; ſo that the Ordinates bf, beg, are the Fluxions of the Ordinates 


in Band 6, in reſpe& of the Curves A NB, COB; whence it is evident, that if we 
take the Fluxion of the Numerator, and divide the ſame by the Fluxion of the Deno- 
minator, after having ſuppoſed x =« = A= AB, the Quotient will be equal to 
the Ordinate 6d or BD, which was requir d. | 


: Imagine another Ordinate 4 4 to be 
* i 13 drawn Infinicely near B D, lat ing the 
4 : * oY, Curves A NB, and COB, in the Points f 
| — N 5 ABxb 
1 andy; and then $4= . That 
* | SH 1 8Dis . Now. it is mani- 
A | p 


| ö 3 
* 994 
For Inſtance, ſuppoſe y = — = . Then it is evident that 


a — K 


if x be = 4, the Numerator and Denominator of the Fraction will be = o. Now 


the Fluxion of the Numerator is = a 2  ©** — (when x is =) 


| —} 8x; and the Fluxion of the Denominator is = — = = (when æ = 9) 
EA | 4 Va x 


SCHOLIUM. 


169. Happenin to apply the Doctrine de maximis & minimis to Fractions, I hall 
here add that Problem to find the Fraction, whoſe Square exceeds its Cube the grea- 
teſt thot can be. Suppoſe the Fraction to be = x, then x* — x3 is = @& maximun, 


and conſequently, 2x x—3 x* x bs = ©, and by Tranſpoſition and Diviſiox x = +. 


the Square of 4 exceeds its Cube, more than the Square of any other Fract- 
tion exceeds its reſpective Cube. PROP. 


" WR” R9 T7 ——-_ 
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PROP. XIV, 
The Elevation of the Pole bing ior to foul: the Day when Twilight is 


170. Let C be the Center of the Sphere, AP BH the Meridian, HD 4 the Hori- 
zon , QE e T « parallel to the Horizon, when Twilight begins, A MN B the Equator, 
E DG a Portion of the Parallel of Declination, which the Sun deſcribes when Twi- 
light is ſbortef, comprehended between the Plains of the Horizon and the Crepuſcu- 
lar Circle; P the South Pole, PE M, P D N Quadrants of Hour-circles Int 
ted between the Pole and the Equator; HQ or O T an Arch of the Meridian, com- 

between the Horizon and the Crepuſcular Circle, OP the Elevation of the 
pole are given, and conſequently, cheir right Sines CI =FL=QX, and OV are 
alſo given: To find CK the Sine of the Arch E M or D N the Suns Declination when 
he deſcribes the Parallel E D. : 

Imagine another Portion f e 4g of a Parallel of Delination Infinitely near EDG; 
and draw the Quadrants Pe, PA, tis evident, that when the times which the 


Sun takes to deſcribe the Arch ED is ſhorteſt, then the Difference between the Ar- 
ches MN (which is the Meaſure of the ſame) and w » (when E D becomes e d) is 
equal to nothing; whence it follows that the little Arches M, N » are equal, and 
conſequently, little Arches Re, S 4 are alſo equal between themſelves, but the 
Arches R E, SD being Included between the ſame Parallels, E D, e date equal, and 
the Angles at 8 and R are right Angles, therefore the right-angled Triangles ER e, 
DS 4 (which we conſider here as Rectilineal, their ſides being Inſinitely little) are 
ſimilar and equal, and conſequently, the Hypothenuſes Ee, D are alſo equal be- 
tween themſelves. | 

The right Lines DG, EF, dg, ef being the common Sections of the Plains 
FEDG, fe dc (onal to the Equator) with the Horizon and the Crepuſcular 
Circle, are perpendicular to the Diameters HO, QT; becaule the Plains of all thoſe 
Circles are perpendicular to the Plain of the Meridian, and the [nfinitely little Lines 
G g, F f are equal between themſelves ; becauſe the oppoſite Sides of the Figure F g 
are parallel, whence VD 4* Gg or DG AHR = VEe* —Ef® orf 
FE ; now it is evident that if in a Circle two Ordinates be drawn Infinitely near 
each other, the little Arch Intercepted between them is to their difference, as the 
Radius of the Circle is to the Portion of the Diameter Intercepted berween the 
Center and the Ordinate, therefore (becauſe of the Circles HDO, QE I.) 


Oo CO 


CO:CG :: DA E56 -A (orf. FE) 
And 1 Q: IF :: Ee:fe— FE. Therefore 
| CO: I:: CG: IF and by compoſition | 
CO-+IQ(ORX) :CG-rIF(LG):: CO: CG. 
And becauſe the Triangles CV O, CRO, LF G are fimilar, it is, 
CO:CG:: OV: GK a 
And GK: GL: : CR: FL (QX) 
And again OV: GK :: OX: GIL. i ole 9% 
Therefore OV: CK :: OX:QX x: x y the property of the Circle.) 
That is to ſay, if in the right-angled Triangle QX H you make QX Radius, then 
(becauſe Aſtronomers ſuppoſe Twilight to begin or end, when the Sun is 18 


below the Horizon, and r the Arch HQ or H g is = 185, and the An- 
gle HQX=4HC8is=99, H is the Tangent of 9 Degrees ;) It is as R. 


dis is to the Tangent of 9. oo!, ſo is the Sine of the Latitude to the Sine of the Suns 


Declination (South) when Twilight is of ſhorteſt continuance. 
PROP. XV. 


Any two points A and B in the ſame vertical Plain being given: *Tis requir'd to 
find the property of the Curve A MB, ſo that « heavy Body deſcending in the 
ſame by the force of its own Gravity, ſball move from A to B is a ſborter time 
than in any other Line, drawn between the ſaid Points. 


171. I havealready ſolv'd this curious and uſeful Problem from Dioptrick Principles, 
and have ſhewn its Identity with the Curve of Refra&ion ; This Propoſition ſhall 
comprize ſeveral ſolutions of the fame Problem deduc'd from other Principles, that ſo 
it may appear that the ſame truths may be Inveſtigated by very different Methods. 

Let AM, MB be two Infinitely little Portions of the Curve requir'd, and ſuppoſe 
the Curve to begin ſomewhere in the Horizontal Line DF; then tis evident, that 

when the Body comes to A, with the Veloci- 
D K 5 ty acquir d in its deſcent, it muſt move from 
A to Bin the ſhorteſt time poſſible. 

Draw the Lines AK BL parallel to 

DF, and biſect B K in P, and draw $ PR pa- 
allel to DF, then it remains only to 
point M, where the Line PR Interſects 


_— 


A 1 K the Curve requir'd. 
| J[| Now if we aſſume Galiless's Hypotheſis, 
R 1 S according to which the Velocities, which 
© 1 A heavy Bodies acquire in their deſcent, are in 
2 a Sub- duplicate Ratio of the Altitudes they 


| fell from; then the Velocity of the heayy Bo- 

dy in the point M will be as / E M, and its Velocity in B, will be as / FB; there- 

fore the time of its deſcent from A to M is (becauſe the times are directly as the 
. | 

Spaces and reciprecally as the Velocki) FEN and the rime it takes to deſcend 

. BM 

| Ab- a minimum; whence if we ſuppoſe the points A and B to be determinate, 


and the Invariable Quantities B Por MN, EM=b, FB, and the Inde- 
terminate 


, therefore the Point M onght to be ſich, that nl 


1800 
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terminate Quantities AN = a, and MP =, then = * 
be a minimum and conſequently, the Fluxion thereof will be equal to nothing: That 


— | 5% So. And becauſe s-Fi= toan Invariable 


— — — — 


WE „s 
| Quantity, therefore » = — x, whence — = i 
2 Vai 

0 | | iſ 1 

tis lee ee = is always equal to an Invariable Quantity; now ſup- 

poſe the Curve A M to have commenc'd in D, and let the Abſciſſa DE be = x, 

| the Ordinate E M = y, AN =, and NM =; and let a be an Invariable Quantity, 


* | I . . 7 
then will ere RESE D Whence x / = yy x? + y® and redu- 
V * N ; 
dig this Equation to an Analogy Vr “: x :: ys: yy; but inevery Curve 
$isro V ze as the Subtangent is to the Tangent, therefore the perty of 
the Oligochronal Curve is, that the Tangent is to the Sub-tangent, as 18. to . 
But this ls the property of the Vulgar (Arr. 70 No. 4.) Cycloid, the Diameter of the 
2 Circle being = 4; therefore the Curve of the ſwiſteſt Deſcent is a Cy- 
cloi | 


In the vulgur Cycloid, the Elements of the Carve, are in 4 Ratio, 3 
the — Ratio of the Elementa of the Abſeiſſe and the 1 
duplicate Ratio of the Ordinates. 


172. Let ACP be a Semi-cycloid, CG, GD two lafinitely Little Portions there- | 
of; CM, GN two Tangents, RQP the generating | | 
Circle, A the Vertex, AH the Abſciſſa, HC an 


Ordinate, CE, E F Fluxions of the Ordinates, and * 
C 


EO, G 1 Fluxions of the Abſciſla. 


Then 
GD: GI:: GN: GR:: (. 70. Ne. 40 RP 
:4/RX, and 
GI: EG:: GI: EG, and 
EG: GC:: CS: C M:: YRS (HO :-R FE 
Therefore 
G D: GC:: Glx/RPx/HC:EGxy/RPx 
/ HE (or VRN) :: Gl x HC: EG/HE it ==: =. That is the Ele- 
menta of the Curve GD, GC are in a Ratio com 


the Fluxions of the Abſciſa G I, G E, and the reciprocal Sub-duplicate 
the Ordinates HE, HC QE D. WE 


ol | 
F 
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Hence if the Fluxions of the Abſe ſciſſa EG, GI be equal and invariable, then 
te 1 the Curve, will be reciprocally in 4 Sub duplicate Ratio of the 
Ordinate. And now to Inveſt ate the Ns of the * of * Deſcent 
another way. 


173. In any Plain, inclin'd to the i. at e et AC B be che Cur vr 
requir d, along which ſuppoſe a heavy Body to deſcend A to B (by the force 
of its own Gravity) in a ſhorter time than ir can 
deſcend in any other Curve, drawn through the 


ma * * —-— given Points A ad B, and in che Tub Fake; 


and let any two Points C, D, lafinitely near 
each other, be alm d in the Curve, and draw 
the Horizontal Line A H, and CH ndi- 
Hy | - cular to the ſame, draw alſo DF perpendiciiar 
FT to , and biſect C E in E, and com̃pleat the 
Y Parallelogram ED. Tis requir'd to determi- 
9 . nate the point G in the Line E I; that is, tis 
E requr'd to find the Inclination of the Portions 
of the Curve CG, GD to each other, ſo that 
the time of deſcent along CG the time of 
detent along G D (which may be written thus «8 GG = GD) ſhall be the ſhorteſt 
poſſible; now to do this, let any other point as Lbe taken between E and G, ſo that 
G be Infinitely leſs than GE or L E, and draw the Lines CL, DL, and on the 
points C and D as Centers, deſcribe the Infinitely little Arches LM, GN; 
Will C L- LD be = (ex natura miaimi)t CG D Gz and 2 : 00 
—tCL =:LD—#DG. 1 down we may proceed mm 


CE:CG::rCE:rGC 3 EF: GD: Ef: 1. 
CE:CL:::CE:rCL alſo EF: LD: : T EF: LDS FE H Gi. 


Exe CE: CG - CL (MG):: E. 1CG—rCL.. EF: LD—GD:: EF: 
 4+LD—7GD. 


and (becauſe MG L, CE G are ſimilar) MG:GL:: EG:CG..... and LN. 
LG:: GI: GD. | 


Ergo, CE:GL :: EG CE: CGxiCG=trCL +++ EF(CE):LG ::GIx 
EF: GDx LD -B. | 


© PHF e xt CE: GIx T EF: c νν et: C:GDxABEES. 


: (ex natura minimi) CG: GD. 


. VHC Gl 
1 5E 


EG GT 
 Therefore.CG: GD: 58 Inc HE ; that . e 


| ſwifteſt Deſcent, are in a Ratio compounded of the dire Ratio of the Elementa of 
the Abſciſſa and the reciprocal Sub- duplicate Ratio of the reſpective Ordinates, 
and conſequently, the Curve of ſwifteſt Deſcent is (Art. 172) the vulgar Cycloid. 


rn thus determin'd the Nature of the Curve of ſwifteſt Deſcent, I think 
it will not be amiſs in this place, to ſhew how to Inveſtigate the Nature 
of the Iſoc Curve, in which à heavy Body deſcends equal Spaces in 
equal Times. PROP. 


But EG x #CE;GIx EF: Ex by Grow 
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Jo Imveſtigate the Nulare of the Carve, in which an heavy Body ſball deſcend 
dle an Arctleretion of Velocity, | 


The Learned G. G. Libnitz i» Nevell. Rep. lit. September 1687 propos d the 

Problem thus: To find an Iſochronal Curve, in which an heavy Pody 
ſhall defcead uniformly ; that is, in equal times, it ſhall deſcend 
Spaces with an equable Velocity; and the Celebrated M. Hugens was the 
firſt that reſoly'd the Problem in Oftober following, but ſappreſpd the De- 
monſtration, Afterwards M. Libnitz himſelf gave the Demonſtr ation, but 
2 Analyſis. Li the Extellent Geamer er M. Nich. Fatio Du- 
illier communicated his Method of, Inveſtigation, which is thus: 


194. Let dy uy INN ndicutar to the Hori: F on, and ſuppoſe BH tobe. 
the Curve requird ; then ſuppoſe an heavy Body in B, with the Velocity acquir'd ſince 
FT 
Curve et ocity acq in B, = 
ted by AB = ; and ſuppoſe the Axis of the Curve g; P to 
lie in the ſame ſtreight Line with AB; then pur the Ab- 


: 


ſciſſa B P = x, and the Ordinate P M = p,Pp=x,Rm=y, T 
and then becauſe y vaniſhes in B, therefore the Fluxion of 
the Curve in Bis = x; and M the Fluxion of the Curve 
in Mis = Væ + 57. Now becauſe the Velocity in B is 
=4< therefore % Va E: V to the 
Velocity of the heavy Body in P, therefore the time which 


the heavy Body takes to deſcribe B bis = (becauſe the times 
are dired ly as the Spaces and reciprocally as the Velocities) 


and the time which the Body takes to deſcribe M m is = 


An (amores, 7 
are equal by ſuppoſition, therefore — 9 
| 4 VAR 


and y vaniſh together) q mult needs be =" o, therefore 4 « yy = x 3, and the Iſochro- 
nal Curve is a cubical Paraboloid convex towards the Axis, and the Parameter of 


the Carve is =3 4 =4 AB, or ABis = 3 of the Parameter. 


Another way. 

Having, thus diſcover d the Natare of the e Carve in the vulgar 
Hypotheſis of Grevity ; that is, ſuppoſing the Velocity to be in 4 Sub-da- 
plicate Ratio of the Altitude the bevy W ; 
how to Inveſtigate the Nature of Curves, in which heavy Bodie 
according to an Hyutheſu of Velocity, ſhall deſcribe Spaces in 
Propertion to the Timer, 

175. Sappoſe D AD parallel to the Horizon ; and let it be ir'd to find the 

ſy ay er m A) ſhall re- 

e Horizon in any Proportion Times, and - 

ding to any Hypotheſis of Velocity, g ; mY 
p Draw 


any groen 


a=1) we avewy =o V * 8 

And becauſe the Curves. AN, AFf are given, therefore the Value of & in the 
Terms x, and the Value of v in the Terms x, may be found by help of the Equa- 
tions expreſſing the Nature of the ſaid Curves, and ſubſtituting the ſaid Valves in 
the uation vs = a Vx* + y* there wilt ariſe an Equation expreſſing the Nature 
Aue llt. Which was 4 7 Sl 


kor inſtance, If we would apply this Theorem to the common Hypotheſis of Gra- 
vity ; we muſt conſider, that in that Hypotheſts, the Velocities PN are in a Sub-dv- 


plicate Ratio of the Altitudes AP, and conſequently the Curve A N= is the com- 
mon Parabola. Whence v V; which Value of v being ſubſtituted in the ge- 


neral- Equation v4 = Vr -+ , there will ariſe & Vr = Vie or 
. V Raf 
* = - , and if we- ſuppoſe the times to be in any given Proportion to 


ax ; 
. —— Deſcents of the heavy Body, the Nature of the Curve MC ma 
be determin d accordingly, in the Gallilean Hypesbeſis of Gravity. f 
Thus if it be requir d that the Heavy Body moving in the Curve BMC from B to 
deſtribe equal Spaces in equal Times; then tis evident that PF is always = AP, 
| and conſequently the Curve A F f becomes a 

_ ſraight Line, and APF is an Hoſceles Tri- 


V=* +, and Squaring boch fides of the E- 
quation, we have ax x xX* = 
and by Tranſpoſition, 22 = aX —=a8 X 


Sr SES 82 


"7 
Os) 


F $85 0gzecy 


4 
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by equal Extradtion 7 = ⏑⏑ nad multiplying both Sides of the Equation by 
04, 445 =45xV57 — 6; And finding the Fiveat of bath Sides of the Equation, 
. „ SELECT r . — TILT, and 


putting & = - 4, there will wiſe == ot ara ya = 4 x art= a7 


or f =#*,, Which ſhews, that in this Caſe, the Curve BMCisa Cubical Pa- 
rabola, which commences ig B the point of the Axis A L, fo that AB =s. For 
then, BP is = 7, and the Equation of the Curve is 125 = #3. 


To Imwftigate the Nature of the ſolid of leaft Reſiſtence. 


Mr. N. Newton (he Glory of our Age) in his Incomparable Treatiſe de Prin- 
Gp. Math, PRISC Near Lb 2. bay 7. heving 1 of the 

toms of Fluids, aud the Reſiſtence of Bodies lays down 
(Lib. 2. Prop. 35. Schol) the pr of the Curve, which revolving about 
its. Axis, generates the ſolid 4 «ft Reſiſtence. the Excellency and uſefal- 
24 this Problem, has but lately engaged ſeveral great Analyſts to conſi- 
der the ſame more fully, and to communicate their Methods of e 
the fame, lecanſe the Huſtrious Author was pleas'd to conceal his own: Pe 
ricwlarly, The Incomparable Analyſts, the Noble Marqueſs de  Hoſ- 
pital ; M. Jo. Bernouilli; M. Craig, and M. Fatio have learnedly Tree- 
ted of the fame, And it is from their Excellent Eſſays that I bave Ex- 
traited the ing Solutions. In ſhort, the Problem may very plainly be 
conceitd in theſe Terms. 


ns in t 


and draw RN F parallel to the fame Axis A 


rig nts 


may be found thus: F'FN regroflat the from of the Particdy: agg 
direction from A towards L, then F S will t the Force of the 

againſt MN: in the direction of MD; and if FS repreſent the force of the Par- 
och „ MN from M towards D, then 8 will repreſent the force of the fame 
Particle againſt MN in the direction of A L from A towards L ; therefore the Force of 
the Particle of the Fluid to move M F (or Q.N) from A towards L, is to the force 
of the ſame Particle to move M N from A towards L, as FN is to 8, that i 
FNgistoF $q, or as MDqis to DPA. | | 
Whence if the given right Line A B (a): repreſent the Velocity of the Particles of 
the Fluid ſtriking agaiaſt the right Lines MN, M F, then the force of the ſame Fluid 
e * ö n the Plain deſcrib'd by 
* 0 N 7 revolving about the Ax- 
is AL at the diſtance MP, 
and directiy oppoſed to the 
— motion of the Fluid, will be 
as the Surface deſcrib d and 
Velocity Joyntly ; that is as 
ax MF» MP, whence to 
find (from A towards Q the 
force of the Fluid on the 
. ©, Surface MN;.fay, MN“: 
FM“ :: ax MF x MP: 

2 HF My 
* 
force (in the direction of 
AL from A towards L) of 
the Fluid on the oblique Sur- 
face deſcribd by the rota- 
tion of MN about the Ax- 
is AL; or which is the 


Pegs — rt 
ox MFo xn Po / 
Bee 7 Th . cxpreſling 


MN 
| the Reſiſtence which the ſame 
fr Surface moving from L to- 
wards A, ſuffers from the Fluid at reſt. In like manner the Reſiſtence, which the 
Surface deſcribd by N O revolving about the Axis A L, meets with from the 


Quieſcent Fluid, may be repreſented by LEES. 
| * 


Now if we ſuppoſe the Points M, O, and the right Line R F to be given by poſi- 
tion, and that they are in the ſame Plain with the Axis AL ; It remains. only to de- 
rermine the point N in the LineRF, ſo that the Surface ted by the right Lines 
MN, NO revolving about the Axis A L. ſhall ſuffer the leaſt Refiſtence. 
Let the Invariable Quantities F be =»; MP =r5 OR NQ=9, and 
the variable Quantities FN=, and NR = x; then MN* = mm+»o, and 
Nö“ = therefore the Reſiſtence which the Sorface deſcrib'd by the Line 

„ AMT. x KP exmixr. 1 
unn re 


O0 * 


5 N n 
4 * 3 * | | | . i 4 | n 
fice deſcribd by N'O (revolving about the Axis AL) og NN „ 
| ? | 1 jy g | C3 1445 N 


— f 
2 - 7 4 $3 — 
- 

* _ 1 


9712 Nen | 44 2 

au „„ ors n 
22, it is evident (from the Nattre of the Queſtion) that the Quan- 
1 X 3 3 . * Fo 17:1 #9 & +. 354 NE E 


A 
fi 
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; 22 | 

— Ser be a mi , and (Art; 198.) conſequently 

the Fluxion thereof muſt be = 0. . Ds. Now 
oo THY 


ee R Fan Invariable Quantity, therefore v ==—=x and conſequently, 


mixrxv 3 . 

FR — Whence if AB (s) be erected perpendicular to the 
Axis AL, and if the right Lines BC, BH, be drawn parallel to the Infinitely little 
Sides MN, N O, it will be 4 A B AC: BC Y:: BC: Mur; and in like man- 
ner 4 AB*x AH:BH*:: BH: NQ for ban he Triangles MF N, BAC 


are ſimilar, therefore A C ===, and B C 2— whence 4 TE x 


(e322). 09 (EEE) ce , 
rm3 v | 


(7) and conſequently —— SIT 


= 4 . In like manner, becauſe the Triangles 


exmn+r I 
l CT. Whence 4 


$B* xan (+45 one 22, ). (). NG 


22 

„ - Whence ———=——— = 4s öh, = ==, = ===, 
l TENTY 5 rer ' 
Which is the very ſame Equation that we firſt found. 

Whence 'tis manifeſt; that the Nature of the Carve D M (which being revotr'd 
about its Axis A L., generates the Solid of leaſt Reſiſtence) is ſuch, that drawing A K 
perpendicular to the Axis AL, and taking A B = neger: 
any Tangent of the Curve v. g, in the point M, then it will always beg A B x A 


C:BC*:: BC: MP the Ordinate paſſing through the point M, which is the proper 
x of the Carve that geaerazes the Solid of leaſt Reiter Keene, dire n Nen 


— 
2 
5 


ORN, BA H, are ſimilar, an =**, n= 


| And having thus — property of the Carve DM, it may be cus · 


eee manner. 


and in the Axis AL abe AE 
= 4 an ah AL Led. and let 


which 
LC 


Carre in N T then if AK be taken ges dA rar 88 


4% 


- en (oa + CNwhen AGSAE and —CNmhea AC< AE) and 


t the” Paratielogram n PK, 1 bay the Angle M, or the point wherein KM 


interſods P M will be 


_ ADR. 1 47 8 Seen, chen by the Property of the Curve 
Des e. and conſequently, 5 = 444. 2583 


448% 444 


24 Rt => 


150 Fluxions: Or an Introduftion 


1 and becauſe B C is parallel to the Tangent in M, therefore the Triangle 


ABCis ſimilar to the little Triangle at Mz and conſequently #: x 3: 5: © = 1 = 


K 3VY 2 


. . n 
. 70 hn, ＋ 1601” 


$* bot by the property of the Logarithmetical Line x: 4 6 2 9278 =R 


- 1 5 «Sed -: 
N, whence hr = CN, therefore AP (x) s = + 16 CN an In- 
variable Quantity 5 and conſequently, when CN vaniſhes, then AP or x will 


vaniſh alſo, therefore C M is the Curve requir'd. 


COROLLARY. 


Hence it appears that the Curve MD cannot approach 1 
in the point D, where it Interſects the perpendj@lar AK; and that afterwards when 
AC is leſs then AE, then the Portion of the e DO, will be deſcribd Convex 
towards the Axis A L, fo that the Surface of the Solid of leaſt Reſiſtence may be 
Con cave as well as Convex towards the Axis. 


nearer the Axis AL, then 


To Inveſtigate the Nature 4 the Curve which generates the Surface of the 
pI Solid of the leaſt Reſiſt ance, another way. | 


147. Let B FN. be the Curve requir d, which revolving about the Axis A M deſ- 
cribes the Surface of the Solid of leaſt Reſiſtence ; and let the Elementa of the Or- 
| dinates M N be equal or Invariable, vx, NR RP, and 


| | NL, L F the correſponding Elementa of the Curve re- 
N quit d; produce RL to O, ſo that L O be infinitely little 


. (ex natura mini mi) the Reſiſtence which the Surface, genera- 


5 in reſpect of RL, and draw the Lines NO, FO; then 
n ted by the Rotation of the Elementa of the Curve NI. 


* a LF, about the Axis AM, meets with from the Fluid, is 

NN equal to the Reſiſtence which the Surface generated by NO 

p > OF, revolvd about the ſame Axis A M, meets with from 

Ac the ſame Fluid, and conſequently, the Reſiſt. of the Zone 

NL =— Reſiſt. Zone NO = Reſiſt. Zone FO Reſiſt. 

Zone FL; now reſuming the former Hypotheſis, v, that the oblique Reſiſtence of 

N Lis to thedire& Reſiſtence of NR, as NR is to N L *, then the reſiſtence of the 
IS 

Elementum N I. will be expreſs by N 4; » and that of the Zone generated by 


NL by nn” pen MN NR. _ MN«NR? , _MRxRÞ 


NL* — 


—y 7 * 
MRXRP_, Now O T. LS being the Fluxions of NL; FL, or NO, Fo, 


EL * 
MNxNR?® 
they are Incomparably little in reſpect of theſe, e — — 
EH = MN 


$7855 
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MNx NR 
— ani 


W. MN« N'K'= 0) — . —»xNL* 
wee 8 NL* NO NL? xNO* 
= »xNLe 2NLeTO+ TO —oxND _ — 2#xNLxTO 
yo NO*'xNL* NO NI. 
3 Þ pi Þ n3 
AN. NR arg And for the like aha MR -N. MR N 
N 0? r * 
2MR*RP?xLS = ore 0 N R*xTO 3 2 MRM RP xLS 
FO? N 0? FG 


and dividing by 2 NR and 2 RP, which are (ex byp.) equal; we ſhall have 
MNx TO MRxLS 
——— = And to deſtroy the Quantities LS, TO, which are In- 


comparably little in reſpect of the teſt, I obſerve that, becauſe the Triangles ate 
amilar, it is NO: RO :: LO: TO, and conſequently, TO — 2 


| N 
; 85 VFaLO 
for the like reaſon, LS=—— , and ſubſtituting theſe values in place of To 
and L 8, and dividing by L O, which b Gb ; there wal a NA RO _ 


NO“ 


MR x VF Qed with their reſpecti e Ordinates, whence I conclude that the Nature 
FG 

of the Curve B FN is ſuch, that deen Elementa of the Ordinates tobe equal.) 

if any Ordinate be multiplied by the reſpective Fluxion of the Abſciſſa, and the Product 

be divided by the Biquadrate of the reſpeftive Element of the Curve, the Quotient 

will be equal to (which is alſo evident in the preceedingmethod, ſuppoſing — Jan an 

[avariable Quantity: Aſſume the ſaid Invariable Quantity at pleaſure (Servats Leg Hum. 


Ne e ere Wer i NR=RP = hr 2 NO 


Vx*+-3* =, we ſhall have 2 = an lavariable Quantity. v. g, © -, which be« 
x4 7 


ing reduc d we have this Differential Equation y y * x = 4 4+ which expreſſes the 
Nature of the Curve requir'd, For i AD ken 2c FC bee f. 


ralle] to the Tangent in N, then A Cis , ore whence if it be 
7 


ene (tg ind () 2 B 15 un 00 thea 


22 215 


, and % x = 64+ a. 8 


7 x? | 
wing the one with that in the preceding Solution, ſhews that the property of the 
Curve which generates the Surface of the Solid of leaſt Reſiſtence is ſuch, that draw-- 
ing AB (2) perpendicular to the Axis, err 


point N, a pee ür. - BC*:: BG: MN. 
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Another way. 


178. Let A L be the Axis of the Curve MN O, and let the Ordinates MP, NQ 
OR be perpendicular to the Axis AL, and infinitely near one another; and 
ſuppoſe the Fluxions of the Ordinates, viz, SM, T N 

to be equal or Invariable, then the Reſiſtence of the 


MP 

N . 8 
2 1 Zone MN will be exprefsd by 11 N . » and du of the 
Zone NO by .O. (becauſe the Velocity of the Fluid 

\ NO 
or Solid, and the Cubes of M$ and N T are equal and in- 
| variable Quantities, aud may therefore be rejected.) there 
L PQ KR A MP 


— 4+ XC mult be a minimum. Now ſuppoſe 
MN“ NO? | 
a Particle or Ray of Light, by a continual Refraction, to deſcribe the Curve ON M 


fore 


conſiſting of the Infinicely little Lines O N, N M, ſo chat the times which the Par- 


ticle takes to deſcribe O N, and N M, be as N. F. and NQ, then dis (4. 162 
MN* NO“ 

163.) evident that their Sam muſt be a minimum. Now to find the times which the 
Particle takes to deſcribe the Lines O N, NM, in other Terms; Draw SF, gor- 
pendicular to M N, and TI perpendicular to NO, then becauſe SM is IN, 
the Lines 8 V, II are the Sines of the Angles O N T and S8 MN, that is, they are 
r of the Particle of Lins which deſcribes MN and ON; 

becauſe the Triangles SVM, NS M. TIN, O TN are ſimilar, thereforethe 


Velocity of the Particle of Light from O to Nis as (T 1 =) o andtha 


, SNxSM _— 1 
ebenen or the Velocity in ON 525 5 
and that in NM is as N therefore the time that the Particle takes to deſeribe 


. NO” 1 33 
ON is as 65 and that which it takes to deſcribe N M in, is as N therefore 
8 i 0; 
the time in which the particle moves from O to M, is as Tg » ad com- 
paring both theſe Proportions which determinate the times, and reducing the for- 
mer e this Form r may be 
 SNxMN*' TON | 
the ſame Proportion between theſe Terms as there is between the Terms N 


9 1 
and H then tis evident that the multiplicators mult be equal, * 


ans, if any Ordinate be multiplyed be the reſpectite Fluxiop of th 
Abſciſſa, and if the Product be divided by the Fluxion of the Curve, the Quotient 
will always be equal to one and the ſame Invariable Quantity; which is the Proper- 
ty we took notice off in the laſt preceding Solution 


— 


S ECT. 


SO =» wo wes A Cl. 
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SECT. VI. 
= The Uſe of Fluxions 
* Inveſtigating the Points of cotrary Flexion and Retrogreſſion of Curves. 


DEFINITION. 


J HEN a Curve-line A F K is partly Concave and partly Convex, in reſpect 
W 7 AB, or in reſpect of the determinate Point B; the Point 
F which ſeparates the Concave part of the Curve from the Convex, or which is the 
end of the one, and the beginning of 
the other, is call'd the Pont of con- 
trary Flexion 4 When the Curve is | 
contint d from F towards the ſame vl 
ſide as before. But when the Curve FL. 
is continu'd backwards towards A, 2 
then F is calld the Poπ²s of Netro- . 
teien. >, 


179. If we ſuppoſe the Ordinate 
PM to move from A towards B, and 
conſider the various Aﬀections of the 
Fluxions thereof, as it moves along, 
it will be an eaſie matter to deter- 
mine the point of contrary Flexion 
or Retrogreſſion. 


In the firſt place, let AB be the 
Diameter of the Curve-line AM K; 
and let the Ordinates PM, E F be pa- 
rallel between themſelves; and draw 
the Tangents MT, FL; then tis 
evident, that in Curves having a 
point of contrary Flexion, the In- 
tercepted Diameter encreaſes conti- 
nually, and the Portion of the Dia- 
meter A T Intercepted between the 
Tangent MT, A the beginning 
of the Abſciſla increaſes alſo, till 
— e * . ts that the of the Sub T 

again; and hence tis ; Portion ent A 
becomes a Maximum, when the points Pand M fall in E and F. | "0 

80. But when the Curve AMF is eotitini'd backwards from F towards A, then 
the AT increaſes cortintafly; But the intercepted Diameter increaſes 
oaly, until the point T arrive in L, or until the Ordinate P M co-incides with EF 


Rr Hence 
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Hence to find 4 General Form which ſhall ſerve to Inveſtigate the ints 
— and Rerragraſis. 1 


J 


Suppoſe AE =x, EF=y; then is AL = =x, and the Fluxion therof 
1 7 
= muſt be = o, and by Tranſpoſition, and diviſson (by x, ſuppo- 
7 | 
SSI ASE e WE vs „* 
fing x an Invariable Quantity) Z 2 _ 2 = =o, and = =", or 
, 2 
Infinity; and multiplyin by 5 and dividing by — y, we have y = 0, or Isfinty: 
which for ri General Form to find the points (F) of contrary 
Flexion and Retrogreſſion; for the Nature of the Curve A F K being given, if we 
find the Value of y in x, and again find the Fluxion of that Value (ſuppoſing x, 


to be lavariable) we ſhall have the Value 27 in x* , which being put equal to no- 
thing or Infinity, will ſerve in either of ſuppoſitions, to find ſuch a Value of 
AE, that the Ordinate E F ſhall interſect the Curve A FK in F the point of con- 


trary Flexion or Retrogeſſion. 
181. The point A the beginning of x may be ſo ſcituated, that A L ſhall be = x 
— = jnſtead of 22 — , and that AL or A E may be a minimum inſtead of 


7 J | 
being a maximum; but becauſe the conſequence is ſtill the ſame, and that this can 
create no difficulty, it ſhall be ſufficient to obſerve. 


” 


That A L can never be = x - ; for when the point T falls on the other ſide 


y 
of Pin reſpe& of A the beginning of x, then the value of 2 will be Negative, 
3 J 
and conſequently, the Value of — E will be Poſitive, and therefore in ſuch a Caſe 
| 5 
AE+ELis =x—E. 
J 
3 
IT 


1 182. The point of contrary Flexion or Retro- 
A greſſion may be found otherwiſe, in this manner: It 


is evident that if x be ſuppoſed invariable, and that 
the Ordinate y be a Flowing Quantity, then S » 


#r.g is leſs than 5 H or R, when the Curve is Concave 
n/ <1 towards the Axis : and S » is greater than 8 Hor 
Sf R, when the Curve is Convex towards the Axis. 
al Whence it follows, that the Value of H » or 5 from 
1 +} being Poſitive becomes Negative inF, the polut of 
SE „ 


183 And 
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183. And if the Curve AFK reſpet a ſingle point B, then draw the Ordinates 


BF, BM, all in the given B. Then if draw 
8 1 8 


and the little Sectors B MR, BTH 
are alſo ſimilar; whence (ſuppoſing 


BM =y, MR=x, RM =) m R 
60 RM () :: BM 0 BT = 


2 MR (2) TH =:: TH 


And if we take the Fluxion 12; ſuppoſing * to be an Invariable Quantity, 
FP 4 | 


thenis B.- BT = „ UT nw and on n — 42. 2 


Now becauſe in the point of contrary Flexion or Retrogeſſon O. potent 


or lsfenity, therefore in the id Nan, T2 is So, or Infinity, 
7 
1 lying and dividing b x, we have x * + y * — jy =0, or 
* wes Wh: Nature of the . AFK be given, then the Value of 
CL dS in x*; and if the ſaid Values be ſubſtituted 


in the general form, there will remain one unknown Quantity (x) and the Equa- 
tion thus cleared, will ſerve to find ſuch a Value of BF, that ſetting one foor of 
your Compaſſes in B, and with the other, at the diſtance BF, deſcribing a Circle, it will 
1 Flexion or 3 which was 


required to be done. 
135 And 
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185, And to determine the ſaid points another way 3, It muſt be obſerv'd, that in 
— ar, the Angle Pt, | Greer rh the Angle Pn, and contrarily, 


part, the Angle PE is leß than 
4 


Prod and conſequently that the Angle P w E:—P » 
= Ems, or the Arch En, from being Poſitive s 


comes Negative in F de pe of contrary Flexion 


M7 . or Retrogreſſion. And x for an invariable 
ro. Quantity, the right angled Triangles Haw S, H »& 
of / are ſimilar ; therefore H (= :wS (x) :: Hu 
5 / (—=jJ):nk=—EL, and here it muſt be obſer. 


2 
ved, that H » is Negative, becauſe while Bm ) 


Increaſes, R (y) Decreaſes. Now becauſe the 
Sectors P mS, Ek are ſimilar, it is B (5) : mg 


(+) :: E( 0281 =, and therefore EL 


ku is = r and multiplying by 5 C, and 
7 JR 
4 | dividing by x, we ſhall have x * — 2 4, or (ſubſticy- 
2 ting x * E for d) becauſe of the right angled 
Trianglew Sa » + + 8.235 which paſſes from 
being Poſitive to be Negative, in the point of contrary Flexion or Retrogreſſion. 
And if we ſuppoſe y to be Infinite, then the Terms x *, and ) vaniſh, and are 
equal to nothing in reſpeRt of y 7, and conſequently the form & + 7 7 —77 = — 
0, or Infinity, will become — j = o, or Infuity ; that is to ſay, dividing by), 


o, or Infinity; which is the form of the firſt caſe; and this ought to be ſo, 
fe Ori BY BF, BM are then parallel to one another. 


CON SECTARY I. 


18s. When y = o, then dis evident that the Fluxion of AL is nothiog in reſpect 


of x the Fluxion of AE; and that the two Tangents FL, fL * 
each other, ought to make but one ſtreight Line FFI. 


CONSECTARY II. 


And when y = Infinity; then the Fluxion of A L ought to be infinitel t in 
* e 1 


ſame thing, the Fluxion of A E (or x) is iaf- 
nitely — — reſpect of that of AL; and 


K . F may draw two Tangents F L 
| e FJ, to the lane po F comprehending the 
, Al 1; 6 lately little 
LL, | 2 
LE ed * 


CONS EC. 


oo a ww 


D FE IM wr; = 


3! 


(l- 


E CT: 


1 the Carve Line A E K be given, and its Diameter A Bʒ and if the Relation 


qual to nothing; we have 2 83 x*x 
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: CONSECTARY Ill. 


la like manner, when or N. —7 7 = ©, tizevident that, or to 
qual to nothing in reſpect of M R; and conſequently, that the two Tangents 
t, infinitely near each other, muſt Coincide when the point M is the fame 
the point of contrary Flexion or Retrogreſſion. 


CONSECTARY VV. 


be e- 
MT 
with 


And when x * + y* —= nity, then of is Infinite in of M 7 
which is the ſame thing, MR is [nfinitely little in compariſon of ot, and — * 
quently the points M and muſt Coincide; that is when the ponit Mis the ponit of In- 

Ketrogre Ing an 


flexion or ſion, we may draw two Tangents through 
Angle Infaitely lictle. hy * 


CONSECTARY v. 


Hence it is evident alſo, that the Line which touches the Curve in the point of 
contrary Flexion or Retrogreſſion, being prolonged, touches and cuts the Curve 
Af K in one and the ſame point. 


6 | „ © | 7 ol 


the Abſciſſs AE (x) to the Ordinate EF (y) be expreſ#d by this 
Equation «xx = x x y-+ 44); "tis requir'd to find the V AE, 
ſo that the correſponding Ordinate E F ſball Interſeft the Carve AFK is 
the point of contrary Flexion F. 


a= ali > axx 21 
187. The Equation Cure is y = ————— andy = and taking the 


fluxion of this Quantity, and ſuppoſing x invari- | 
able, and putting the ſaid Second Fluxion e- x 


— HEALS LL? 6 hd 2 


xx+as* 


ing by Pes and dividing by 2 #3 x * x 
x 4 4, we have xx + a8— 4xx=0, _D—..4 > Widow 
1 that is & (AE) =84/4. - 4A E B 
If we Subſtitute 4 2 A in place of x in the 1 1 4 „ 
Equation of the Carve y Es,, theny = {© =4a=EF ; fo that we 
may determine the point of Inflexioa F, without ſuppoſing the Curve A F K to be 
_ | 
If AC be drawn parallel to the Ordinate E F, and equal to the given Line. , 
and if CG be drawn parallel to A B, it will bean Aſſymptote to the AFK. 
: 4 * 4 


For if we ſuppoſe x to be Infinite, then the maine, 


vill become j = = = «. ſo that the Ordinate of the Curve E F cannot be = 


| = AC, before the Abſciſla AE be lafinite. | 
db cOROL- 


5 
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CORROLARY. 


| 


188. If the Equation of the Curve be y — 8 = x—84 then y = —? bs: 


* . 1 6 — 27 — 6 x? 
and y = (ſuppoſing x Invatiable) — -* - —x = —————, = 6, 


tion, therefore I put e eee = Infinity; whence the Denominator 25 * — . 
2 & == HS 


is = o, 2 r the unknown Quantity x (A E) is = 4. 
PROP. II. 


If AF K be a protratted Semi=cycloid whoſe Baſe BK is longer than the Semi. 
cumference of the generating Circle A D B, whoſe Center is C; tis requir'd 
to find the point E in the Diameter A B, ſo that the Ordinate E F ſball cut the 
Semi-cycloid in F the point of contrary Flexion. 


189. Suppoſe the known Quantities ADB , BK =, ABS a2, and the 
unknown Quantities AE x, ED=x, the Arch AD=«; andEF= jy; then 
by the property of che Cycloid y = - 
| JR" OE R's | 
7 „and conſequently 3 = 4+ — ; bot 
by the property of the Circle & — 
A —xx and conſequently; /x '= + « 

— Fa 2 
2rx—xx| R214 — 2 2 = 
— x7 2 
V2rx—xx = 3 + 


. . YEE * Gr x. bai 
and y their reſpective Values, we have yz = ————— + 
| 2 V2rx—xx aV2rx—axx 


. . . 
_erx—8xx-Fbrx 


and the Fluxion thereof (ſuppoſing & Invariable) is, y = 


aV2arx=—xx 


brx—arr—br* xx? 3 
— — — So, whence br x—arr—br* xx* is = o, and 
21 Xx—XXXV2rx—xx 


dividing by x * x r, we have b x —ar — br = oand by Tranſpoſition b x = ar -|- 

br, and x = 1 += , and conſequently CE= =. 

Hence tis manifeſt, that to have a point of contrary Flexion F, b muſt be pre«- 
ter thans; for if b, be leſs than , Coded Cn? * 


R OP, 


4x) :EF =p HEN , andcon- 
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PROP. III. . 
Let it be requird to find F the point of contrary Flexion in Nichomedes's 
Conchoid A F K. 


199. Let BC be the Aſſymptote, and P the Pole of the Conchoid; then the pro- 
perty of the Conchoid is, that if you draw ſtreight Lines from the Pole P to the 


Curve A F K, as PF, P A, then the Segments between the Aſſymptote and the 
Curve, v. g. AB, DF are always equal to a given Line «. 


Draw PA perpendicular, and F E parallel to B C, and ſuppoſe the known 


Quantities AB = FD =a; BP =b: And the unknown Quantities BE =; 
E F =, and draw D L parallel to BA, then ET w 1 
becauſe the Triangles DLF, PE FE, are ſimi- A | 


lar; it is DL (X): LF (VA K*) :: PE Wins. > 
E— RT 


amy; E Barents uy; = Þ 


* * V 


_— 


— 


— 8 : 
28540 —89x IE 


42 * —- K 1 %% & x 


by Reduction there will ariſe x * -- 3b xx —2 P 
246 =; 0, and one of the Values of the Root x 
will be = PF, which was requir'd. | 

If a be = 6, the preceding Equation will be changed into this other, * + 3 # x £ 
—24* =o, which being divided by x - , the Quotient is x x-þ2 4x 22 
S a, and conſequently-x is =—& + y/ 3 4 6 Yo 


vo PROP. IV. 


* | 
Let AED be an Arch of 4 Circle, and B its Center, and let the property 7 
the Carve Line A F K be ſuch, that drawing any Ray B F E at pleaſure, . 
Square of F E be equal to the Rectangle comprehended under the Arch A E 
_ a given right Line a. *Tis requir'd to find the point (F) of contrary 

xion. 


191. Suppoſe the Arch A E = x, the Radius B A = v, and the Ordinate BF , 
then by the Property of the Curve a z = rr — 2 r , and conſequently 2 = 
LE Ee; and becauſe the Sectors BE e, 


B FR are ſimilar, it is, BE (r):BF(y) :: Ee 
( FR =s Au 
7 | 


ar 


the Fluxion therof (ſuppoſing  invariable) is 4) 7 
227 2% — 2433 =0. And conſequent- 
„=. Now if de ſublticate theſe 
Values of * and 3 in the general Theorem » 5 =x* +/5?, there will ariſe this 


75 - _ 43% 3* —Br9v3* Nee ; 
Equation e = LEE which by 


J —8 
* Reduction 
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| 15 495 — 1213+ + 121793 — 47755 37144) — 27722 2 
Dae ee ls Sv Ld x a 


SCHOLIUM I. 
That the Carve A E K, which we way call « Parabolical Spiral, has 4 point of 
For the 


contrary Flexion, may eafily appear. 


; Circumference A E D not differing ſenſibly near A, from the Tangent in A, 
its plain from the Nature of the Parabola, that the Curve muſt be concave towards 
that Tangent, and that afterwards the Curvature of the circumference about its 
+5 ns, pion more ſenſible, the aid Curve muſt be concave towards 


$SCHOLIUM IL, _. 
Te Points of Retrogreſſion of Curves may be found by help of firſt Fluxions in 


192. If the Curve AM DB be ſuch that the Ordinates P M interſect the ſame in 


two points M and , then that Curve miſt 

D have a point of Retrogreſſion, vix, the point 

1 N D; and to determine the ſame it muſt be ob- 
N ſerv'd that if (che Abſciſſa) x be ſuppoſed In- 


71) variable, then the Fluxion of the Ordinate 
. Þ When it (is greateſt) paſſes through the point 
: of R D, is equal to nothing; 

— whence we may find the Value of AE the Ab- 


| 1] : 
_ PP B ſeiſla correſponding to the ſame. 


8 ECT 


to Mathematical Philoſophy. 161 
SECT. VII. 
The Uſe of Fluxions 


h Inveſtigating the Dimenſions of Solids. 


The Geneſis of Solids. 


19% HE Rectangle ABEP conſiſts of an Infinite Number of Rectangles 
T QPEF,RQFT &c. And if we ſuppoſe AP &; and the Infinitely 


little parts thereof, SR, RQ, QP equal to x, and PE I; then all the Y & will 
be = Rectangle AE; and if we Imagine thoſe In- 

finitely little ReQangles Q EF r. To revolve 

about their reſpective Axes PQ, QR &«c, each my A 
will generate an Infinitely little Cylinder, and te 
Sum of all thoſe Infinitely little Cylinders will be 

7 to the Cylinder generated by the Rotation 

of the great Rectangle AP EB about its Axis 
AP. | 
And to expreſs the Value of thoſe Cylinders in 8 2 
Analytic Terms; let the Ratio of the Radius to 
the circumference of any Circle be as yr is toc; 
then becauſe the Line P E.revolves on the Point n 
P as a Center, the Point E will deſcribe the Peri- r 


phery of a Circle &, and conſequently the 1 
bb 
2 


> 

| 

> 
1 7 4 


Area of the Circle of the Baſe is = ——= which being multiplyed by PQ = x, the 


7 


ide Analytic Value thereof 


height of the Inſinitely little Cylinder, the Product 


194. Let the Triangle APE be inſcrib'd into the Rectangle A P E B, then ſuppo- 
ling AR =x, RX =2, SR = x, AP=4; the Equation expreſſing the Nature 
of the Triangle will be ö * = 43, and this Triangle will conſiſt of all they x ; but 
33 = 7. therefore the Triangle will conſiſt of all the ** 
iſt of all the Infinitely little Rectangles SR X Z, and if all theſe little Rectangles or 


the Triangle APE be turn'd about on their reſpective Axes 8 R, they will gene- 
rate a Cone conſiſting of an Infinite number of ſuch little Cylinders; and the Ana- 


bbxx chbxxx 


+ ALI. > > + „ 
uc Value of thoſe Cylinders is = 25 (va 24A 


cbbx* x 


and the Cone AE Mis = all the * (by finding the Flowing Quantity) 


Cbbx3 ; n 
rah Qs 107 TY 


to the circumſcrib'd Cylinder E MN B as 


Whence it is evident that the Cone is 


cbbd c bbd 
6 ry is to 2 r 


„ chat is as 1 is to 3. 


t | 195 The 


„ that is, it will con» - 
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195. The Space A O F conſiſts ot an Infinite number of Traperia P Mp, 5 
F O, which revoly'd about their reſpective Axes P p, 5 Ce, generate ſo many Re- 
ſeated Cones, having their Vertices in T and V, w the Tangents or the Infinite- 
ly little portions of the Curve Mm, m F produc d, Interſects the Axis O A; and all 
thoſe Reſected Cones generated by the rotation of the Traperia P Mp, & about 
their Axes P p, &. compoſe or conſtitute rhe Solid generated by the rotation of the 
Mixtilineal Figure AM FO about its Axis AWO. ' 26 A ei. 

And to find the Value of thoſe Reſected Cones, retaining the ſame Symbols as 
before, and ſuppoſing the proportion between the Radius and Circumference to be 


as7isto c, then the Area of the Circle deſeribd by P Mis = f which multiply. 


ed into PT f, it will give — = to the Solidity of the leſſer Cone genera: 
ted by the rotation of the Triangle T P M, about its Axis T P. Again p mis 23495 
and conſequently the Area of the Circle generated weak= 22% LR E? 


2r 

which being multiplyed by; T p = 4 +} +, the product (reje&ting thoſe Terms 
affected with the Powers or Rectangles of and 2) 122. is 122 = 
the Content of the Cone generated by the rotation of the Triangle Ty about its 
Axis T p; from which ſubtrading the leſſer Cone = 72> the remainder will be 
the Analytic Value of the Reſected Cone generated by the rotation of the Trapezium 


PM wp about its Axis P p, wit, $23 Th 2= = (becauſe r5z=y x) = 


2 () Now 227 i = 0 cla e bythe mange 


the Rectangle P M Rp about the Axis Pp = to the Fluxion of the Conoid. 


CORROLARY. 


196. The Fluxion of any Solid 8 rotation of any Curve Line about 
its Aris, is equal to the Area of the Baſe multiplyed into the on of the Axis 
or Abſciſla, . 


vill be 
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197. If there be two Curves A MF, AN G applied to the fame Axis AO; and if 
the Ordioate of the firſt Curve P M be =», and that of the ſecond P N = L, then will 
the Conoid generated» by the rotation 
of the Figure A M F O about its Axis | Fn 
AO, de to the Conoid generated by 
the rotation of ANGO about its 
Axis AO as the ſum of all the Cy- - 


inder = 9.9 + is tothe ſum of all the 


Cyliaders =- C 8 f, or (dividing by © 


x and putting 8 for the Sum of all) as 
%s that is, as all the Circles deſerib d by the Ordinates of the 
irſt, are to all the Circle deſcrib'd by the Ordinates of the ſecond Curve, and divi- 
diog by , as the Sum of all the y y is to the Sum of all the xx, that is, as the 


Sum of the Squares of the Ordinates of the firſt Curve is to the Sum of the Squares 
of the Ordinates of the Second. 


198, If the Solid generated by A M F O be ſubtracted from the Solid generated 
by ANG O, then the Concave Solid generated by the rotation of the Figure 


ANG FM about the Axis A O is 2 5 W — 


And if two other Curves A D O and AK L be applied to the fame Axis AO, 
and if PD be =«, and PK , then the Concave Solid generated by the rotation 


IIe 


of AKL OD about AO vil be = $ ——=— 
Whence the Solid generated by ANG FM will be to the Solid generated by 
ESSEX -er cr - N- eee 
AKL ODS 2 7 VINE 27 45 „ 


that is as the Sum of all the Armillz generated by the rotation of MN, , & 
about the Axis A O, is to the Sum of all the Armillæ generated by the rotation 


of DR, 4k Ge. about the ſame Axis A O; and again, dividing by — , as 8K — 


y1istoS - that is,as the Sum of the differences of the Squares of P N, y M ee. 
is to the Sum of the differences of the Squares of P K, P D, r. whence maki 
2-5 =f, ands —« =g, theſe Solids will be to each other as 9 (becauſe 


2 ＋ gx tm =22z—jy=z-jxf=f+27xf) isto2gu-+gp 


CoROLLARY I. 


199. Concave or Annular Bodies compoſed of Rings or Armillz may be expreſs'd 
by the differences of the Squares of their reſpe&ive Ordinates; And the Fluxi- 
ons of ſuch Solids are found by multiplying the Area of any Annulus or Ring by the 
Fluxion of the Axis. 


COROLLARY II. 


If the ion of / to - be invariable; and it it be always 7: 5 :: 22:70, 
then the Conoid generated by the rotation of AN G O about A O is to the Co- 
noid generated by AM F O about AO, asris tos, ene. 
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COROLLARY III. ve 


And if the proportion be always r:s :: 22— 5:2 Then the Annular Solid 
Solid generated by the rotation of ANG FM about the Axis A O, is to the Conoid 
generated by the rotation of A D O about AO as ris tos; and if r be , then 
that Annular Solid will be = to this Conoid. 


COROLLARY IV. 


Hence it is evident, if the Loca of any two, v. g. x and y be taken at pleaſure, we 
find that whereunto « belongs; for putting AP = x, ſuppoſe ⁊ to be the Ordinate 
of the Parabola AN G O, ſo that 2rx = zz, and let » be applied te an Ifo- 
ſceles Triangle A F O, then) is = x; and becauſe zz — y =, therefore if we 
Subſtitute the Values of ⁊ and y, we have2r x— x x = u whence 'tis evident that 
PD = «is an Ordinate to the Semicircle ADO, whoſe Center is c. Therefore if a 
Parabolical Conoid be generated by the rotation of the Parabola ANP (whoſe 
Parameter is = 27) about the Axis AP, and a Cone by the rotation of the Trian- 
gle AMP about the ſame Axis, the exceſs of the Parabolical Conoid (or ot all 
the 27 x) above the Cone (or all the x x) is = to the Portion of a Sphere gene- 
rated by the rotation of the Segment of a Semicircle A P D abour its Axis AP. 


COROLLARY V. 


If we aſſume a fourth Figure AKL O whoſe Ordinates PK, &c, are always =, 
and if we ſuppoſe - =22 — 2 5, that is, if the Annular Concave Solid 
generated by the rotation of AK LO D about AO be equal to the Annular Con- 
cave Solid generated by the rotation of ANG F Mabout A O. Then any three of 
theſe Quantities being given we may find the fourth. | 


COROLLARY VL 


And if the Axis of rotation (or motion) B E be without the Ambit of the Figure 
LGA; the ſame proportions obtain for putting E = , and EL =; the An- 
nular Solid generated by the rotation of the Figure L A G about the Axis B E may 


be expreis d by S 2 = (putting L. X -) 2f3-þ+f f. 


200. And becauſe the Mixtilineal Plain A OF conſiſts not only of the Trapezia 
P Mm p, but alſo of the Trapezia MN » m, if we ſuppoſe theſe Trapezia to re- 
yolve about the Axis A O, every one will generate a Tube or Cylinder hollow in 
the middle, and the Sum of all thoſe Tubes is equal to the Conoid generated by 
the rotation of the Figure A MF O abont the Axis AO. 

And to find the Values of thoſe Tubes or hollow Cylinders, retaining the former 


Symbols, ſuppoſe PO MNS =; R= N=, and on = (becauſe PM 


= ON =) J-+3, andmn = x — x; then the Re- 
ected Cone generated by the rotation of the Trapezium 


A 


MP about Pp is = E, to which add the Cy- 


linder generated by the Rectangle ponm about 


ey Xx 20x — 4324 
AO, * 2 2 de ſum is = 


P 


2r 
cyjx-+2ccx ; 
Oo F by the ro- 


{Iu tation of the Pentagon P Mm O about the Axis PO 
from which if we ſubtra® the Cylinder generated by the Rectangle P M NO about | 
, PO 


4} * > 
—_ by £ 
= » 
 £ hw 
* 
* 
* 


= 
= 
"©. 
5 Ts 
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ro = , the remainder is the Solidity of the Tube generated by the Tra- 


pezium MN » m revolving about P O, viz, 2 = to the Fluxion or lafini ly lit- 
tle Increment or Decrement of the Conoid. + 


COROLLARY. I 
201. But if OF= AB be = , and AO=BFbe=b, then the Fluxion of the 
Cylinder generated by the Reftangle A BF O about the Axis A Ois L 


COROLLARY II. 


Hence to find the Fluxion of any Solid conſidered as compoſed of Tubes or Cy- 
lindric Surfaces ; multiply the circumference of any Tube by its Altitude, and that 
product by the Fluxion of the Ordinate, ſo have you the Solidity of the Tube, or 
the Fluxion of the Solid. | 


* 
* 


COROLLARY Ii. 


Let the two Figures AN G O, A M F O be applied to the ſame Axis A O, and i 
poſePN=z;PM =z, AP = x; (R. is Pags 163.) then the Solid generated by 
the rotation of ANG O about 8g As drawn through the yertex A parallel to the 


c TX 


Ordinatesis S ——— and the Solid generated by A M F O about the ſame Aris 


cyxx 
* 
1 


Ars 28 


Whence that Solid is to this as S js to S =, and dividing by x, as 8 


7 r 


% that is, as all the Cylindric Surfaces deſcribd by the Ordinates PN 


ce, at their reſpective diſtances from the Axis of rotation, in the firſt; are to all 
the Cy lindric Surfaces deſcribd by the Ordinates P M Cc, at their reſpective diſtan - 


ces from the Axis 4 A #, in the ſecond Solid. And dividing again by c the firſ 


Solid will be to the ſecond, as Sz. * is to Sy x, that is, as the Sum of all the Rectan- 
gles comprehended under the Ordinates and Intercepted Diameters in the firſt are 
to the Sum of the reſpective Rectangles in the Second. 


SCHOLIUM. 


If PMor ON be , andPO=NM = x, Pp=%, R= =7; then the Red: 
angle MN O or xy is the exponent of the Ratio the $0 grand LA IE 
beth about A O and OF, and therefore to avoid all error in i ; If the Solid 


be deſigned by the Rectangles x y, reduce them to their Fluxions x or y; for 
then all the Ze = conſtitutes the Solid generated by the rotation of A MF O about 


OF, and all the r conſtitures the Solid generated by the rotation of the ſams 


Figure A M F O about AO, uu 202. Laſtly 
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202. Laſtly, let the two Figures AMF and BND be applied to equal Lines 
AF, BO, io that the Abſciſſæ AP, BQand the Fluxions Pp, Qę, be always equal, 
ſo that we may conceive them as applied to the ſame . Axis, whic ought to be care- 
folly obſerv'd. - 


Then ſuppoſe AP =x= BQ,Pp Q =x, PM=y, QN=z, AG=6; 
and BG = d, both determinate. And let GH be the Axis of rotation, then 
| the Solid generated by the rota- 

tion of A M F about the Axis GH 


SY generated by BD O about the ſame 
IN | Axis HES AH 
1 | | 3 
11 P Whence that Solid is to this, 


9 $ LEE IETE is to $ 


ä — or as (dividing by the Invariable x) 8 3 is to $ 
dex Ex 


g that is, as all the Cylindric Tubes generated by P M revolving about 
the Axis G H are to all the reſpectiye Tubes generated by Q N about the ſame 
Axis G E, and again dividing by — as $ yy x isto $4% + * chat isas all 
the Rectangles comprebended under the Ordinates PM and QN and their reſ- 
pective Diſtances from the Axis of rotation GP, GQ. 


A General Corollary. 


203. To laveſtigate the Dimenſions of any Solid is the ſame thing as to find the 
Flowing Quantity of the Fluxion of the Solid. For the 2 Quantity of any 
Fluxion is equal to the Sum of all the Fluxions, and the Sum of all the Fluxions 


PROP. I. 
To Inveſtigate the Solid content of 4 Cone. 


204. Let the Cone be formed by the revolution of the R Triangle A DB 
about the Axis (Fig. 2. # Pag. 71.) AD, and let the cular MP, mp be 
drawn ; tis evident that thoſe Perpendiculars will deſcribe Circles, and that the Sum of 
all thoſe Circles is equal to the Gone. 


Suppoſe A D = , BD = r, the circumference of the Baſe = c, AP = x,Pp==x 
PM =7, then is— = Area of the Baſe: And to find the Area of the Circle 


dieſcrib d by PM; fay,r:c:: 7: = which multiplyed by 7 = Radius; the Produd 


22 = Area of the Circle defcribd by P M, and if this Area be multiplyed by 


= the Eluxioa of the Axis, the Produft 2 is = to the Fluxion or Element of 
the 


. 
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the Cone, Now by ſimilar Triangles, »: y :: 217, therefore x = ©7 and & = 


r 
a2 . —_— x. c , 
2, and conſequently the Fluxion of the Solid 2 is = ©5777 and the Flon- 
ac? 


ing Quantity thereof is 67 7 © £9 the Value ot that part of the Cone deſcrib'd by 
the Rectangular Triangle AP M, and the Value of the whole Cone (when x becomes 


= 4, and y r) is ===. 


/ 


CONSECTARY I. 


205. A Cone is to a Cylinder of the ſame Baſe and Altitude, as 1 is to 3. Hence to 
find the Solidity of a Cone; multiply the Area of che Baſe by + the Altitude, the 
Product is the Content of the Cone. | 


CONSECTA RY II. 


This Proportion holds true alſo in a Partial Converſion; thus if the Rectangle A B E 
be turn'd on its Axis from (Fig. in Pag. 161.) E to l, then the portion of the Cylinder 
generated by that Partial Converſion, is to the Portion of the Cone generated by the 
Conyerſion of the Rectangular Triangle APE from E to I, as 3 is to 1. 


PROP. II. 
To Inveſtigate the Salidity of « Sphere. 


206. A Sphere is deſcribd by the revolution of a Semicircle A MD about the 
Diameter AD, and if from every point in the circumference we may imagine Per- 
pendiculars (Fig. in Pag. 73.) MP, mp Ce. to the Diameter AD, they will deſcribe 
each a Circle, and the Sum of all the Circles is equal to the Sphere. 


Suppoſe the Radius P D r the Circumference c, PM, AP =x,Pp==x. 
now to find the Area of the Circle deſcribd by P M. Say, 1:6: y; 2 „ Which 


multiplyed by 4 y, the Product 27 is = the Area requir'd- Multiply this Area by 


x the Fluxion of the Axis, and we have 2 2 the Fluxion of the Sphere. But 


by the property of the Circle yy = 2 1 x— x x; and conſequently 2 is = e 


x x — —— and the Flowing Quantity thereof is © — ©=> = to the Por- 


tion of the Sphere deſcribd by AMP and the Value of the whole Sphere (when 


7 17 


8 
x becomes 27) 2crr — - 


A Sphere may be conſidered as compoſed of an Lafinite number of Pyramids, 
whoſe Vertex's are in the Center, and whoſe Baſes are Infinitely little portions of 
the Surface of the Sphere, therefore if the Surface (which is the Baſe of all the y- 
ramids) of the Sphere, vm, 2 cr be multiplyed by 4 the Radius or common Alti- 
tude of the Pyramids, the Product 3 g r r is = to the Sphere. I 


= een 


CONSECT. 
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CONSECTARY I. 


207- A Sphere is to the Cube of its Diameter, as 3 the Circumference is to four 


times the Diameter; for 4crr:8r3 :: 4c: Br, 
CONSECTARY IL | ” 
The Sphere is to the Circumſcribd Cylinder as 2 is to 3; for the Cylinder is = 


crr. i 


CONSECTARY III. 


Spheres are as the Cubes of their Diameters for they are in a Ratio compounded 
of the Rationes of their Circumferences, and the Squares of their Diameters; chat 
is, in a Triplicate Ratio of their Diameters. | 


CONSECTARY IV. 
A Cone, whoſe Baſe is equal to a great Circle of the Sphere, and whoſe Height is 


crr 
— 


equal to the Diameter of the Sphere. is to the Sphere as x is to 2,for the Cone is = g 


CONSECTARY V. 


A Cone, a Sphere and a Cylinder of the ſame Height and Diameter, are as 1, 2, 3; 
and the Cone is equal to the Exceſs of the Cylinder above the Sphere. | 


PROP. III 
To Inveſtigate the Solidity of all ſorts of Parabolical Conoids, 


208. A Parabolical Conoid is generated by the revolution of the Semi- parabola 
AD B about its Axis AB. Draw any Ordinate PM = y, and p parallel to and Infi- 
nitely near the ſame, and ſuppoſe AB =, APS x, 
PG⁵ S Y x, BD , and the Circumſerence deſcribd by the 

int DS e; now this Solid may be conſider'd as compo- 

of an Infinite Number of Circles (parallel to the Cir- 
cle of the Baſe) deſcrib'd by the Ordinates as Semi-diame- 
ters; and to find the Area of the Circle deſcribd by P M, 


ſay, r:c:: 5: —- = to the Circumference deſcrib'd by 
the point M, and conſequently the Area of the Circle 
whoſe Radius is = PM is =<L2 which multi plyed 


by x the Fluxion of the Axis, the produft 2. = is = to the Fluxion of the Solid; 
now the general Equation expreſſing the Nature of all ſorts of Paraboloids is y ® = # 


therefore y y = x, and the Fluxion of the Solid 2 is = 


— 


35 
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Flowing Quantity, or the Solid it ſelf is = 2 8 = 6 M 
= to the Solid generated by the revolution of the Figure AMP about its 
Axis AP; and conſequently the Value of the Solid generated by the revolution 


of the Figure ADB about the Axis ABis = ——. x, ber. 
2m ＋ 4 


—— * 


COROLLARY 


Hence if the Equation of the Curve be «x = yy, then mw is = 2; and —— 
x ber is = 4 ber, and conſequently the Parabolical Conoid is to the circumſcribd 
Cyliader (becauſe the Cylinder is ==) as 1 is to 2; and the inſcribd Cone is 
to the ſaid — as f is to 3, therefore the Cylinder, the Conoid and the Cone 


are as 6, 3, 2. 


PROP. IV. 


To Ixveſtigate the Value of the Solid 
Space AMD 1 about 


8 by the revolution of the Parabolic 
line DT parallel to the Axis. 


209. Let the Ordinates PM, pm be produc d to 4. then tis evident that the 


ſaid Ordinates MP, e, (Fig. in Pag. 168.) will deſcribe Circular Surfaces, 
which will be theElementa of the Solid whoſe Value is 


uir d. 
Suppoſe B D or A T = r, the Circmference deſcrib'd by the PolneB = e, AP = x, 
PMS, and MQ= r—7; then ſay, r:c :: : = to the Circum- 
ference deſcrib'd by the point M. Therefore the Area of the Circle deſcrib'd by 


— 7 4 
MQis = — , which being ſubtracted from the Area of the 


Circle deſcrib d by QPorDB (A) the remainder — is = to 


the Area of the Annulus deſcribd by PM, which being aca by æ, the _ 


2 cr x—e x 
du —— 7 22 
2 7 
4 8 
Zcrͤ X — er „* 


y and conſequently the Flowing Quantity or the Solid generated 


is = to the Fluxion of the Solid = (becauſe 5 = x" ") 


— 


m 1 8 


by the rcrolution of the Figure AP M about the Axis TQ is = 
4+: N 6 + „ 

wh IC 

the Value of the Solid generated by the revolution of the Figure ADMB about the Ax- 

isBT is = (becauſe then a becomes = band 3 =1) = F 

And if a x be = yy, then m= 2, and the Value of the Solid generated by the re- 

volution of the Parabolical Space AMD B about the Axis DT is = $6ber— 


ler Ii ber, 


1 C ORO L 
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COROLLARY. 
The Cylinder circumſcrib'd about this Solid is to the Solid it ſelf as 6 is to 3. 
PROP. V. 


To Inveſtigate the Value of the Solid generated by the revolution of the Para. 
bolic Space AMD B, about the right Line A T which touches the Para- 
bola in the Vertex A. 


210. Imagine the Axis AB to be divided into an Infinite Number of equal parts, and 
the Ordinates P M, p , perpendicular to A B and Infinitely near one another; then 
tis evident that thoſe Ordinates will deſcribe * Surfaces, which will be the 
Elementa of the Solid whoſe Dimenſion is requir'd ; Suppole AB=r, AT ==, AR 


PM AP =y, Pp =y, the Circumference deſcrib'd by the point B e; 
then the Cylindric Surface deſcrib'd by B D will be = 6 c: and to find that generated 


by PM, ſay, ABxBD (by) : be:: (r:c) AP xPM (x)): —= to the Cy- 
lindric Surface or hollow Tube deſcrib'd by PM, which being multiplyed by Pp = 75 
the Product 2 is = to the Fluxion of the Solid ; bur by the property of the 


Curve y=x", andy" = 2, therefore the Fluxion of the Solid 2% is — 


4$.41* | 
6 . ; id j eee 
ores and the Flowing Quantity or U 
L +2 


—.— — 3 — = to the portion of the Solid generated by A PM, 

(Fig. in Pag. 168.) and conſequently the whole Solid deſcrib'd by AMDB is = 
m 

(becauſe then 7 = x, and x =b) n= YH be r. 


COROLLARY I. 
211. If the Equation of the Curve be 42 = then is = 2, and the Value 


= . 
c 


COROLLARY II. 


This Solid is to the circumſcrib'd Cylinder as 4 is to 5, for, 1 ber: 5 bert: 
4: 5+ | 


COROLLARY III. 


And the Solid generated 8 AMD T is = 1. 1er; for the 
Solid deſcrib'd by AMDB is to the ci crib'd Cylinder as 4 is to 5, the refore 
the Solid generated by AMDTis S of $bcr = , ber. 


PROP. 


Value 


er:: 
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PROP. VL 


To Inveſtigate the Value of the Solid generated by the revolution of the 
Parabolic Space AMD B about the Baſe B D. 


212. Suppoſe A B =, BD = , AP , PBS -, PM = 3; then it is evi- 
dent that the Ordinates P M deſcribe Cylindric Surfaces or Tubes, which are in a Ratio 
compounded (Fg. in Pag. 168.) of their Rays and Heights, and conſequently the Cylindric 


curface deſcrib'd by the Ordinate P M is = — — and the Fluxion of the So- 


5 


cry xX—cxyx 
r 


lid is = 3 but by the property of the Curve x . and „ r, 


4 442212 » 


therefore the Fluxion of the Solid is = — — „and the Flow ing 


7 


122 
m 2-1 m 6 


x c * — — x —ͤ — c ti 
— 1 2 x 7 to th Portion 


Quantity is 


of the Solid deſcribd by the Space A M = TI TT OS 


2 m +1 7 


and conſequently the Solid deſcribd by the whole Space AM D B is = oe x 
Fo | 


And if the Equation. of the Curve be ax = yy then is = 2, and the Value of 
the Solid generated by the Space AMD B about the Axis B Dis = ler — lber 
Siber; and the ſaid Solid is to the circumſcribd Cylinder as 8 is to 15. 


PROP. VII. 


To Inveſtigate the Value of the Solid generated by the revolution of the Hyper- 
8 bolic Spate BAMFEC about the Aſhmptote C E. * 


213. Let the portion of the other Aſſymptote B C be r, and draw the Ordinates 
P M, p n, parallel and infigicely near each other; and ſuppoſe PM =, CP x, Pp 


—=x, BA; and the Circumference deſcrib'd by the Point B e]; then tis evident 
that the Ordinates P M, (Hg. mPag. 75.) will deſcribe el Cyhadric Surfaces ; 
and that h e is = Surface deſcribd by B A. Whence to find that deſcribd by P M, ſay, 


CB x BA (br) :be :: CPxPM(xy): = Surface requird, and 


r 


cx * 


—*— = the Fluxion of the Solid. Now the Equation expreſſing the Nature of 


r . | 
all forts of Hyperbola's in relation to their Aſſymptotes is y * ( being a negative 
number whole or broken) = x, and conſequently y = x* therefore the Fluxion of 


L +1 * 


the Solid is - 2 „ and the Flowing Quantity is — 1 * 
222 

e * n c * * _ — 

* the Solid de ſcribd by the Hyperbolic Space 


E CPMF, 
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ECPMF, and conſequently the Intire Solid generated by the revolution of 

CBAFECis (becauſe then x becomes = 7, and y = b) ——- «ber. 
CONSECTARY. 


214. In the Apollonian Hyperbola as , and „ = — 71, therefore 
” Eh —1 1 | T7 b a> F.; 
. gre Op : x ber = Jas RI therefore the 
Aid Solid is double the Cylinder generated by the revolution of the Rectangle 
AC about the Aſlymptote A E and thus we have the Demonſtration of a Paradox, 

wiz. that an Infinite Space does generate a Solid of Finite Dimenſions. . 


PROP. VIII. 


To Inveſtigate the Value of the Solid generated by the revolution of the Hyper- 
: bolic Space H AMF EE about i Aſſymptote C B. a 


215. In this Geneſis tis evident that the Ordinates P M, p »» deſcribe Circles which 
we may conſider as the Elementa of the Solid; and if we ſuppoſe (Fig. in Pag. 75.) BA 
erz the Circumference deſcribd by the point A = c, and the Area of the Circle = 


=; CB=b. then the Area of the Circle deſeribd by PM will be = 27 


bs 
* 


and 22, = to the Fluxion of the Solid; but x y = b r, then y = 


2, u the Fluxion of the Solid ZL is = 
xXx 2r 


bberrs bbers? 
—_— 
2r7XxX 


bb >. "MP 
the Flowing Quantity is = * (when x becomes =b) 


3 2 


><? = tothe Value of the Solid deceribd by the Space AM FE CB about the 


4 , 


Axis C B; but 22 is = <= and the Flowing Quantity is = 


2 17 


m 
m 2 
421 
* 


27 


* = to the Solid generated by the revolution of B A M p, and conſe- 


quently the Solid generated by the rotation of the whole Space is — 4 

RY Logs | 

x 6 
2r 


COROLLARY. 
In the Apollonial Hyperbola 7 *=x and as = xy and mw = — 1, therefore 


By 


> WS. = uo 


tv | 


1 


Mi 


: 3 Iv" 32 
Solid LIE is = CEE 2r £*_ od the Flow 
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PROP. IX. 


To Inveſtigate the Value of the Hyperbolical Conoid, generated by the revolution 
of the Hyperbola A MD, about A 


216. Draw the Perpendicular BD = v, and the Ordinates PM (y) and y; 
now its evident that thoſe Ordinates will deſcribe Circular Surfaces, and that all 
the ſaid Surfaces are equal to the Conoid. 

Let the Tranſverſe Axis AObe=26b, AB = d, OAS zT AP=x, 


pp=#, PO=2b-+x; then by the preceeding Me- 


thods, the Fluxion of the Solid is = = „and ye: 


dd+2db:: : xx+ 2b x; therefore 3, = 


ET » and conſequently the Fluxion of the 


153 


" 2dd+qdb- 
ing Quantity or the Value of the Conoid generated by 


P 
_\ 

„ erk I TLS | 3 
FFF l 5 
whole Solid generated by the Space A MD B is = (be- N 
cute then « = HL 93 berd 3 * 


6d+12b * 
CONSECTARY. 

217, The Circumſcrib'd Cylinder is to the Hyperbolical Conoid, as 3 4 +6 b 
jxto d-þ- 3 b; for the Cylinder is =*'" ; and if the Intercepted Diameter AB be 
equal to the Tranſverſe Axis A O; then the ſaid Cylinder is to the Conoid, as 
12 His to 5 l, or as 12 is to 5g. 

And if 4 be b, then the Circumſcribd Cylinder will be to the Hyperbolical 


Conoid, as 3 1 + 6 is to b 3 b, or as9 is to 4. 
And an Inſcribd Cone is to the Hyperbolical Conoid as 4 2 is to d -|- 36. 


Yy PROP. 
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PROP, X 


| CS Sphereid, generated by the Converſion 
Deen 7 


213, Draw the Conjugate Diameter B EZ 2, perpendicular to AD = 2,, 
draw Ordinate s PM = and another p infiaicely near Mp: 

13 hs then tis evident tas thoſe Ordinates wij 
deſcribe Circular Surfaces, which may be 
conſidered as the Elementa of the Spheroid, 
Suppoſe CP = x, APS - K, PD — 


e thenis ZZ = to the Ares of the 
Circle deſcrib'd by the Ordinate P M. And 


es == to the Fluxion of the Spheroid ; now 


by the Property of the Ellipfis, M P* (yy). 
AP x PD (aa—x3)::CE*(rr):AC 


= CEE, and the Flowing Quan- 


tity is =** — £7 = to the Value of the Solid generated by the coaver- 
fion of CPM E about the Axis CP, and conſequently the Solid generated by 


acr acr acyr 


ACEMA is = (becauſe » becomes =s) = — — — =—— , the double 


2 acyr 


is = to the whole Oblong Spheroid. 


whereof, viz. 


L EMMA. 


219. If the Circle A N D be deſcribd on the Axis AD as a Diameter, the Area 
of the Circle is to the Area of the Ellipſis, as the Tranſverſe Axis A D is to the 
the Conjugate Axis B E; for APx PD: PM⁴i :: AG GD: GH: PNq 614 
Therefore PM: PN:: GH: GI; and univerſally PM: PN:: CE: CF; there- 
fore SPM (that is the Area of the Semi- ellipſis AED) is to SPN (or the Area 
of the Semi- circle AFD) :: CE:CF :: the Conjugate Axis of the Ellipſis to 
the Tranſverſe. | 

Whence it univerſally follows alſo, that PMq: PN:: CEg: CF, and 
SPMgq:SPNgq:: CEgq:CrFg. | 


CONSECTARY I. 
220. The Circumſcrib'd Cylinder is to the Oblong Spheroid as 3 is to 2; for the 


- acr acr 


Semi-ſpheroid . 3: 2:3. And becauſe the Iuſerib'd Cone is = 4 the Clin 


der, it is = the Spheroid, 


C O N- 


(24) therefore yy is = yp — EE and 


ible 
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CONSECTARY II. 


A Spheroid is to the circumſcrib'd Sphere, as the Square of the conjugate Axis is 
to the Square of the Tranſverſe Axis; for if Ordinates PM, PN be drawa in the 
Ellipſe and ia the Circle, they will deſcribe Circles which are as the Squares of the 
ſaid Ordinates, that is, as the (Art. 219.) Square of CE is to the Square of CF; 
therefore all the Circles which compoſe the Spheroid are to all the Circles which com- 
poſe the Sphere; that is, the Spheroid is to the Sphere, as the Square ot the conju- 

ate Axis, is to Square of the Tranſverſe Axis; and any segment of a Spheroid, 
to the correſponding Segment of the Sphere in the ſame Proportion. 


CONSECTARY n. 


A Spheroid is to the Inſcrib'd = as the Tranſverſe Axis of the Ellipſis is 
to the conjugate Axis; for if Ordinates be drawn to the conjugate Diameter of 
the Ellipſis, they will deſcribe Cylindric Surfaces proportional to their correſpon- 
ding parts in the Ellipſe and in the Circle; but any Ordinate in the Ellipſe, is to 


its correſponding Ordinate in the Circle, as (Art. 219.) the Tranſverſe Axis of the 


Ellipſis is to the conjugate Axis; therefore the Spheroid is to the Sphere in the 
ſame Proportion. 


CONSECTARY 1v. 


Any Portion of the Spheroid is to the correſponding Portion of the luſeribd 
Sphere, as the tranſverſe Axis is to the conjugate Ki. : 


CONSECTARY V. 


The 1 * generated by the revolution of the Semi- ellipſe A B D about the 
tranſverſe Axis; is to that generated by the revolution of the Semi- ellipſe B A E 
about the conjugate Axis, as the conjugate Axis is to the tranſverſe Axis. 


CONSECTARY Vl. 


The Spheroid generated by the revolution of the Semi-ellipſe B A E, about the 
conjugate Axis B E, is to the circumfcrib'd Cylinder as 2, is to 3. | 


PROP. JI. 


To Inveſtigate the Value of the Solid, generated by the revolution of the Logs 
rithmetic 7 4 BCE, Aon the Aſſymprote C . * 


221. If we Imagine the Aſſymptote C E to be divided into an Infinite Number of 
equal parts, and an Infinite Number of Ordinates PM, p to be drawn, tis evi- 
dent (Fig. in Pag. 77) they will deſcribe Parallel Circles which may be conſide- 
red as the Elementa of the Solid; now ſuppoſing CB =r, P M=y, ande=to 


the circumference deſcrib'd by the point B, then is 17 — Arca of the Circle whoſe 


2” 


Radiug is = P , and —72= is =to the Fluxion of the solid; but by the pro- 


perty of the Logarithmetic Line £ = , therefore the Fluxion of the Solid | 
9 x 
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II =, and the Flowing Quantity is 222 = to the Solid gene- 


rated by the Infinite Space EP M A, and conſequently (when y becomes =») the 


acr 


COROLLARY 


222. The Solid generated by this Infinite Space, is to a Cone whoſe height is = 
to the Sub-tangent of the Curve, and Baſe = to that of the Solid, as 3 is to 2; tor 


acr 


PROP. XII. 


To Inveſtigate the Value of the Solid generated by the revolution of the Ciſſoi- 
| Vs dal Space 28 AB F, about its Aſſymptote B F. 1 


223. The ſame things being ſuppos d as in (Art. 110.) all the Ordinates of the 
Ciſſoid P N deſcribe Cylindric Surfaces which may be conſidered as the Elementa of 


(Fig. im Pag. 81.) the Solid; thereforeſayr: :: P BxPN(x Varx—x3): 


* rx — XxX exxvV2rx=—Xxx. 


, = to the Surface deſcrib'd by PN, and „ 
to the Fluxion of the Solid. 

And to fird the Flowing Quantity; Imagine the Semi-circle A M B to revolve 
about an Axis parallel to the Aſſymptote B F, and 2 through the point A; then 
tis evident that all the Ordinates PM will deſcribe Cylindric Surfaces, and 
LOT —=*Z js = Fluxion of that Solid, which being the ſame with that of 
the preceding or Ciſſoidal Solid, tis evident that the Solid generated by the revo- 
lution of the Infinite Ciſſoidal Space, about its Aſſymptote is = to the Solid gene- 


ted by the converſion of the generating Semi-circle, about an Axis paſſing the 
point A, parallel to the Aſſymptote BF. 


Another way. 


224. Retaining the ſame Symbols as before, BP (27 —x =b) istoP M (y ):: 
AP (x): PN (==); therefore bz is =xy ; that is the Rectangle BPxPN is 
always = the Rectangle AP PM, and conſequently the Cylindric Surface deſcri- 
bed by P N, revolving about the Aſſymptote B F, is equal to the Cylindric Surface, 


deſcribd by P M revolving about an Axis paſſing through the the point A parallel 


to the Aſſymptote BF, therefore their Sums muſt be equal, that is the Solid gene- 
rated by ENABF aboutBF, is = to the Solid generated by the Semi-circle 
AMB, revolving about an Axis paſſing through A. 


| 
( 
{ 


2 


i 
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PROP. XII. 


To hroeftigate the Value of the Solid generated by the revolution of the Cou- 
choidal Space BM AD E, about the Aſſymptote' D E. 


225. Let the Conchoid A MB be ſuch that drawing from the Pole C to any point 
(M) thereia, the right Line CM cutting the Aſſymptote in N, the right Line MN 
be always equal to the right Line AD); to find the Value of the Solid generated by 
that Conchoidal Space. 

Wich the Semi- diameter A D, deſcribe the Quadrant A K D, and from any point 
in the Diameter as P, draw the Ordinate P M; then tis evident that theſe Ordi- 
nates will deſcribe Cylindric Surfaces, which may be couſider'd as the Elementa of 
the Solid whoſe Dimenſions are requir'd. 

Draw the Line DR and MS perpendicular to the Aſſymptote D E, then the 


Triangles NS M, DRP are ſimilar, for the Angles MSN, R D are right An- 


gles, and MN is DR, and MS =DP. 


* * 5 
/ 
1 AF: Ta. 
E S * — D 


* 
＋ 
A 


Suppoſe AP = x, AC g=, AD=r,PC=a—x=6b PD=r —x=&d, 
PR=z and PM z: Then by the property of the Conchoid it is CP (5): 
PM (z) :: DP (4): PR () therefore by is always = dz, that is, the Re&- 
angle CPx PR is always = Rectangle DPxPM ; now the Cylindric Surface 
deſcrib'd by P M about the Axis DE, is as the Rectangle DPxPM; and the Cylin- 
dric Surface deſcrib'd by P R about an Axis parallel to the Aſſymptote D E, and paſſing 
through the Pole C, is as the Rectangle CPP R. Therefore the Cylindric Surfaces 
.Ceſcrib'd by the Ordinates P M, P R about their reſpective Axes are equal; and the 


Sum of all the Cylindric Surfaces deſcrib'd by P M about D E, compoſe the Conchoi- 


dal Solid, and the Sum of all the Cylindric Surfaces deſcrib'd by P R compoſe the $9- 
lid, generated by the Quadrant AKD, revolving about an Axis paſſing through C 
parallel to D E; therefore the Solid generated by the Conchoidal Space B AD E. 
about D E, is equal to the Solid generated by the Quadrant A K D, revolving 
about an Axis paſſing through C. | 


2 2 S EC. 


s  Fluxions: Or an Introdutfion 
SECT. VII 
The Uſe of Fluxions 


Is the Reflification of Curyes 


DEFINITION I. 


ET AZXD bea Curve conſiſting of an infinite Number of little right Lines 
ED, DX, XZ, &c. and let the right Line B E touch the Curve in E, and ſup. 
e the other infinitely little Portions of the Curve to be produc d, until they luterſect 
the Axis in the points T, M, N, R. 
| Cc. and aſſume EO=ED, and 
VO=Di =DX; alſo SV = 
31 =2,X = XZ, and ſo proceed 
until KIbe=7,8, = 6,9 5, 10 
, 11 = HA; then becauſe the 
right Lines A11; 11, 10; 10,9;9, 
838, 1, are infinitely little, and form 
Angles in 11, 10, 9, 8; it is evi- 
dent that they will degenerate into 
the Curve Al, Concave towards the 
ſame part with the Curve AD E. And 
if we ſuppoſe a Thread to be appli- 
ed to the Convex ſide of the Curve 
AZE, from A to E, and that 
one end being made faſt in E, the 
other end in A be mov'd along from A towards I, ſo that that part of the Thread 
which has left the Curve, be extended at its full length, then it is alſo manifeſt 
that the ſaid moveable extremity of the Thread, will deſcribe the foreſaid Curve. 
A, 11, 10, 9, 8, 1, Now the Curve A E is called the Exoluta, and the new 
Curve Ag l, is ſaid to be deſcribd by Evolving the Curve A ZE. 


DEFINITION u. 


And the Portions of the Thread H 1, Z1o, xo, Se. which are extended into 
ſtreight Lines, are called the Radii of the Evoluta, or the Radii of the Curvature 
in 11, 10, 9, Oc. 


CONSECTARY I. 


226. Hence it appears that the Ray of the Evoluta v. g. H 11, is equal to A H, 
the Portion of the Curve Evolved ; and the Ray of the Evoluta E l, is equal to the 
whole Curve A ZE. 


CON- 


r __, PE 


AH, 
o the 


; O N- 
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CONSECTARY II. 


If we imagine the Curve AZ X E to be a Polygon AHZXEof an iafinite 

Number of ſides, then tis evident that A the extremity of the Thread A HZ X E 
will deſcribe the little Arch A 11, on the Center H, 
with the Radius HA, until the Radius HA, come to 
be one ſtreight Line with the infinitely little Side H Z, 
which is next to AH; in like manner, the extremity 
of the Thread will deſcribe the Arch 11, ro, on the 
Center Z, with the Radius Z 1x, until Z 11 come to be 
one ſtreight Line with XZ, &c. and ſo on until all the 
Curve be Evolved. Whence tis evident that the Curve 
A 11, 10, 9, may be conſidered, as being compoſed 
of an infinite Number of Arches ot Circles A 11; 11, 
10; 10, 9; fe, Whoſe Centers are H, Z, X, &c. 


CONSECTARY III. 


Hence it appears that all the Rays of the Evoluta, touch the ſame as H 11 in 
H, 10 Z in Z, &. and that all the ſiid Rays are perpendicular to the Curve 
Aft, 10, 9, deſcribd by Evolving the Curve AHZXE: For, v. g Z 10, is 

r to the ſame in 10, becauſe Z 10 being produc d, paſſes through Z and 
X, the Centers of the Arches 11, 10, and 10 9. 


CONSECTARY Iv. 


Hence if two Curves begin in the ſame point A, and their Concavities look both 
the ſame way, as AE and A 1, and if any Line touching the Interior Curve AE, 
v. g. DS be always ndicular to the Exterior Curve A l, then the Portion of 
the Tangents Intercepted between the two Curves, v. g. D8, will be equal to 
AXD the Portion of the Interior Curve Intercepted between the beginniag A 
and the point of Contact D. 


CONSECTARY v. 


And becauſe the Curvature of Circles Increaſe in proportion, as their Radii De- 
creaſe; it follows, that the Curvature of the infinitely little Arch A 11, is to the 
Curvature of the infinitely little Arch 10, 9, as X, 10, is toH 11; that is, in 
the Curve A 11, 10, 9, Ce. the Curvature in 10, is to the Curvature in A reci- 
procally as the Rays, wiz. as HA is to X 10, or Z 10; and in like manner, that 
the Curvature in 9 is to the Curvature in 10, as Z io is to X 9; whence it is manifeſt 
that the Curvature of the Line A 11, 10, 9, C, Decreaſes continually in proportion 
to the Portion of the Curve A H ZX E, which is Evolved; fo that in the point A, 
where the Evolution begins, the Curvature is the greateſt that can be, and in 9, 
here the Evolution ceaſes, it is leaſt. 


CONSECTARY VL 


Hence it appears alſo, that the points of the Exoluta are nothing elſe but ſo many 
points determined by the Interſe&ions of the Perpendiculars to the Curve A xr, 
19, 9, Cc. the ſaid Perpendiculars being infinitely near one another; for inſtance, - 
the point X or E in the Evoluta, is determined by the Inter ſection of the right 
Lines 10 X, 9 X, which are perpendicular to the infinitely little Arches 11, 10 
and 10, 9; fo that if the nature and poſition of the Curve A;, 10, 9, and one 
ef its Perpendiculars v. g. 10 X, be given, to find the point X. where it touches 
the Evoluta, there is nothing elſe to be done, but to Inveſtigate the 1 X where 
the Perpendiculars 10 X, 9 E, Interſe& each other; for tis plain that that point 
ill be in the Evoluta. : PROP, 
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PROP. I. 


Ai Carve Line being given, to find the Evoluta thereof, that is, to find ano- 

ther by whoſe Evolution the given Curve ſhall be my - and to ſoew that 
from every Geometrical Curve, another Geometrical Curve may be found, to 
which an equal right Line may be aſſigned. 


227. Let AB F be any Curve, or a Portion of any given Curve luflected one way on- 
ly; and let LK be aright Line, to which all the points of che Curve are referred; 
5 and let it be requir d to find another 

Curve DE, by whoſe Evolution the 
given Curve A BF may be deſuibd. 


A Sup ſe the Evoluta CDE to be 
gp x 3 Thea becauſe all the Lan- 
. r gents of the Curve DE muſt needs 

ee perpendicular to the Curve A BF, 

7 deſcribd by the Evolution of D E; 


180 


\ 
Ni F E, which are perpendicular to the 
\ | Curve A B F muſt touch the Curve 


| CDE. | 
* e eee 
ſed infinitely near each other; then 


becauſe the Evolution begins in A, 
Y and F is the remoter point from A, 
therefore the point of Contact E, will 
be farther from A than D, and the 

int G, where the right Lines B D, 

E Interſect each other, falls beyond 
the point D in the right Line BD; 
for tis manifeſt that the right Lines 
BD, FE will meet, each being per- 
pendicular to the Concave part of 
the ſame Curve BF; and becauſe the 
points B, F are ſupposd infinitely near 
each other, therefore the points D, 
G, E, are infinitely near one ano- 
ther; and all the three points may be 
taken for one. Produce BF unto H, 
then the right Line B H will touch the 
Curve in Band F; draw B O parallel 
to K L, and draw BK, FL perpen- 
dicular to K L, and let B O Interſect 
FL (produced if need be) in P; and 
let the points where BD, F E Inter- 
N ſects K L, be marked with M and N. 

Now becauſe the Ratio of BG to GM, is the ſame as of BO to MN; tis 
evident chat if this be given, that is alſo given; and becauſe the right Line B 
is given in Magnitude and Poſition, the point G in B M produced, or the point U 
in the Curve (both theſe Coinciding) will conſequently be given. 

In all Geometrical Curves the Ratio of BO to MN is compounded of two 
Rationes, which are both given ; wiz, the Ratio of BO to MN is compounded 
of the Ratio of BO to BP, or of NH to LH, and of BP or KL to MN; 
whence tis evident that if thoſe two Ratio's be given, then the Ratio of BO to 
MN will be given alſo: and that they are given in all Geometrical Curves ; and 

uently that Curves may be aſſigned to every one of them, by whoſe Evoly- 
tion they may be deſcribd; and that therefore all Geometrical Curves being 
deſcribd by the Evolution of ſome Curve; and that theſe are reducible to ſtreight 
Lines, I ſhall endeavour in the next place to ſhew by the following Examples. 


EXAMPLE 


tis plain, that the Lines, v. g. BD, 
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EXAMPLE I. 


228. Let AB F be a Parabola, A its Vertex, and AQ its Axis; now becauſ the 
Lines BM, FN are perpendicular to the Curve of the Parabola, and BK, FL 
perpendicular to the Axis AQ, therefore (by the property of the Parabola) K M 
— L Nis = + the Parameter of the Axis; and taking away LM which is com- 
mon to both, there remains KL — MN. Hence becauſe the Ratio of BG to G M 
is compounded of the Rationes of NH toHL, and KL to MN, and this laſt is 
the Ratio of Equality, therefore tis evident that B G: GM:: NH: HL. And 
by diviſon BM: MG :: NL:HL :: (becauſe the points K and L are infinitely 
near each other) MK : KH 

Now the point B being given, the Ratio of MK to K H is alſo given, MK being 
— + the Parameter of the Axis, and K H=2 AK. 

The Magnitude and Poſition of B M is alſo given, and therefore if we produce 
RM unto G, and take MG to BM, 
as 2 AK is to + the Parameter of 
the Axis KM, the point G will be 
in the Curve RD E; and thus aſſu- 
ming ſeveral points in the Curve of 
the Parabola, we may determine as 
many points of the Curve RDE as 
we pleaſe; and conſequently, the 
line RDE will be a Geometrical 
Curve, and one of the principal 
Properties thereof, and from which 
the reſt may be deduced, may be 
lnveſtigated. 

Thus if it be required to find an 
1 expreſſing the Relation 
of all the points of the Curve R D E, 
to the right Line AQ; draw the Line D Q perpendicular to AQ, and let the 
Parameter of the principal Axis of the Parabola be = 4, AK =z, AQ=x, 
QD=y; then becauſe the Ratio of BMto MD, that is, the Ratio of K M to 
MQ isas g is to 2z, and KM =4} a, it follows that MQ = 2z. But M A is 
22 ＋ &, Ego AQ= 34 ＋ 3x, and conſequently z = 4x -. More- 
over, becauſe MK 9 4 44) :KBgq (at) :: MQq Gz): Q (yy) there- 


fore yy = 623 = (ſubſtituting 4 x - @ for ⁊ . 
5 ö 


— and con- 


ſcquently, 13 a yy = P54 Ys Now becauſe 3 & is an Invariable Quantity, take 
ARS 4, and then RQis =x— 4 a. Whence tis evident, that the Property 
of the Curve RDE, is ſuch, that the Cube of RQ, is always equal to the Square 
of the Ordinate QD, multiplyed into an Invariable Quantity #3 2; and conſe- 
quently the Evoluta RD E, is a Cubical Paraboloid , and the Parabola A B F, may 
de deſcribd by the Evolution thereof; and the Parameter of RDE is = 43 the 
m—_— and the Parameter of the Parabola is = £* the Parameter of the 
ara | 


CONSECTARY I. 


viz. ABF will be a Parabola, and the Parameter of the Parabola will be 
and the diſtance of A the Vertex of the Parabola, from R the Vertex of the Pa- 
raboloid is = + the Parameter, of the Parabola = ,þ p. 


Aaa 1 CONSECT- 


. ͤͤ—UrmU A nt At ts 1s 
* * o 


% CONSECTARY II. 
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111% 
a 


The Tangent DB, is = to the Portion of the Curve DR+ AR (or + ,4 p); 
And therefore to find the Length of the Curve DR, draw D M touching the 
Curve in D, and interſecting KL in M; then take MK = (becauſe MK is =; 
the Parameter of the Parabola = AR) 22 * and in the point K ere the 
Perpendicular K B, interſecting the Tangent D produced in B; then tis evi- 
dent that the point B, will be in the Curve of the Parabola AF; (although the 
Parabola, be not actually deſcrib'd) on the Center M, with the Radius MK, 
deſcribe the Arch of a Circle K C, interſecting M B in C, then is the Portion of the 
Paraboloidical Curve RD = DM CB. And to find the point M, through which 
the Tangent D M muſt paſs, take RM = (Art. 25) 3RQ, 


230. And to find the Ratio of OB to PB, or NHtoHL, in all other Geometri- 
cal Curves, beſides the Parabola, is very evident and plain; it being only needfv], 
to draw the right Line FH, to touch the Curve in the given point F, and E N, 

| perpendicular to F H; for then NH 
and HL are given, and conſequent- 


ly, the Ratio between them is alſo 
A 11 given. | 
nn * * But it is not ſo plain, how the Ra- 


1 — tio of KL to MN, may become 
1 known, which nevertheleſs may al- 
N a ways be found in manner following, 


\\ | Let the right Lines KT, LV be 
ir ndicular to K L, and let KT 
\..] = KM, and LV = LN, and 

: draw VX (or TX) parallel to LE, 


and interſecting KT (or LV) in 

X; then becauſ: the difference be- 

. tween LK and NM, is equal to 

Y the difference between LN and K M, 

or LV and K T, and the difference 

\ between LV and K Tis = XV; 

I. \ therefore (becauſe X T or XV is = 

7 28s. LK) NMS XV TXT; and con- 

„ HR ſequently, if the Ratio of VX to 

8 \ XI be given, then the Ratio of 

= 4 ON VXtoVX+XT, that is the Ra- 

—— 7 tio of VXorLK to MN will be gi- 

F 5 — — D ven alſo. 

/ p == And it muſt be obſerved, that be- 

| cauſe K T is =KM, and LV = 

Mp LN, the Locus of the Points T, V, 

> may happen to be either a ſtreigh: 

| RO 5 or a Curve Line, and if it be a right 

5 Line, as it happens when AB F isa 

. Coni- ſection, and KL its Axis; then 

| Cu it is evident, that the Ratio of VX 

to TX is given, the poſition of the 

Line T V being given, and the Ra- 

tio being always the ſame, the Inter- 

val KL being taken at pleaſure, | 

But m—_ 7 —_— Be AA bc 
according as the Interval K L is greater or leſſer. Now in this Caſe, we m 

be Rati een them will be, when the Diſtance K L is infinitely 

little; in which Caſe, the Points B _ F, and alſo V and T are infinitely near each 


other: And the infinitely little Line V T being drawn, will be a Portion of the Curie 
ccc 


as 2 r 
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touch the ſaid Curve in T. Now the Curve paſſing thro T and V is a Geometrical 
Curve; and conſequently the Sab-tangent may be determined: whence the Ratio of 
YK to K T, that is, the Ratio of VX toXT is given; and conſequently the Ra- 
tio of LK toN M may be found as is ſhewn before. 

It remains only to determine the Nature of the Curve TV, in order to find the 


Ratio between the Sub-tangent KY, and the Ordinate K T; which may be eaſily 


done, if we conſider that the Nature of the Curve AB F is given, and B Mis per- 
pendicular thereto; and conſequently that K M the Subnormal, or K T () the Or- 
dinate of the new Curve is alſo given. Now from theſe the Nature of the Curve 
TV, and likewiſe the Ratio between the Sub-tangent K V, and the Ordinate K T 
may be determined. Theſe Directions will be better underſtood by an 


EX AMP L E II. 


231. Let ABF be a Cubical Paraboloid (to which we have before aſſigned a 
Right Line equal) the Property whereof is, that the Cubes of the Ordinates KB, 
are Proportional to the Squares of 
the latercepted Diameters A K. 
'Tis required to find (or deſcribe ) 
the Curve CDE, by whoſe Evoln- 
tion the Curve Line A BF ſhall be 
deſcribed. 


Firſt, The Ratio of B O to BP 
is caſily found; for if we take 
AH = AK, and draw H B, it 
will (Art. 25.) touch the Curve in 
B, aud becauſe B M is perpendicu- 
lar to the Curve in B, the Lines 
MH and H K; and conſequently 
their Ratio, that is, the Ratio of 
BO to BP is given. 


Secondly, To find the Ratio of 
BP or KL to MN; Draw the Lines K T, LV perpendicular to K L, and equal to 
KM, LN; then is VX + XT = MN, and KL: MN: : VX: VX-EXT, 
And to determine this Ratio, when the Diſtance K L is infinitely little, we muſt find 
the Locus, that is, we muſt determine the Nature of the Line which the Points T 
and V terminate in : To do which, Let the Parameter of the Paraboloid ABF be 
S AKk=akT=y 

Then becauſe K H: KB: K M, and HK = fx, and KB = (by the property 


of the Curve) r, therefore x: ax x? $2 7 = KN 2 


$X4axx?* 842 x4 


Ki =; and conſequently 27 2 725 


evident, that the Locus of the Points T, V, is alſo a Cubical Parabola (of another 
kind; ) and therefore if we take AY = 2 AK, and draw TY, it will touch the 
Curve ia T; therefore VX: XT :: VK: KT, and VX:VX+XT::YK:YK 
KT: : KL: MN; whence the Ratio of K L to MN is given, and the Ratio of 
OB toPB was found before; ergo the Ratio compounded of both, that is, the Ra- 
tio BD to DM is alſo given, and by Diviſion, the Ratio of BM to MD, and conſe- 
quently the Point D in the Curve DE, 


232. Hence to conſtruct the Curve DE: KT =KM = y, therefore MH is = y 
+2 x, and MH:HK::y+3x:4x:: (multiplying by 2) 25 +3x:3 x: 
Again, becauſe KY is = 3 x, therefore VK: YK+KT:: 3x: 3x-+y (that is, 
::KL: MN; ) now the Ratio of BDO to DM is com ed of the Rationes of 
BO to BP, and BP or LK to MN, that is, of 25 3 to 3x, and 3 * to 3 * 


TH 


= 88x = ); whence it is 
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y; O MN::2 y-3x:3x-+y :BD:MD, and by Diviſion, y: 30 
P N N b. whence ariſcs this eaſie 1J*3 


CONSTRUCTION. 


Draw A Z perpendicular to A K, and produce it until it interſect DB (produced) 
in Z; then becauſe B M: MD: : 5: 7-3 x; therefore BM: MD::KM:K 
| 3 AK:: MB: MB 3BZ; ego MDis = MB+ 3 BZ; whence we may eafi- 
ly find as many Points of the Curve CDE as we pleaſe; and any Portion of the 
Curve as DA, is equal in length to the Right Line DB, which meets the Parabo- 
loid A B at Right Angles in B, and touches the Curve CD in D. 


EXAMPLE III. 


If the Cubical Parabola A B F be ſuch, that the Cubes of the Ordinates be proporti- 
onal to the intercepted Diameters ; it is required to deſcribe the Curve CDE, ty 
whoſe Evolution the ſaid Cubical Parabola A B F (hall be deſcribed. 


233. Let A be the Parameter of the Paraboloid AB F, the Abſciſſa AL = , then by 


— 4 
the property of the Curve aa * = LB, and if B F touch the Curve in B, and being 
produced interſect the Axis in H, then (ſee Fig. in the opreſite Pag.) L H is =3AL= 
gx; let LM LV be= . 
— 2 — 
* aa * aax* 3 

Now becauſe HL : LB: LM =>, therefore IT © and TP 1 that 3.7 
= y 3, whence the Nature of the Curve IV is ſuch, that the intercepted Diameters 
AL, are reciprocally proportional to the Cubes of the Ordinates L V, and the Con- 
vex ſide of the Curve T V, is towards the Axis AL; and the Equation expreſſing 
the Nature of the Curve is ,5 44 =x y 3. Now the Ratio of BD to MD is com- 
pounded of the Rationes of BO to BP, or HMtoHL, and of BP or LK to MN; 
but LH is = 3 x, and LM = y, whence HM:HL :: 3x-1-y: 3 x, which Ratio is 
given, And to find the Ratio of LK to MN, LVis LM, and K Tis KN 
(by ſuppoſition) therefore L M is greater than K M. and conſequently LK is greater 
than MN, and LE—MNis=LV—KT=XT, whenceXV—XT is = MN, 
and conſequently LK: MN :: XV:XV—XT. 


Draw T touching the Curve VI in T, and interſecting the Axis in V, then the- 


Triangles TVX, TVK are ſimilar; and by the Property of the Curve, the Sub- tan- 
gent K Vis =3AK = 3x; whence LK: MN:: VX: VX - XT: : KY KY 
KT: : 3x: 3õ - y; ergo the Ratio of BO ro MN is compounded of the Rationes 
of 3x-|-yto 3x, and of 3 * to 3, that is, B D: MD:: BO: MN :: 3 4 
y:3x—y, and by Diviſion, BM: MD: : 2): 34 — 5. 


e - CONSTRUCTION. 


t E93 30 ſor aw 1 r 


22 06 wa oe .» ws ea. 
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CONSTRUCTION. 


Becauſe B M: MD 21 22:3 * , therefore BM: MD :: 2ML:z3AL— 
ML:: 2B M:z3 BZ — BM: : MB: 


2BZ—+ BM, whence MD = | 

Z— +3 BM; and adding to both ſides H 

of the Equation MB, we have MD 

＋ MB = 4BZ-- BM; and if 

2 in R, and R — taken 

= } BZ, the Point D will be in the | 

Curve CDE ; and in like manner, in- = 2 : 1z 

numerable other Points of the Curve 

CD E may be found. .* B, 

| 5 

234. By this Method, the excellent x 2X 

Mr. Fugen calculated the following 8 \ 

Table, expreſſing the length of the — 

Radij of the Evoluta B D for all ſorts 3 LW 

of Paraboloides, for if the intercept- D | 

ed Diameter AL be = x, and the Or- E 

dinate LB , and the Parameter of 8 * 

the Curve = a, then, . a 

| "ax = y* Exam. 1. " BM + 2BZ” 

If the Equation ex-. x = y3 r +*BM ＋ 3BZ 

We. Jax” n N then 1 2 BM + 35Z 1 = ap, 
ture of the Curve * = y4 3BM + 4BZ| © 
AB F be 83 x = y# + BM -þ- $BZ 
E : : ec 3 


The uſe of the Table is thus: If a Quadratic Parabola 32 — v. g. that in 
Example I. Then the Equation expreſſing the Nature thereof is * =y* ; which 
I find in the Second Column of the Table, and right againſt the ſame, B M- 
2 BZ = BD; therefore if I aſſume any point as B, in the Curve, and draw B M, 
perpendicular to the ſame, and if AZ be drawn perpendicular to A M, and pro- 
duc'd until it cut M B (produc'd) in Z, and BD be taken = B M-þ+2 BZ, the 
point D. will be in the Curve CD E; which was requir'd. 

The Conſtruction of the Table is thus: 7 B M, by the Index of the Ab- 
ſciſſa (x) and M B Z, by the Index of the Ordinate y, and divide the ſum 
of both by the Index of , the Quotient will be = BD; by which eaſie and univer- | 


ſal conſtruction, the Table may be continued infinitely. 


EXAMPLE. 
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EXAMPLE. 


244: Let ABE, be & Curve deſcribd within the Rectangular Aſymptotes 
5K. and from any Point of the Carve as B, draw BK parallel 75 SR, and 
ſuppoſe SK = x, BK =, «= to an invariable Quantity; and let the Equation 


expreſſing the Relation of the Curve A BF to the Aſymptote SK, be „ =4 x15 
then the given Curve will be an equilateral Hyperbola ; tis regained 0 feline the 
Curve C D E, by whoſe Evolution the ſaid given Curve may be deſcribed. lang 

Let BY touch the Curve in B, and interſect the Aſy in V, and draw D BM, 
EFN dicvlar to the Curve in the Points B and F infinitely near each other, 
draw EL paratid to B R, and BO parallel to K L, then BD: MD ©: BO: MN; 


and the Ratio of B O to M Nis Compounded of the Rationes of BO ta B, or MY 


to V K, and K L to MN; now becauſe B V touches the Curve in B, and KY is the 
Sub- tangent, thereforeK'Y is = (An. 26.) SK j and if the Sub-Hormal K M 
be = , then MY is S x, and conſequently, BO: B P:: MV: TK y 
＋ u: x, and conſequently, the Ratio of BO to BP is given; and to find the Ratio of 
BP to K L, the KT = KM, and LV LN, connect the Points V and T, and 
draw ITX parallel to KL, then to find the Locus of che Polars T and V, the pro- 


perty of che Curve AB F is a# —— © * and - = =BK, ergo BK q = . which 


being divided by x, the Quotient ©; is = KM = KT = S io the Ordinate of 


the new Curve, whence the property of the new Out ve is 4+ , and conſe- 
quently, if T'S touch the Curve in IT, and interſect the Afymptote in 8, then the 
Sub- tangent Ks will be = (Art 28.) 4x = 4 SK; now the Triangles T VX and 
TES are ſimilar, therefore KL:MN :: TX: TX VX „: KS: KS KT: 
ix:tx-|5::x:x+ 37; now the Ratio of B O to MN being compounded of the 
Rationes of BO to OP, or M to VK, and KL to MN; it is alſo compounded of 
the Rationes of 3 to x, and x to x + 39, ergo BO:MN :: BD:MD :: 
:* ＋ 33, and by Diviſion, BM: BD :: 25: + x:: 2KM:K M-+SK 
:: 2 BM: BM-|-BZ :: BM:;3 BM++BZ ; whence BDis BMA BZ, 
which gives us an eaſie Method to the Curve CD E. 

In like manner, if the Equation of the Curve ABF be a * x, ora3 N, 
&c. the correſponding Evoluta may be Geometrically Conſtructed. 


FSE ae. 


” | | 


"SEAT K. . 7 88a 
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T0. 
To Ag A Right Line equal to the Carve Line A D E. 


236, Reſume the Figure in Definition I, and in the Triangle BET f. CE 
—TE, and draw CT; alſo in the ſame Triangle TDM fippote ME GE 


and draw M 12 ; and in the Trian- 
angle MXN, take X 14 N. X, 
and draw 14 N, and make LC = T 
12, LF =12,13=M 14, and ſo 
on until Gl be = 15, 8 = 16, 9 
= 17, 1o=Y 11. Laſtly, $ 

poſe B T, TM, MN, NV, . 
: BC, Tia, Mig, Se. = 5, 
then it is evident that the Right 
Line BA is = to the Sum of all the 


i and the Right LineB1 is = to the 
cum of all the :; and if we ſuppoſe 5 
the infinitely little Portions of the 
Curve DE, DX, &e. = x, then be- | : | | 
cauſe EI i = AZDE, therefore E1 is = Sum of all the x, and che whole Tangent 


RT "TH * 
B E is S £, and the Right Line BE, will be = AHE-|-$- (or BI.) | 
Let the Abſciſla AP be = x, the Ordinate DP = ,, Pp=x, ERS; then 
tis evident that TD: DP :: DE: ER, that 2g 3: 2: 5, and conſequently, 
Nom to find the length of the Curve ADE, deſcribe the Curve MN »1, and let 


the Ordinates thereof NO be DP , the Fluxian of the Abſciſſa O = S to 
the Fluxion of the given Curve; then | 
will Rube = = ER, and ow = 
-+ y, and the curvilineal Figure M, 
will be = 87; and þbecauſeir is ¶ ex 
b.) 3: : or RA: NR:: 
(= NO) : DT, is plain tha | 
the Sub-tangent of this ſecond Curve, BE I ef 
viz, OCis = to the Tangent of the 
firſt Curve, viz. DT; and Mo the intercepted Diameter of the ſecond Curve is 
=S 2 = the Curve Line A DE, and B'M is = 62 LEE 4 

Hence if the Nature of the Curve M N be laveſtigated, the Ordinate NO =y, 
and the Sub-rangent CO = = to the Tangent of the given Curve A D E being 
given, the right Line Mo = to the Curve ADE may be found. 

And thus the Rectification of Curves is again reduc'd to one general Propoſition, 
viz, the Ordinate N O, and the Sub-tangent C O being given, to find the proper- 
ty of the Curve MN L 

oy 8 GREASE the Curves being ſuppos d, the Propoſition may be 
ealily reſoly ; 

For Inſtance, let it be requird to find the Equation expreſſing the Nature of 
the Curve A M, the Ordinate M P be =, and the Sub-tangent PT being = () 
207... | 


Zrr 


* 


Suppoſe 
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Suppoſe Pp==x, MR =, MP =y, then :::: * 27 ::2:7; and let r he 


an Finvariable Quantity, then is r x = 2753 therefore applying ⁊æ from M to N. 
| there will be generated the Curvi- 
lineal Figure MPN, and if » he 


applied to x from P to K, then the 
R e APKS=rxwill be ge- 
nerated ; and this Rectangle A K = 


Sr» = 7x is = Sz y = Space 
273 

MPN, now « (375 7.2225 

theretore 3rz = 275, and z = 

277 whi 

. which ſhew that the Figure 


MN, is the complement of a Para- 


bola, and the Area thereof is = + 20; 
but all the x5 or * Zy is = Sr x = 
7 x, therefore * = 227; whence fr x = 3, which Equation expreſſes the 


Nature of the Curve A M, as was requir'd, that is, the Curve A M, is a Cubical Para- 
boloid, and conſequently TA = $: is = 2 AP, that is, the Sub- tangent : is (= 
s the Tangent of the given — AP =Sz+Ss=3Sz=3, the length 
of the given Curve; and vice verſa, if the Equation of the Curve be y rr x = 27, 
then gg = 5, and the Sub-tangent is = J. = (by Subliſ: ) +7” =to the Ve 
lue of the Subtangent given. E 


SCHOLIUM. 


If the Value of the Ordinate and Subtangent be gn, the Nature of the Curve 
may be inveſtigated, without having recourſe to the Quadrature of Curvilineal 
Spaces; v. g. Let it be requir d to find the property of the Curve A M, the Or- 


dinate being and the Sub-tangent = 21-3 2117 , fuppoſe AP = &, then 


the Fluxion of the Abſciſſa is = x and the Fluxion of the Ordinate is = z, whenc: 
zz __ 313+ 2fyy 
5 " 3xx+2rx 


2 f y 5, and finding the Flowing Quantities, % +r x x = y3 +f 9 G. LI. 


„ eg 3 & x+2rxx= 37% wy 


the Sub-tangent is = 


2 oy g a = 
7 8 
* 1 5 

| > 


> 


to Mathematical Philoſophy. 189 


PROP. III. 


The Nuture of the Carve Line AMD being given, and one of its P 
diculars MC; to find the point C, where it touches the Evoluta of the 


Carve AMD; that is nd the point C, in which the Perpendicalars 
MM C. mC infinitel near ad other, Concar. * 


237. Let AB be the Aris of the Curve A M D, and the Ordinates M perpendi- 

cular to the ſame, and imagine another Ordinate wp infinitely near MP, 
becauſe the points M, , are ſu —_— 

inflitely near each other, 
the point C, in which the Perpen- 
diculars Concur ; draw C E, parallel to 
the Axis A B, and interſectin the Or- 
dinates Mp, mp produc' in Ee; 
draw MR. parallel to AB; then the 
Triangles MRm, MEC are ſimilar; 
for the Angles EMR. CM being 
right Angles, and CMR being com- 
mon to both, the Angles EMC = 
RM. Hence. 


If we ſuppoſe AP=x, PM =p, 


oth MR =, Rm=3, ME (unknown 
5 = and R I =& M m = 
Va- 


Vx* + y* thenMR(=x) : M m Wx* + a y?)::ME(2): u = 


Now the point C, being the Center of the lInfinitely little Arch M, bet 
dent 8 the Geneſis of the Curve A MD, from the Evoluca) the Radius CM. 
which becomes Cm, when EM is augmented by Rm, will be ſtill the ſame, and 


wry 2 
neal conſequently, the Fluxion of (MC = . is = o, that is, ſuppoſing 


then "LALLY 8 AAN 17 12557 divided by x, or x 

henc: * ＋ yv N ata 5, dat I SIOEAT: bees 

— V NA. 

* 2 x* ＋ y? LE IT 
Whence ME (x) - = (putting y. for 0 —'—. And becauſe 


wm ONS 
the Triangles MR, MEC are ſimilar, therefore M R (#): ure +5%):: 


1 (© 2 MC= — +5 erty JETS 


— 25 — 25 


238. The Value of M C the Ray of the Evoluta, may be expreſs d in Terms conſiſt- 


ing of firſt Fluxions only, which will eaſily appear thus; M Cie= £ Vs" . 
and the Fluxion thereof is equal to nothing, that is, (ſuppoſing 3 lavariable) 


RO? 


Ccc S x 
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3 x Lee ee And 


x2? ; 1 2 


inultiplying by £2, we ſhall have z & NVE + p* + ax wt TI 22 
x \x* +5* o. And multiplying by x , we have % xx. i 


2 * * + 7 


+ 7x x* x * x* +7? * * o- And conſequently z = - 


. * . * % 
c TP ux 


=(becauſe æ = 2A, and becauſe the Triangles 
J'x Jx 
MRm, MEC are ſimilar, it is, MR (x): Mm (VV) :: ME 


2 


9 ): We = ** by xVe* +95* _ Mm? 
Jx Jx ”= 


—Now ſuppoſe Mn = , then MC is = * and let the univerſal diſſerential 
| y x : 

Equation expreſſing the Nature of all ſorts of Geometrical Curves be x =: y (u being 

any Quantity compos'd of æ or y, or both) whence x =? 3, and conſequently = i; 
yx 


239, And from this laſt Form, an univerſal Theorem conſiſting of Algebraic 
Terms only, may be deducd, expreſſing the length of the Ray of the Evoluta 
MC, in allſorts of Geometrical Curves. _ 1 8 
The univerſal Equation expreſſing the Nature of all ſorts of Algebraic Curves, is; 
12 uy 24 + b x” „ o, in which Equation, f x® repreſents all the 
Terms affected with x only, andg y* , thoſe affected with y only, and b x” y * repre- 
ſent all the Terms of the given Equation affected with x and y jointly. In the fame 
general Equation, # is an invariable Quantity, f, g, b, are the Coefficients of the re- 
3 Terms, and , »,r, s are the Exponents of the Powers of x andy; Laſtly 
uppoſe the perpendicular to the Curve, intercepted between the Curve and the Axis 
=, and the Subnormal = z,, it is required to find an univerſal Theorem conſiſting 
of pure Algebraic Quantities, expreſſing the length of the Ray of the Evoluta MC. 


The Fluxion of the general Equation is mf x" e 1 y-|-r batt, 
„ X ZXY 1y =0, and by Tranſpoſition, w f x" = ' x+rbat-t 1; = 
— ngj"-'; —5b x7 , ſuppoſe (for brevities ſake} thoſe Quantities multi- 
plied by x = p, and thoſe multiplied by y = 9, thenp+ = q y and & = - x 7: 


in the univerſal Form expreſling the length of the Ray of the Evoluta, viz. Xa 


ro * 

ſubſtitute the Fluxion of 5 for x ( becauſe 8 = m ) _ 2 28 A 
| 3 i . 

(becauſe f. 555 2: 4:5) and then , will be = . 

1 97 


Reſume 


S A Oo t ⅛ eser 
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Reſume the Quantities expreſs d by p and 7, and take their Fluxions, then 5 = 


mm —mf x"? xþrr—rba!-2 yi xdriber=tginty, and q = — 


— 


„eig yp —1rrrixbatytion ponrgb xr=tyet x; andfubſti g 
in place of p, 5, q, their reſpective Values, in the Equation - 3 


7 1-7 
nf *-1 x43 xz-+rbx'-'y'xa7 x4 


3 


there will ariſe -— * 


15 mom E - b 


A 25 2 — 12 zy3 — rib xr-1 yo *, 
and ſubſtituting , ) and x for , x, and y (becauſe theſe are always propor. 


tional to thoſe, for  : * :: „ 5, and *:5 :: 9: x) there will ariſe © (MC) = 


8:19 
rei rr 


„ 


n fan % = +n—nngy = 223 rr pr betty +27 ber 83 


—2r5xbx"-'5* xz Which expreſſes the Value of the Ray of the Evoluta 
in ordinary or Algebraic Terms; and the faid Ray may be determined by this 
Analogy z as the Denominator of this Fraction is to the Numerator, fo is unity 
to the Ray of the Evoluta. ; F Je 

And this Theorem may yet be expreſsd more ſimply, if the Fraction be divi- 


ded by = =T Q, and then it we ſay, as the Denominator is to the Numerator, 


ſo is TQ to MC. 


240. The Radius of the Curvature as 
well in Tranſcendent as Algebraic Curves, 
may be otherwiſe determined thus; Let 
the given Curve be A MD, then tis e- 
vident that if the Point M be given, then 
the Perpendicular M Q, the Tangent 
MT, the Ordinate MP, and the Sub- 
normal PQ are alſo given; deſcribe 
the new Curve LN, ſo that the Ordi- 
nate PN be always a fourth Proporti- 
onal to the Ordinate of the given Curve 
MP, the Subtangent PT, and any in- 
variable Quantity R (viz. PM: PT :: 
R: PN) whence the Tangents, Subtan- 
gents, Cc. of this new Curve will be 
given alſo; and if it be PT: PK :: 
QG:a fourth Quantity MC, then MC 
_— the Radius the Curvature 
in 


CHART = (because the Triangles] MPT, 


QTG, 


For by conſtruction M C is = 
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QTG, are ſimilar) "ETHEL = (becauſe the Triangles MTP, QM Þ 


. 


are ſimilar) = —— 

r 
ture of Tangents, becauſe PK: PN: X: RN, and MT: PT: : «: x, and M: 
Mp: 225 = R. = dividing by R x) — = to the Radius of the Cur- 
rd xy MR. * 


vature in M. 


241. But if the Curve be referred not to an Axis, but to one ſingle Point; ſuppoſe 
all the Ordinates B M, B to meet in the ſame Point B, and let the Arch M be infi- 
nitely little, and draw the Perpendiculars MC, 
»mC infinitely near, and mutually interſecting 
each other in C, the Point required. From C 
draw CE, Ce 2 —— to the Ordinates 
BM, Bm, and on Center B with the Radius 
BM, deſcribe the infinitely little Arch M R, 
then the Rectangular Triangles R M m, E MC, 
BMR, BEG, CeG are ſimilar ; therefore it 


we ſuppoſe B M = , ME =>», MR=,z 


Rm =, Mm = * + y*, we ſhall have 


| . 3 74 
CE or C. Y, and MC = * 5 
x x 
now the Arch M being infinitely little, the 
| 


Fluxion of MC is = o, therefore £ Vx * + y + xx 2 2 39 


divided by æ, (ſuppoſing  invariable) or & V + y* + IL L— divided by 


Ve +5* 

2 tat IL TT VI 0 Whence xz = . But BM 

* Ve! +5 —yy 0 

. ; 6 a 
(y) 208 (2) MRC) © and we ME, or Rm —Ge = 11 

* | | 
th i, ces th = EI, EHE 

«6 . wor * . mas” of pe 

and conſequently — 7 +xx* + x5 =3x* + 3.5% and by diviſion & = 
> {Ae 1! + lf 
x* +y* 53 


And if we ſuppoſe the Ordinates y to be infinite, the Terms x * and y will be in- 
comparably little in reſpe& of y, and conſequently, this laſt form will coincid 
with that in the Caſe, which is evident ly = becauſe then the * — 


become parallel een themſelves, and the Arch MR it Li 
8 — be Uelves, becomes a ſtrait Line perpen 


And 
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And becauſe the Triangles MR wm, ME Care ſimilar, therefore MR (x): M 
CEESSE ng (25 2 NI . Ve +5 
i ** ＋ 257 * ＋ 5A 


CONSECTARY I. 


242. One Curve can have but one Evoluta, becauſe the value of ME or MC is 
but one and the ſame. 


CONSECTARY uU. 


if the Nature of the Curve AMD be given, we may find the value of *, and » 


in x, or the value of K*, and y in), which being ſubſtituted in the preceed- 
ing forms, will give the value of ME cleared from all Fluxiogs, and in known and 
finite Quantities ; and drawing E C perpendicular to M E, it will cut MC the per- 
pendicular tothe Curve in C the Point required, 


CONSECTARY III. 


1 z 3 4 

If the Value of ME (= ada oa in the firſt Caſe, or = ene 
| 3 1 
in the ſecond Caſe) be Poſitive, we muſt take the point E on the ſame ſide with 
the Axis A B, or the point B, as I have ſuppoſed in the preceeding Calculation. 
Whence it is alſo evident that the Curve will be Concave toward the ſaid point 
or Axis; but if the Value of ME be Negative, we muſt take the point E on the 
ſide of the Curve oppoſite to the Axis A B, or the point B, and then the Curve 
will be Convex towards the Axis A B, or point B. 


CONSECTARY Iv. 


Hence in the Point of contrary Flexi, which ſeperates the Concave Part of the 
Curve from the Convex, the value of ME of being Poſitive will become Negative, 
and the Perpendiculars contiguous or infinitely near cach other, inſtead of converg- 
ing will afterwards diverge. | 


CONSECTARY V. 


But this can happen only two ways, for cither the Rays of the Evoluta (or the Per- 
pendiculars) increaſe as they approach the Point of con:rary Flexion or Retrogreſſion, and 
then they mult at laſt become parallel, that is, the Ray or Perpendicular becomes 
infinite, or the Perpendiculars decreaſe, and then in thoſe Points the Ray of the Evo- 


luta will become equal to nothing, 
SCHOLIUM. 


It has been thought that the Ray of the Evoluta is always inſinitely great in the 
point of comtrary Flea i; but it may be obſerved, that there are inſinite numbers of 
Curves, which in the Points of ccntrary Hexion have the Ray of the Evoluta 
infigitely little; and that there is but one ſort which can have the ſaid Ray infinite. 


Dd d 
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Let BAC be ſuch a Curve, that in A the Point of contrary Flexion, the Ray of 
the Evoluta be infinite. If the Portion of the Curve BA and AC be Evolved, be- 
ginning in the Point A, tis evident 
that by ſuch Evolution, the Curve 
Line D AE will be deſcribed, which 
will have the Point of _— * 
alſo in A, and the Ra . 
Evoluta in that Point will —4 2 to 
nothing; and if this ſecond Curve be 
Evoly "the Point of contrar) Flexion 
in the third Curve will be in A, and 
then the Ray of the Evoluta will be 
So, Oc. W it is plain, that in all 
theſe Curves, the Ray of the Evoluta in A, the Point of contrary Hexion, is = o. 


PROP. IV. 


If the Carve AMD be 4 Parabols, and AB the Axis, and if Mac 
be drawn perpendicular to the Carve in M; "tis required to determine the Point 
C in the Evoluta of the P arabola. 


243, Suppoſe the Parameter of the Curve 4, then the Equation expreſſing the 
x _ Nature rr 

being reduced to Fluxions, we have = 

8 2355 and 75 =y = —*=—, and taking 

| | 2 V * 

- the Fluxions of this laſt Equation 

M ( ſuppoſing x invariable) we have 5 = 

T e K . ax 2 and 


3 5 2 4x Vax 
pod ſubſtituting theſe values in place of , andy 


in the general Form 2 there ml 
— 
ariſe ME = Y 4xxyex = ef ax 


6 
a 
8 


a — whence there ariſes this 


CONSTRUCTION. 


From the Point T, in which the Tangent M T cuts the Axis, draw TE 
lel to MC; I ſay, it will interſect M P (produced) in E the Point ſought ; 
Angles MPT, MT E being Right Angles, it is MP (ox): Treks 
::PT(2x):PE == = (bec of EZ = ax, nd © = 12) d. 


ax ax | ax 0 of 


and conſequently MP PE is = Vox . 


m_ r > 


ax 
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Again, becauſe the right angled Triangles MPQ, MEC are ſimilar, there- 


fore PM (vax) :PQ(34) ::ME (on 2295 


- 
1 ＋ 2 x, and conſequently, QK is = 2 x. 
Whence if QK be taken =2 AP = TP, and K C be drawn parallel to PM, it 
will cut the Perpendicular M C in the Point C in the Evoluta as was required. 


244- Now to find the Point B, in which the Axis A touches the Evoluta, that 
is, to find the Vertex of the Evoluta B C,; Suppoſe the Point M to approach infinite- 
ly near to the Vertex A, then 'tis evident that the Perpendicular M Q will cut the 
Axis in B the Point required; whence in general, if we inveſtigate the value of PQ 


( ” 
* 
the Point Qin B, that is, P Q will become = A B ſought. 
x 2) * 

ty is conſtant and invariable, the Subnormal PQ will always be the ſame, whatever 
Point of the Curve M is in, and conſequently, when M coincides with A, then P will 
bein A, and Q in B, and AB will be ={, = PQ, that is the Vertex of the 
Evoluta BC, is diſtant from the Vertex of the Parabola, + the Parameter of the 


245- And to Inveſtigate the Nature of the Evoluta B C; ſuppoſe the later- 
cepted Diameter = BK = x, the Ordinate P E or KC , whence KC = « = 


, and AP+PK—AB=x=3-x; and conſequently 4 x = x, and 


ſubſticuring + x for x in the Equation » , there will ariſe 27 ## = 


167+, which expreſſes the Relation of BK to KC, and ſhews that B C, the Evo- 
luta of the Parabola is a Cubical Paraboloid, whoſe Parameter is = 1; Parameter 
of the Parabola. 


) :£c, or Pk = 


)in«or , and then if x or y be put = o, then the Point P will fall in A, and 


COROLLARY. 


If the Curve AMD be a Geometrical Curve, then an Equation may be found ex- 
preſſing the Natnre of the Evoluta B C, and the ſaid Evoluta will be a Geometrical 
Curve, to any Portion whereof an equal Right Line may be aſſigned. 


Another way to find the Length of the Ray of the Evoluta MC. 


246. The general Equation expreſſing the Nature of all ſorts of Parabola's is 
x—y* o, and the univerſal Equation expreſſing the Nature of all forts of 
Geometrical Curves is fx* -gy* + bx” a o; and comparing the re- 


ſpective Terms of both Equations, we have wm =1, f=1,g==—1,and n = n; 
whence the general Theorem expreſſing the of the Ray MC (Ar. 239.) 
6 — = (becauſe P T See Meer 
| 32 22 x? FA 
„2 „5 & | 
z — 
—— Wheace in the common Parabola M C is Which 
n—TIXcqIiT 
gives this 


C O N- 


196 


Draw TG perpendicular to the Axis in the point 


Fhuxions Or an Introduction 


CONSTRUCTION. 
T, and 


the 


dicular to the Curve QM, untill it interſect T G in G, and make MC = QG; 


then the point C will be in the Evoluta; for 


becauſe the Triangles QPM, 


QTG, are ſimilar, and QM = , and QT = Thor (2): QM (=): 


X 


QT (29) QG = 2 =MC. 


Another way. a, 


247. This method is deduced from (Art. 240.) and is thus; Let the general Equation 
expreſſing the Nature of all ſorts of Parabola's be r x , then to find the Proper- 


% Q: 


ty (or Nature) of the new Curve L. N, 


x \ N it is by Conſtruction, M P G="):PT Gs) 


NI | „PN H = n x 
| rx 

7x An Whence the Equation expreſſing 
the Nature of the Curve LN is » rx = 


and the new Curve is a Parabola, 
” 


\ and the Subtangent P K i. = —— 4, and 
: 
conſequently PT (): PK — 


—_ - QG = MC. That is, in the common Parabola, 4 being = 2, 


the Ray of the Evoluta MC is = to Q, and the Conſtruction is the ſame 35 
in the preceding Article. 
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1 


Let the given Curve MD M be an FHyperbols between the Aſſymptotes A B, 
AR; th requir'd to determine the Length of M C the Ray of the Evolata. 
248. The Equation expreſſing the Nature of the Curve is 2 = x 3, Whence 


2 : ; bone” a4 
„ = x, and Se = ; and ſuppoſing & invariable, 2 22227 


2, 9 * 
+ - pl - 
A 
7 
M 


a, 
A | 

) | \ & 
25 1 


A He e K T B 


* | 28899) 24 this Value 
= 0, and conſequently 5 =—5- = ©, and ſubſtituting A 
Ee e for 


———— — CS Oat C 
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for 5 (Art. 237.) in the general Theorem EXE „there will ariſe ME = 


wy 
PEEL „and becauſe the Triangles MQP, MEC are ſimilar, therefore 
2 y* | 
MP:PQ:: 45:3 ME (ELL) E C or PR == —?* and 


hence ariſes this 
CONSTRUCTION. 


Through the Point T, in which the Tangent MT interſects the LIES AB, 
draw TS parallel to M C, until it interſect MP uced in 8, take ME = + 
Ms on the oppoſite ſide of the Curve, in reſpect of the Aſymptote A B (which is 
inſtead of an Axis) becauſe the value of ME is Negative, or take PK = 54Q T 


on the ſame ſide of the Ordinate with T; I ſay, if E C be drawn parallel, or KC 


perpendicular to the Axis A B, either of them will interſect the Line M C in the 


Point C required; for it is evident that TQ = JZ + ( becauſe y * 123: 


ä 


* 9 


J* =PT, and x: 5 :: 5:77 =PQ) and that Ms E= L, becauſe 
Y 


MPis =, and: x : MP: PT FE 4 PT:PS=2*;whenceMP-Ps 
37 p 2 3i | 
= — = 2 ME. 
T 
249. and if we conſider the Figure attentively, it will appear, that the Evoluta 


CLC will have a Point (L) of Retrogreſſion, in like manner as the Evoluta of 
the Parabola. 


Now to determine the Point L the Vertex of the Evoluta, or the Point of Retre- - 


greſſon, 1 obſerve that the Ray of the Evoluta, wiz, DL is of all others the fhort- 
8 +y*x V2 + 3 EST 
—5 —5 


will be equal to nothing or infinity ; and conſequently (ſuppoſing x invariable) 


S8 7 . ae . + 2 72 4 
eee + id Hot = 0,0r infinity ; whence dividing by 


1 235 x y? 


* 5* 3, and multiplying by & 5* there will ariſe =_ oak od Lows 


* 


— o, or infinity; and dividing by x, - 37 j* +yx x? + os or infinity; 


which Equation will ſerve to find AH, the Value of the Abſciſſa (x) fo that 


drawing the Ordinate H D, and the Ray of the Exoluta DL, the point L, will 
be the point of Retrogreſſion requir'd. 


Thus 


th 
* 


renne 


n 
5 * 


ſe 


2 
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: ; 2 + - 2 
Thus in our Example, y = „and 3 ITY and y = and) == 


—648 x3 


, and ſubſtituting thoſe Quantities in the Equation | x* y * — 


— 0 „ „ =Caax) GCafx) 1286 x5 
3732 = ©, there will ariſe —-— — —— + —*— o, and dividiog 


x83 x3 


by. « x5, and multiplying by x5, we ſhall have — 6x4 —6 44 + 124+ = ©, 

that is, 4+ is = x+, and conſequently a =x = A Hz whence it follows that the 

point D, is the Vertex of the Hyperbola, and that the lines A D and D L, make but 

one ſtreight Line AL, which is the Axis of the Hyperbola, and the point of Re- 

— — L is in the ſaid Axis, and may be determined by the foregoing General 
aſtruction. 


To determine M C the Radius of the Carvature another way. 


250. The Equation ing the Nature of the Apollonian Hy is 4 4 — 
x y = ©, and the Univ Equation expreſſing the Nature of all ſorts of Geome- 
trical Curves is (Art. r Eos and comparing 
the reſpective Terms of both Equations, it is plain thatb =—1, r =1,5s=71, 
whence the general Theorem (Art. 239.) expreſſing the length of M Cu ill be = 


CONSTRUCTION. 


Take PK =4 QT, and draw K C perpendicular to A B, until it interſect the 
perpendicular MC in C, I fay the point C will be in the Evoluta ; for the Triangles 


CMG, MQFP, are ſimilar; therefore QP (Y QM (#):: 10 (eK =.) 

2x 
Mc 2 and this Value of MC, was found to be Negative, the point C 
is towards the ſide of the Curve oppoſite to the Aſlymptote AB. 


FRKOF. VL 


Let the al Equation x = expreſs the Nature of all forts of Parabo- 
Ay nee the — 7 4 2 Number, 133 And all 
ſorts of Hyperboloides, when m repreſents any Negative Number; Tis re- 
quir'd to 2 a general Theorem expreſſing the Value of the Radius of the 
Curvature of all ſuch Carves. 


251. Becauſe x = y"*therefore x . 7, and again, finding the Fluxion of 
this Equation (ſuppoſing & invariable) we have m? — m y*®=2 7 + 7 7 
= ©, and dividing by my *=*, there will ariſe — y = m—1 = y 2 = 
as ſubſtituting this Value in the general Theorem 3 we 

4 — 


fall have ME = L022 , and conſequently EC or PK is = —2?--- 


m—_ixy* 


+ , and hence ariſes theſe General 


m—ly 


C O N- 


TW 
1 1 «© - 
= 
> 4s 
- 
2 * 
* 


- 
« * 
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CONSTRUCTIONS. 


Throuph the point T, in which the Tangent MT interſe&ts the Axis, draw 
TS parallel to MC, untilit interſect M (produced) in S, and then take ME 


Ms (which if „ be Negative or a Fraction, will be Negative) or take 


m—I 
PR = —— TQ then tis evident that if through the point E, we draw a line 
parallel, or through the point K, a perpendicular to the Axis AB, they will in- 
terſe MC, in the point C requird; tor MS is = 2** 3-22”, therefore —— 


52 m—1 
+, 9 A . . | . 
MSis =2* 27 and QT == +, og —— U 
woo y® | 7 * e 
+ As , 2a 
m—1x 


Another way. 


252. Let the general Equation expreſſing the Nature of all ſorts of Paraboloides 
| and Hyperboloides be x = =, then to the Nature of the new Curve LN, it 


is (ex Ey) MP (x*):PT (ma) :: 


— 


1:PN=T=mai-" er . 
= 4, whence the Equation expreſ. 
ſing the Nature of the Curve LN is mx 
= r, and conſequently the Sub- 
tangent PK is = = x, whence if we 


ſay, PT (ma) : PR (a= « ): Q: 


—— QG c- to the Radius of 

the Curyature in the point M, ſo that if 

QM be produced until it interſect TG 

in G, and if M C be taken = —— C 
| N 

the point C, will be in the Evoluta of 

the given Curve. | 


YH os 7 Fog © WP ger GEE ER ned 


> 
* 


— 
— — 
* 


* 


to Mathematical Philoſophy. 201 


CONSECTARY I. 
253- If ”» be Negative (v. g. 5 = — 1, as in the common Hyperbola ) as hap- 
pens in all Hyperboloides, then the value of ME = L** 3-7” will be Negative 


dann + 5 


* = a 
(tha is, in the Hyperbola ME = 1X27 ) and conſequently the Curve 
" % 7 —2 z 

will be Convex towards the Axis, which will be the ſame with one of the Aſymp- 
totes. Bat in Parabola's in which w is a Poſitive Quantity, there may happen two 
Caſes 19, if »» be leſs than an Unite, then they will be Convex towards their Axes, 
which will be a Tangent to the Curve in the Vertex, and the value of M E will be Ne- 
gative, or 2* m is greater than 1, and then the Curves are Concave towards their 
Axes, Which Axes are ndicular to Tangents drawn through their Vertex's. 

Now in this laſt Caſe to find the Point B, in which the Axis A B touches the Evo- 


luta, that is, to find the Point B the Vertex of the Evoluta, we have PQ = 11 = 


* 


(by ſubſtituting wy * 5 for hs A, which gives us three ſeveral Ca- 
ſes; for 1. m is = 2, which happens only 
in the common Parabola, and then the Ex= & 
ent of 7 being = 2 — m , that un- 
n Quantity will vaniſh, and conſequent- 


ly, PQ or AB will be 22 = r = 
the Parameter was ſuppoſed = 1) + the 
Parameter of the Parabola ; or 2* m is leſs of 


than 2, and then the Exponent of y being 
Poſitive, it will continue in the Numerator, mT r \Q FR _. 
therefore when y vaniſhes, the ſaid Fraction ABN v5 
will be =o, and conſequently, the Point 
B in this caſe will coincide with the Point A 
the Vertex of the Curve, that is, the Ver- 
tex of the Evolnta will coincide with the 
Vertex of the given Curve ; thus in the Qua- 
dratocubic Paraboloid (x = y 4, or x x = N 


13) mis =4, and — i= = PQ, .- 


that is, when 7 vaniſhes, PQ or AB is = o, or 3% „ exceeds 2, and then the 
Exponent of y being Negative, y will be in the Denominator of the Fraction, which 
es the Fraction infinite, when y is = o, that js, the point B, or the Vertex of 
the Evoluta, is at an infinite diſtance from A, or which is the ſame thing, the Axis 
AB, will bean Aſſymptote to the Evoluta LO, as in the cubical Paraboloid, 
| ct WERE FER 1 
= e is infi- 


nite; that is, the Subnormal or the Radius of the Curvature in A, is infinite. 


(aax=y3) is z, and 


Fff 254+ And 
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254. And in this laſt Caſe, it may be 
obſerved, that the Evoluta {C L O) of 
the Semiparaboloid A D M, has a point 
(L) ot Retrogreſſion, ſo that by Evol- 
ving the Portion L O (produced infinite- 

ly) the point D, will only deſcribe the 
Determinate Portion of the Curve DA, 
5/4 | ” and by Evolving the other part LC 
7 \ B drawn out infinitely, the point D, will 


ere ag Portion of the Curve 
DM. 

The point L, may be inveſtigated in 
C the ſame manner as in the Hyperbola. 
-g ies, and f= 2, which Values being Subſtituted in the 
general Equation (Art. 249.) * + 7*5 — 355% = ©, there will ariſe, 43 
— x5 + 43x x5 — ,# 12 o, that is dividing by 45 3 27 
., 2 o, or 10 x4 = ,$+, which being divided by 10, we have 
| #f= at, and conſequently x* = 723, 2 14 1 == 917259 whence x 


(= AH) is S V, which is the ſame Number that the Learned 4. Hugen: 
found ſeveral Years ago. Herolog. Oſcilat. Pag. 88. 


PROP. 


— Td 


K 


. 


) P. 
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PRO P. vn. 


LitheCarve AMD av 
| N Ae 


7, wheſe A A H is = 
"Tis gi dr the 9 BC. 3 


255. The Equation expreſſing the Natae of thoſe Carve rnb 


— 


hence zh LEES; en p= to the Wasen has 


2 VaabeF abxx 


= Denominator y = +, and ad 5 UN —— che reſpective Values) 
"50 a 43 bb x* : and ſubſticur; ig general Theorem 
ire e Ze 2 17 
x + x Vx" „ At . 


(SMC) we fhall have MC =— 


— ** 


— A= 4b + 4bbxx -+- qaabx F qabxx VaaPF-aab x abs, +40* bx F qabxx 


4 


2 43 bb 


(N AA WAL, = Yee © ane Later qacke Fqcker 


* 28 
0 | 


M 


4 CON. 


2 
* 


be = 
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CONSTRUCTION. ; 

Find a fourth continual proportional to the Parameter b, and the Perpendicular M. 
opor cul 

(eri, 6, MQ, £29, 2+) and multiply the fame by 4, the produt 


M Ci int in the Evoluta requir'd. 
n MC, and C is the point in v requir 


Another way. 


256. The Equation expreſſing the Nature of the Ellipſe is 2 —abx+6bzxx 
= 4 and he Univer Equation expreſſing the Nature of all ſorts of Geometri- 
cal Curves, is fx* +gy* + bx” y**he@=0, and comparing the reſpective 
Terms of both Equations, we ſhall have 7 nl way ot hb =b, w=1, 2, 
r = 2; whence the general Theorem expreſſing the Value of the Radius of the 


Curvature MC will become (in this Caſe) = ——'——— = ——— 


- ba x PL, 32%. 8 E 
Wr © oa NC arpedyss” 


MPg 
24X 73 THT 4 8X #3 85 4 2 byy i. = bb 4 _ 
24z2-2by azz+byy 92 4 7 ) bb 


+MQ” h ſame 
hence the Conſtruction may be the as before. 


CONSECTARY I. 


257. If x be put = ©, then the Radius of the Curvature A B, will be 2 b, and 
in the Ellipſe, if we ſuppoſe x = + 4, then the Radius of the Curvature D G, will 
tue Parameter of the ſhorteſt or conjugate Diameter, whence it 
is evident in the Ellipſe, that the Evoluta B CG, terminates in the point G, in 
the ſhorteſt Axis DO ; but in the Hyperbola 2 —— ely. 


CONSECTARY I. 


In the Elliple, if a be = 6b, then is MC= 2 4, an invariable Quantity, whence 
it follows that all the Radii of the Evoluta are equal between themſelves, which 
conſequently can be but a ſingle point, that is, the Ellipſe, in ſuch a caſe, degene- 
rates into a Circle, whoſe Evoluta is the Center, 


1 


will 


e it 


hich 


XO f. 
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PRO P. vm. 


Let A MD be ile common Logarithmetic Curve, the Nature whereof is ſuch 
that drawing (from any point in the Curve as M) the Line MP perpendicu- 
lar to the Aſſymptote, and M T touching the Carve in M, and interſect- 
2 the Aſſymprote in T, the Subtangent P T, be always = à an invariable 

uantiy. | 


* 


258. The Subtangent PT is =? 


7 
ſing + invariable) 28 = — ME 


, therefore y = . and y = (ſuppo- 


WA © 

is = e ſubſtituting 2 
— 

for y* and , for 5) , A 


and conſequently EC or PK = (be- ET PE 
cauſe TP (4). PM O) :: PM) 


:PQ=Y and MP (y): 0 (22): ME (E=W : EC = = 


= 


=) I 22 which gives this 


CONSTRUCTION. 


Take PK = TQ, on the ſame ſide of the Ordinate with T, (becauſe its 
Value is Negative) and draw K C parallel to P M, and it will interſeg the perpen- 


dicular MC in C the point requird; for TP is = a, and PQis =; and con. 


ſequently T Q is = — : 


Another way. 
259. Let AMD be the Logarithmetic Line, then ſay (Art. 240.) MP: PT (an 


invariable Quantity) : : any other invariable Quantity (as PIT): * = PN, 
and deſcribe the Curve LN, which will alſo be a Logarithmetic Curve, and the 
Subtangent PT, will be = Subtang. PK; therefore Q is = MC = to the Ra- 
dius of the Curvature in the point M; which is a remarkable Or of this 
Curve, and is the ſame with that of the common Parabola, in which Q, is al- 
ways = MC, the Radius of the Curvature in M. 


Gge PROP. 


| 
| 
| 


r ]— u 7 —˙ 0 — 4” wr <= 
1 
0 


make a right Angle) 
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PROP. IX. 


If AMD be the Logarithmetical Spiral Line. Tir requird to 
1 Valar of the Radius of the Curvature MC. 


260. The Nature of the ſaid Curve is ſuch, that drawing from any point of 
the Curve, as M, the right Line MA to the Center A; and the Tangent M T, 
the Angle A M T, will always be the ſame. 


Becauſe the Angle AMT or AI is invariable, the Ratio of mR (5) to 
3 MR (x) is alſo invariable, and con- 


& ſequently the Fluxion of — = o, 


which gives 7 (ſuppoſing x conſtant 
= 0. Now the general Theorem 4 


inveſtigate the 


G yo! + 35" = (becauſe y is =0, 
* - 
and conſequently — y j = o) 2 * (dividing by x* -) 5, that is 
K* 1 
ME is = MA, which gives this eaſie 


CONSTRUCTION. 
Draw A C. perpendicular to A M, and MC perpendicular to the Curve in M, 


then the point C in which they mutually interſe& each other, is in the Evoluta 


ACG. 


CONSECTARY I. 


261, The Angles AMT, ACM are equal (for each being added to AMC, 
the Evoluta A CG, is alſo a Logarithmetical Spi- 
ral Line, and the Curves AMD, ACG differ only in poſition, 


CONSECTARY II. 


If a point C in the Evolnta A CG be given, and it be requird to find the Length 
of the Ray CM = to the portion of the Curve AC (which makes an infinite 
number of Revolutions before it terminates in the Center) draw A M perpendicu- 
lar to C A, 1 yr Ap w0h os reg, thenis C M = A C the portion 
of the Spiral Evolved; and if AT be drawn perpendicular to A M, then is the 
Tangent M T = to the portion of the given Spiral Line A M. | 


PROP. 


ſuch Curves is ME = (Arr. 241.) 


is 


ngth 
finite 
dicu- 
tion 
is the 


X OP. 
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PROP. X. 


F AMD be one of the infinite ſorts of Spiral Lines formed in the Sello- 
: e 5 = D. Tis required to > Mics the Length of the Ray of i 
voluta | | 


262, Suppoſe the whole Arch BPD =6b, BPS, AB ort APS , and 
AM=y; and let the Equation expreſſing the Nature ot the Spiral Line A MD 


pi 
bey. = =, chen i = ty ===, b 
(becauſe the Sectors AMR, AP p are ſim ilar) 7 . 


AM (3): AP (a) :: MR (x):Pp=z VA 
= == which being ſubſtiruted in place of & in — 


— — 
* 


the preceding Equation, we have 7 = ö 
B 


22 1 7 ; 8 A. 
——— and the Fluxion of this Equation is 
T 
* ty * 7 
(ſuppoſing x invariable) mmg®-t 35* + wy" | 
So, and (dividing by my * =" ) m y* ＋ y3 So, and —yy = my?, and con- 


y x? 


£ FIT i, = (by equal Subſtitution) LE L272 ; 
* 9. rern 
from which Equation we may deduce this 


ſequently ME = 


CONSTRUCTION. 


Through the Center A draw the right Line T AQ icular to A M, and 
interſecting the T angent MT in T, and the perpendicular to the Curve Min Q; 


then ſay, TA AQ: TQ: MA: ME, Ifay EC drawn parallel to 10, 
will interſe& the perpendicular MQ in C, the point requir d. 
For (becauſe the Line MR G, is parallel to A Q MR -+- m--1 GR (=x+ 


2 becauſe MR c, and MR (x) : RVO) : Rm (7) : RG:= 


* 


YC ＋ ) : TAN AG: TQ:: AM (3) : ME 


U 


222 7 
rib m+ 17 


= 


PROP. 
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PROP. XI. 


If the Curve Line AMD te a ſimple Semi-cycloid, e Baſe B D is eg 


to the Semi-periphery of the generating Circle BE A. II reqair'd to find tle 

Value of the Ray of the Evoluta MC. 
263. Suppoſe A P x, PM, the Arch AE = u, and the Diameter AB = 2 «, 
then by the property of the Circle, P E is = 24 x — x x and by the property of 
the Cycloid, y = «+ V2ax— x3 


24 — 5 8 
2 3 = (dividing by 


Via—x) xx e =, whence 


y = (ſuppoſing x invariable) 


= 


N 


KA IN —x* /x 2 — ax? 


—— xV2ax=— xx 


— 


— Wy— — — 


and ſubſtituting this value in the general Theorem V 2 


8 LOS 
| 2 0 43 56 
P 
— — We ſhall have { becauſe y = x 9 ) — = — = 
3 3 SP 
6 z Ox — 8345 
* * Ä 4 = Vi 2 * — — 4 
cd *D 1 2 — bh 


TL 
2 Viaa—2ax =MC = (2 VEPg-|-PBg = 2EB) = 2MG, becauſe MC 
perpendicular to the Curve in the point M is parallel to the Chord BE. 


CONSECTARY I. 


264. If x be ſuppoſed =o, then is AN = 2 5422 = 4 4 = to the Ray of 
the Evoluta in the Vertex A, and if we ſuppoſe x =2 4, then MC 22 
942 — 444 So, that is the Ray of the Evoluta in D, is equal to nothing 
and in A it is equal to twice the Diameter of the generating Circle, and hence tis 
evident, that the Evoluta begins in D, and ends in N, fo that BN is = BA. 


CON. 


* 5 


by 


\\ 


\\ 


ſe MC 
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CONSECTARY I. 


The Evoluta DC N is a Semi- cycloid equal to the given Semi- cycloĩd DM A: 
Compleat the Parallelogram BS, and on the Diameter DS deſcribe the Semi- 
circle DIS, anddrawDI||MC|\|E B; thenis the Angle B DI EBD, and conſe- 
__ Arches DI, BE are equal; but EB =MG = GC; ego GC=D1. 
and if IC be drawn, it will be equal and parallel to DG : Now by the Nature of 
the Cycloid DG is = Arch EB= Arch DI; therefore I Cis = Arch DI, and 
conſequently the Evoluta DCN is a Semi-cycloid, whoſe Baſe is SN = the peri- 
phery of the generating Circle DIS, that is, the Evoluta is equal to the given 
Cycloid, and the fame with it, only placed in a contrary Poſition. 


CONSECTARY III. 


The Length of the Curve of the Cycloid DCN is = 2 AB (= twice the Di- 
ameter of the generating Circle,) and any portion of the Cycloid as DC is = 
2CG = 2 DI = twice the correſponding Chord in the generating Circle. 


Another Solution. 


265. The length of the Ray of the Evoluta MC, may be determined without 
any Calculation thus: Draw another perpendicular w C infinitely near the former, 
and another Ordinate we parallel to M E, and another Chord B e, and on the Centers 


C and Bdeſcribe the little Arches GH, EF; then the Rectangular Triangles G He, 


E Fe, will be ſimilar and equal; for Ggis = Ee (becauſe BG or ME is = Arch 
AE, and B or me is = Arch Ae) and H g or g - MGS Fe or Be—BE; 
and (47. Elm. 1.) GH =EF. Now the Angle MCm is = E Be (becauſe the per- 
pendiculars MC, „ C are parallel to the Chords EB, eB, and GH, E F, the Ar- 
ches that meaſure thoſe equal Angles are _ therefore the Radii C G, EB are 
alſo equal, and conſequently MG is = GC; whence 'tis evident that the Ray 
of the Evoluta MC is = twice the Chord BE = 2 MG. 


CONSECTARY. 


266. We have * before that the Area of the Cycloid is triple the Area of 
the generating Circle, this truth may be proved from other Principles, as thus; the 
Space MG g , or the Trapezium MGH (the difference being incomparably 


little) is =4 Mm +4 GHxMG =4GHxXMG = ZEFxBE, that is the 
Trapezium MGg mw is = three times the Sector E BF or EBe, therefore the 
ſum of all the Trapezia, wiz. the Cycloidal Space MG B A is equal to three times 
the ſum of all the Triangles, viz. the Circular Space B E Z A; and the whole Cycloi- 
dal Space AMDB A is = thrice the Area of the Semicircle AEB A. 

now to inveſtigate the Evoluta of another ſort of Cycloids, having Cir- 
cular Baſes, and to inveſtigate the Areas comprehended by ſuch Curves (Art. 115.) 
which 1 promis d to conſider in this Section. 


H hh PROP. 
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PROP. XII. 


If the Carve A MD be « Semicyeloid deſerib/d by the Revolution of the Semi. 
circle A EB, on the Periphery of another immovable Circle B G D. 115 
requir d to deſeribe the Evoluta of the ſaid Curve. 8 


to move either on the 
3 and when the 
Semi- 
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cemi-circle A E B comes into the poſition MG B, in which poſition it touches the 
B.ſe BD in G, and the deſcribing point A, is in M, in the Curve of the Cycloid ; 
then from the Genelis of the Curve I infer. 


1e. The Arch GM is = Arch GD, and the Arch GD of the movable Circle 
js equal to the Arch G B, of the immovable Circle. | 


20. MG is perpendicular to the Curve A M D, for if we conſider the Semicir- 
cumference MG B or AE B. and the Baſe BGD, as being compos d of an infi- 
nite Number of little ſtreight Lines, and every one in one equal to the correſpon- 
ding one in the other, cwill be manifeſt that the Semi cycloid A M D is compo- 
ſed of an infinite Number of Circular Arches; which have for their Centers, all 


the points of contact G, ſucceſſively ;, and are all deſcrib'd by the ſame point M. 


3*: If on O, the Center of the. immovable Circle, the Concentrick Arch M E be 
deſcrib'd. then the Arches of the movable Circle, v. MG, E Bwill be equal; and 
alſo the Chords MG, and E B; andthe Angles OG M, O BE will be equal between 
themſelyes; for in the Triangles O K M, O K E, the three ſides of the one are equal 
to the three ſides of the other reſpectively ; therefore the Angles MK O is = 
EK O, and the Arch MG is = Arch E B, and the Chord MG is = Chord E B, 
and K G Mis K BE, and conſequently OGM is = OBE. | 

Theſe things being premisd, Let m C be drawn perpendicular to the Curve 
AMD, and infhoitly near M C, draw alſo another Concentric Arch e, and another 
Chord Be; and on the Centers C and B, deſcribe the Arches GH, E F; then the 
Rectangular Triangles G Hg, EFe are equal and ſimilar ; for G g or Dg -D 
Ee or the Arch Be — Arch BE, and Hgor wg —MG is = F. or B — B E. 
and conſequently the little Arch G H is = Arch EF; whence it follows that the An- 
le GC H is to che Angle EB F, as B E is to CG: it remains therefore to find the 
proportion between thoſe Angles : Which we may do in this manner: 

Having drawn the Radii OG, Og, K E, K e; ſuppoſeOGorOB =I, KE = 4, 
tis evident that the Angle EBcis — OB - OBE (or OBE - OB =OGm 
—OGM (or OGM — OG) = (having drawn GL, GV, parallel to C, 
Oz.) LGM FOGV=GCH++GOg; therefore the Angle GC His = An- 
gle EBe G Og; now the Arches Gg, Ee being equal, it is, GOg: EKe or 


2EBF::KE (4): OG (00 and conſequently the Angle G Of. EBF, 


and G CH is = (EBF+GOg) 22 EBF; therefore GC H: EBF 


(:: BE:CG) e 1, and conſequently the unknown Quantity CG is = 


3 BE: which gives this 


Wh 

b＋ 28 
CONSTRUCTION. 

Say, as OA (b+ 24) : OB (6) :: BE or MG: GC, then the point C, will 


be in the Evoluta requir d. 
CoNSECTARY I. 


68. The Evoluta begins in the point D, and touches the Baſe BGD in D; for 


the Chord G M (the third Term in the Analogy) vaniſhes in that point 
CONSECTARY I. 


The Evoluta D 
BN:: OA+ 
7 


CN terminates in the point N, ſo that then OA: 
AB (OY: OBT' BN SON that is, 


* CO N- 


© 
50 
08 
82 
© 
2 


are 
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CONSECTARY III. 
If the Arch of the Circle NS Q, be deſcribed on the Center O, I ſay the Evo- 


luta DCN, may be deſcrib'd by the Revolution of the movable Circle GCS 


(whoſe Diameter is GS = BN) about the im- 
movable Circle NS Q; that is, the Evolutz 


2 D CN isa Semi- cycloid, ſimilar to the given Semi- 
cycloid A M D (becauſe the Diameters AB, BN of 
the movable Circles, are proportional to the Ra- 

T dii of the immovable Circles OB, ON; for AB: 

A. OB :: BN : ON) and in an inverted poſition, ha- 
/ | ving its Vertex in D; for ſuppoſe the Diameters 
| \/ [ES of the movable Circles to be in OT (drawn at 


| 3 pleaſure from the Center O) it will paſs through 


6 C te points of contact 8 and G; then if we ſay, 
— A Bor IG: BNor GS: : MG: GC; the point 
W — RR N C, will be in the Evoluta (by Conſtruction) and 


£ / 8 in the Circumference of the Circle G CS (E- 

WTF { S | 31. Elem. 3. Prep. 6. Elem. 6.) becauſe the | iu 

l o GMT being a right Angle, the Angle GCS is 

2 ſo alſo; and becauſe MGT = CG, therefore 

the Arch TM (= GB) : CS:: GT: GS :: 
OG: OS:: GB: NS; therefore the Arch CS is = Arch NS; ergo, Cc. 


CONSECTARY IV. 


Hence tis evident that the portion of the Curve of the Cycloid D C is = right 
Line CM, and conſequently that DC: Tang GC:: AB-+BN: BN :: OB 
+ ON : ON, that is, the ſum (or difference) of both Diameters (of the mor- 
able and immovable Circles) is to the Semi-Hiameter of the immovable Circle, as DC 
is to the Tangent CG; for the Triangles CM, CGH are ſimilar, therefore 
Mm: GH or EF:: MC : GC :: (by conſtruct.) OA+OB (2b-+29): 
(See Fig. 2. in Pag. 210.) OB (b) and 1 the ſum of all the M or the 
portion of the Cycloid A M, is to the ſum of all the E F or Chord A E or Tangent 
I M, as O A + OB: OB, whence *tis evident that OB: OA OB (= 2OK) 
:: AB: A MD, andOB: 20K :: AB—AE : DM:: twice the Verſed Sine 
of 2 the Angle MK G or EK B: the portion of the Curve D M. | 

And becauſe itis AM: Tang. TM :: OA OB: OB; therefore in the vul- 
gar Cycloid, AM: Tang: TM :: 2: 1. ; 


CONSECTARY V. 


The Trapezium MGH is HIM x-M G, but CG (= — — 


MG) : CM {= "222 G) :: GH: Mm = , GH; therefore (be- 
3 


cauſe GH is EF, and MG = EB) MGHmi=**——— x EF x EB, 


that is. the Trapezium MGH: correſponding Triang. EBF :: 31 C22: 
and becauſe the proportion univerſally obtains, *tis evident that the Cycloidal Space 
MG BAM (See Fg. 2. in Pag. 210) (comprehended under the right lines MG, 
AB, the Baſe GB, and the portion of the Curve AM) is to the correſponding 
Segment of the movable Circle B EZ AB:: 30 22 b, and the whole Cycloidal 
Space AM DB A is to the Area of the Semicircle A EB Aas 30 T 22 ĩs to b. 


f CON: 


Ib "Lp OOO EL TY FREIE 
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CONSECTARY VI. 


If we imagine OB the Radius of the immovable Circle to become infinite, the 
Arch BG D will become a ſtreight Line, and the Curve A MD will be the vulgar 
Gon and in this caſe, A B the Diameter of the movable Circle is = o, in reſpect 
of that of the immovable Circle: Whence 1®. becauſe I 24is = b, it is MG: 
GC :: 6:65; that is, MG is = GC, and conſequently it BN be taken = AB; 
and NS be drawn parallel to BD, the Evoluta D CN will be generated by the 
revolution of a Circle (on the Baſe NS) whoſe Diameter is = BN. 25, the por- 
tion of the Cycloid AM is to the correſponding Chord of the Circle A E: 26 : 4, 
this is evident from §. 4% 3e. The Space MG BA is to the Segment BE ZA :: 
36: b, which is alſo evident from & 5“. 


CONSECTARY VII. 


The length of the Semicycloidal Curve is proportional to the Rectangle BK O, 
if the Semidiameter of the immovable Circle be the ſame; let B A be the Diameter 
of one, and B a the Diameter of another movable Circle; and let OB be the Ra- 
dius of the immovable Circle common to both, then by . 45. 


OB: OA OB :: AB: AMD 
And OB: Oa-+OB :: aB: amd, 


And by proportion of 


Equality and Diviſion T OA OB: O OB :: «Bx AMD : ABx amd 
that is, 20K:20ok:: aBx AMD: AB x amd. 
Whence OK x AB: ok x aB:: AMD: amd. 
And dividing by 2, BKO: BTO :: AMD:amd. Q E. D. 


CONSECTARY. NM 


Becauſe the Arches G D, G M are always equal between themſelves, it follows that 
the Angle DOG: Ang. GKM :: GK: OG, therefore if the point D (where the 
Cycloid begins) the Radii OG, GK, and the point of Contact G be given, the po- 
ſition of the point M, which deſcribes the Cycloid, is found by drawing the Ray 
KM, fothatGK :GO :: DOG: GK M, and all the points of the Curve A MD; 
may he determined Geometrically, when the proportion between the Radii O G, 
GK can be expreſs'd in numbers, and conſequently in that caſe, this Cycled is a 
Geometrical Curve and the ſaid Crclord is a Tranſcendent (or Mechanick) Curve 
when the Relation of OG to OK cannot be expreſsd by any finite number of 
Terms. 


CONSECTARY IX. 


If in Concentric Spheres ſimilar Cycloids be deſcrib'd, their Perimeters will be 
proportional to the Semidiameters of the ſaid Spheres. 


CONSECTARY X. 


And becauſe the length of the Curve of the Cycloid AMD is proportional to 
the Rectangle BKO; tis plain, that in vulgar Cycloids, the Curve is propor- 
tional to the Diameter of the generating Circle. 


I il | | SCH O- 


— we 
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SCHOLIUM. 
By help of ſuch Principles as theſe, the greas N. Newton has adus. 


ced ſeveral wonderful concluſions concerning the more exatl meaſuring of 
time by Pendulums; as for Inſtance. 


269. 19. If within the Globe B GD, the Cycloid D AQ be deſcrib'd, being bi- 
ſected in A, and terminating, in the Surface of the Globe in D and Q, and if 
O A be produced (biſectinę, DQ in B) unto N, ſo that OA, OB, ON — 
and the Globe NS be deſcribd on the Center O, and the Semi-cycloids N D, 


NQ be deſcribd within the ſaid Globe; then a Pendulum ſuſpended to the point 


N. and equal to N A, will Vibrate in the Cycloid D AQ, the ſame being deſ- 
cribed by the Evolution of the Cycloidal Cheeks ND, NQ, and thus a Pendulum 
may be made to Vibrate in any ſuch given Cycloid. 


25. If the ſaid Pendulum Vibrate in the Cycloid D A Q, by the ſole force of its own 
Gravity, and if the force of Gravity in every point of the Curve DA Q; he as 
| its diſtance from the Center O, 


. then the Vibrations (equal or 

353 i unequal) of the Pendulum, will 
7h /\ Ig be performed in equal times, 

EN 77 in, Let M touch the Cycloid in 


1 | \ M, and draw OX perpendicular 
/ \ to M X, then becauſe the force 

of Gravity is as OM, it may he 

reſolved into the parts OX, MX; 

now *tis evident that the force 

OX, being parallel to the Thread 

PM, has no other eſſect but to 

0 diſtend the ſame, and is totally 
I FOR | deſtroyed by its reſiſtence, there- 
„ \ fore the force MX only, ac- 
2 celerates the Motion of the Pen- 

— * | 7 N dulum M, in the Cycloid ; and 
A — the acceleration of the Pendulum 
O in the Cycloid is always propor- 

tional to this accelerating force. 

No the Trhangles OX T, MGT are ſimilar, and O T and GT are invariable 
Ovantities, therefore MX, is always proportional to MT, and MT is proportio- 
nal to the Curve of the Cycloid M A, therefore if two Pendulums NP M, N pm 
be demitted from M, , at the ſame Inſtant of time, they will be accelerated in 
proportion to the Arches MA, * A, they have to deſcribe; and conſequently 
the portions ot the Curve which they deſcribe in the beginning of. their motion, 
will be proportional to the Arches MA, m A; and the portions yet to be deſcri- 
bed or the accelerating forces will be proportional to the ſaid Arches MA, mA; 
whence tis manifeſt that the portions to be deſcribd being always in the ſame 
proportion of M A to » A, muſt vaniſh at the ſame time, that is, the Pendulums 
denitted from M, u, at the ſame inſtant of time, and deſcending in the Curve 
MA, » A, by the force of their own Gravity, will arrive in the point A together; 
and again, if we ſuppoſe the Pendules to aſcend from A towards Q, with the Ve- 
locites which they have acquired m A, they will then be retarded e very whereby 
the ſame forces, which accclerated their Motions before, and conſequently the Ve- 
locities of the Pendulums. Aſcending and Deſcending in the fame Arches, will 
he the ſume aud the Arches themſelves will be deſcrib d in the ſame time; whence it 
appezrs that the whole Vibrations as well as the Semi vibrations will always be 


Jliockronal. 


[ wy, 
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| 
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3”. And if O the Center of Attraction, be ſuppoſed at an infinite diſtance from 
B, then the Curve DA (in which the beadul um Vibrates) will be a vulgar or 
| cloi 
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cloid, and the force of Gravity will always be the fame in a 

and the Vibrations in this alſo will 1 Ifochronal ; 17 55 Q pe doe 
ſtreight, Line, and GT and MO will be parallel to B A, whence if MO be 
a determinate Quantity, and repreſent the force of Gravity, then MX, or MT 
or M A will repreſent the accelerating force in the Cycloid &. Ergo: ; , 


The fame Excellent Perſon has enriched this T th z 
lime diſcoveries, which for brevities fake I pars, This * _ 


to give the unacquainted Reader a Taſte of the / þ | 
concerning the Reftification of 2 f if the uſefulneſs of the Dodtrine 


LEMMA 


In every Triangle BAC; if the Angles ABC, ACB, and CAD the 
complement of the obtuſe Angle CAB, to two rioht Angles, be infinitely 
little; I ſay they are proportional to their oppoſite bits AC, AB, BC. 

270. For if a Circle be circumſcrib'd about the Triangle A BC, the Arches AC, AB, 


B AC, which . meaſure double the faid Angles, 
will be infinitely little alſo, and conſequently _ 5 


they will be equal to their Chords or Subten- n 

dents. I 
And if the ſides AC, AB, BC of the Tri- — 

angle ABC be finite Quantities, tis plain — 


that then the circumſcribd Circle muſt be infi- 
nicely great, that ſo the Arches AB, AC may be infinitely little in reſpe& of 
the whole Circumference. | 


PROP. All. 


If AMD be « Semi-cycloid deſcribd by the Semi-circle BS N revolving on 
the immoveable Arch B GN, ſo that the Evoluta or Arches BG, BG be 
always equal to one another, and if A the point which deſcribes the Curve be 
in the Diameter B N within or without the Periphery of the movable Circle. 
"Tis requir'd to inveſtigate the Value of the Ray of the Evoluts MC. 


251. Imagine another Pependicular 
mg infinitely near M G, interſecting MG 
produced in C, the point requir d; draw 
the right Line G m, and take Gg on the 
movable Circle = Gg on the immov- 
able Circle, and draw the Lines M g, 
ls, Kg, Og; now it we conſider the 
little Arches Ge, Gg as perpendicular 
to the Radii Kg, Og, then : tis manifeſt 
that the little Arch Gg of the moy- 
able Circle falling on the Arch Gg 
of the immovable Circle, the point 
M will fall on , fo thit the Triangle 
GM g will exactly cover the Triangle 
Eng: whence it is evident that the 
Angle MGm is =gGg = (becauſe 
adding to both the ſame Angles KG g, 
OG g, their ſum will be equal to two 
right Angles) =GKg-+GOsx. 

Now if we ſuppoſe OG = , KG = 4, G Mor Gm = , and G lor 1g =9, 
then it will be 16. OG: GK :: GKg:GOg, and OG (b): OG＋GK (= 


OK = ):: GKg:G KR Of or g Gg or MG mw = ©" G K g. 2“. 


le: MI: GMg:Mg I, and by compoſition Ig MIorMG (7) 1g (4) :: 
6 M 
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G MEA Mg1l,orGIg=1GKg:GMgorGmg= 2 GKg. 3% MCs or 


2ar-|-2br —bq __ 9. (7 )* 
MGm,MGm—Gmg ogy =: GKg /: Gmg - G Kg J:: 
= + 
0): GCE eee: 
More |abry 
227 E 2br—bg' EP 
And if we ſuppoſe OG (5) the Radius of the immovable Circle to become 


infinite, the circumference ; G N will become a ſtreight Line, and the Terms 2 ary 
and 2 cr, will vauiſh, in reſpe& of the others, and the Value of the Ray of the 


. 2 br r 2 rx 
Evoluta, MC, will be = „ 


, and conſequently the Ray of the Evoluta C 


2 * 


CONSEC TA RI. 


292. Hence to find the Area of the Cycloidal Space MGB, the Quadrature of 
the Circle being ſuppos d, becabſe Sectors of Circles are in a Ratio compounded 
of the Duplicate Ratio of the Radii, and the ſimple Ratio of their included Angles; 


it is, Angle G M (Loks) Angle MG 1 G Ke ) : the little Tri- 
angle (or Sector) MG g (whoſe Baſe is Gg m the movable Circle): to the little 


Triangle or Sector G M m, whence the Sector G M is = 7 * —＋ MGg = (ſup- 


b 


M G g. Now the little Triangle or Sector K Gy is to the little Triangle M Gg, in a 
Ratio compounded of the Square of K G to the Square of M , and the Ratio of 


the Angle G Kg to the Angle G Mg, that is, as a@x GK is torx 57 GK; 
27 


poſing M1 , and conſequently i- n as 7 2b; 
q ' 


and conſequently the little Triangle MG g is = — KG g, and ſubſtituting this 


Value in place of the Triangle M Gg in Let ans x MGg, we ſhall have the 


24 ＋ 2b a--bxir 
Sector G M = 9 MG e Bag 


K Gg; but by the Property of the 
Circle, GMx MI (Ir) = BMxMN = (ſuppoſing K N= -, which 
is an invariable Quantity, and is always the fame in whatſoever point of the Curve 
the deſcribing point M be found, whence GM» + MGg or G, that is the 


Trapezium G M mg = 2273-3P eo ETES DW now becauſe 


| aab 
GMmg is the Fluxion of the Cycloidal Space MGB A and MG, that of the 
Circular $pace MGB (comprehended between the right Lines MB, M G, and 
the Arch BG) and K Gg, that of the Sector K BG; it is manifeſt that the Cy- 


2424 34 42 -N 44 


cloidal Space MGBA is = N 8 MGB r aaprors FF. B. 
. E. I. FA 


LE M- 


% # 


Y 
ne 
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LEMMA II. 


The ſame things being ſuppoſed; if on the Center K, with the Radius K A, the 
Semicircle A E V be deſcribed, and if on the Center O, with any Radius between 
OV and OA, the Arch E M be deſcrib'd, and the Radius K S E be drawn. 
I fay the Arch E M is to the Arch SN :; OE: OB. 


273. Suppoſe the movable Circle BS N to come iato the poſition B GN, then 
the point A which deſcribes the Curve will be in M: connect the Centers of the ge- 
nerating Circles with the Line OK, which will paſs through the point of con- 
tact G; then tis evident that the Triangles MO K and EO K are equal and ſimilar, 
becauſe the ſides of one are equal to the Reſpective ſides of the other; therefore 
the Angles MK O, EKO are equal; and the Arches that meaſure thoſe Angles, 
viz. GN, BS and their complements to two right Angles BG, SN are alfo 
equal; and becauſe the Angles MOK, and EO K are equal, therefore the An- 


'gleMOEis = Ang. GOB, and Arch EM: Arch GB:: O E the Radius of that 


: O B the Radius of this; but it has been demonſtrated that the Inferior Arch 
GB = Superior Arch GB is = SN; therefore, the Arch EM: Arch SN :: 
OE: OB. Q. E. D. | 


CONSECTARY. 


274. If the Radius OB be ſuppoſed infinite, then tis evident that the right 
Lines OB and OE will be Parallels, and the Concentric Arches VD, BN, and 
E M will degenerate into the right Lines VT, BX and EH ndicular to 
the Axis VA, and conſequently the right Line EH will be = SN, becauſeO B 
and O E being iafinite, are equal. Whence the Arch EM: EH :: OE; OB. 


SCHOLIUM. 


The Semi-cycloid AH IT into which the other Semi-cyloid A M D degenerates, 
when the Radius O B is infinite, is the fame with that generated by the Revolution 
of the Semi-circle BSN on the right Line B X, the deſcribing point A, being 
in the Diameter B N produc d. 


PROP. XIV. 


The ſame things being ſuppoſed, let it be requir'd to Inveſtigate the Area 
the Cycloidal Space A EM, comprehended under the Arches AE, E 
and the Portion of the Cycloid A M. 


275. Imagine another Concentric Arch e infinitely near to the Arch E M, and eb 
parallel and infinitely near to E H, and the Lines E F and EP, icular to the 
Arch ME and the right Line EH (produced if need be) then are the Angles FE e, 
O EK equal, becauſe each added to the Angle K EF makes a right Angle, and 
the Angle PE e is = complement of O K E, to two right Angles, becauſe P E e + 
eEK+KER is = two right Angles =KER+EKR—+ERK, therefore the 
Sine of the Angle FEe is to the Sine of the Angle P Ee as the Sine of the An- 
gle O EK is to the Sine of the Angle OK E. That is | 


FE Fe: Pe:: OK: OE, 
And by Corollary k wy i 
of the preceding Lemme, 7 EM:EH :: OE: OB, 
therefore Fe x EM:PexEH:: OK: OB. 


Kkk And 
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And becauſe the infinitely little Spaces EMwe, EHbe are equal to the pro- 
ducts or Rectangles Fe x EM, Pe x EH reſpectively, and the ſaid Rectangles are 
always in the ſame proportion to one another, that is, the Space EM me is al- 
way to the correſponding Space EH he as OK is to OB; tis plain that the Sum 
of all the EM e, is to the Sum of all the EH be, that is, the Space A M E is to 
the Space A E H as O K is to OB. | 


PROP. XV. 
To Inveſtigate the Relations between Curve-lines and their Axes, 


276. Deſcribe the Curve A M m to the Axis A B, and draw the Ordinates P M, p w 
and the perpendicular M Q, and the Tangent MT; then ſuppoſe AP = x, Pp= 


er x, PM =y, RM =], AM = x, 
. M= = PT=1n,MT=,PQ=xs, 
R M QS; then by ſimilar Triangles, 
1 y uy OP , 
P 5 . Whence tis manifeſt that the Curve 
̃ \ 

Er— = — Line AM is = F, = and becauſe x 

| may be ſuppoſed always equal to it ſe 
[TUE „ if y were r 
tes, as all the y: is to the all the :: all 
F 4 the +: all the 2 = to the Curve A M; 


but becauſe the Denominator y is a va- 
riable Quantity, aſſume an invariable 
Quantity, and variable, and ſuppoſe 


===, then r = ** -: now if « be laid from P to N, and the Curve 


7 b p 
ANS deſcrib'd, then PN (2) = and if AG be =", then 'tis evident, that 
all the r or the Rectangle AGSB : all the = or the Space ANSB :: all the 


x or the Axis AB: to all the z or the Curve AM. * 
Now the Nature of the Curve A MD being known, and r an invariable Quan- 


tity, the Locus of « is alſo known, and conſequently the Curvilineal =_ ANSB 
being given, the Ratio of the Curve A M to its Axis will be given allo. 


And becauſe « x is = 7, therefore — = ; that is the Curve-line A M or all 


the & is =to the Space A NS B divided by the invariable Quantity r. 


E XA MP LE. 


EXAMPLE. 


Let AM m be a Primary Cycloid, and the generati 
Axis, and BD = + the Baſe. *Tis requir'd to 


Curve-line A MD and the Axis AB. 
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Circle ASB, AB the 
the Ratio between the 


277. Let the Axis A B be=2r,AP=x,PS=f, BS =b, MQ= m perpen- 
dicular to the Cycloid in M; MP =, an! Mm==z, then the Triangles MPQ, 


SPB, MR, are ſimilar, therefore : :: 
b:f::n: x : (aſſuming v invariable) «:r; 
whence all the * = all the 2K; let P N be 
always = «, and let the new Curve be in that 
ways Sow to find the property thereof. 
Becauſe h: :: f:: AS: AP, therefore 
uuirri: ASq: APg:: (becauſe ASq = 
APq++PSg) 27x: xx; therefore 273 = 
»ux, Which Equation denotes LN to be an 
Hyperboliform Curve, and to find the Curvili- 


neal Space KABLn= all the «x; the Equa- 
tion expreſſing the Nature of the Curve is 2 r3 
—=# «x, therefore when AP becomes = AB 
—=2r, and BL Su, then 2r3 =aux= 
27 uu, whence r = = BL, and conſequently 
the Rectangle ABLF = 2x xr, and the Cur- 
vilineal Space K AB La is = 4rr = all the 


«+; but all the a x is S all the yz; and all the 


u * 


= the Curve-line A M D = twice AB the Diameter of the generating Circle. 


COROLLARY. 


7 


4 


=is= all the z = the Curve AMD; therefore = = 4r is = all the z 


278, If all the «x, or the Curvilineal Space K AB Ls be Squarable, then a 
right Line may be aſſigned equal to the given Curve A MD. 


Another way. 


279. The Proportion of the Curve-line AM D to the Axis A B may be inveſti- 


gated in this manner: Reſume the Symbols 


Zyx - & 


(Art. 108.) Then 8 * is = — 
Marx — xx 
, and conſequently Mmq = Smg-+ 


x > © Px —4rxx? | x* x? 
182 =xx += Tr * 


and MS 


„ g* =2e xx? 
27 xX—XX 


„therefore Mm is = 


xvV4r* —27 x 


27 X—xXXx 


= (dividing by 271 — x) 
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_ 


PROP. XVI. 


Any Squarable Curvilineal Space, as AO GB, and the Equation expreſſing 
the Relation 7 the Ordinate P N, to the intercepted Diameter A P, being 


given; to find the Property of another Curve A MD, applied to the ſame 
Axis AP; to which an equal right line may be aſſigned. 


280. Let the Curve requird be AMD, and ſuppoſe AP = x, PM = 
MR =, RN =I, M. = , MQ=m, PQ=»; then it will be (ſuppoſing 
« an indeterminate Quantity) y: m :: 
r:#u:: * 2, and conſequently r 2 i; 
= # x, and = ; now if „ be al 


ways applied from P to N, and the 
Curve ONG NY including 
a ſquarable 8 y tis requi- 
A find the Relation of AP to PM, 
the Area and property of the ſaid 
Space AO G B being given. 

Becauſe y:m ::r:s, therefore yy: 
m m- i ir: -u; — CA 
uu—rr=4q4q, it will alſo be, 5:2: 


7 1 * 5, therefore * =ry;and 
if q be laid from P to Xx, and r from 
to K, the Curvilineal Space AX x B 
will be Ss q x, and the Rectangle 


84 * 


DFL B will be =Sry = Rectang. ry, whence the Ordinate P Mor y is = . 


= SPace = &XB And now to reſolve the Problem. 


If the Squarable Figure AO GB, and the Ordinate P N = be given, to the 
ſame Axis AP, apply the ſecond Figure AX X B, and let the Ordinate PX =9, 
be ſuch that -r be always = 34; then if a third Figure A MD be deſcri- 
bed, whoſe Ordinates PM or y are fach. that any Ordinate 7 multiplyed into 
the invariable Quantity r, vis. r y be always = to the adjacent and correſponding 


Curvilineal Space Ax x P = all the q x, then a right line may be aſſigned equal 
to the Curve-line AMD; and the ſaid right line will be = Space ABGO — 


r 
Curve-line A MD, 


EXAMPLE. 


281. Let AOGB be a parabolical Trapezium, and the Equation expreſſing 
the Nature of the Curve rr -|-rx = «« (the invariable Quantity - being = 
Parameter, and to the Portion of the Axis intercepted between A and the Ver- 
tex of the given Curve) then is 7 =r x , whence the Curve AXXB is a Para- 


bola, and the Vertex thereof is in A; now the Area of the Parabolic Space AX X B 


is = 47 x3 = all the 3; and becauſe all the 9 x = all the ry , therefore 
J rn 


* 


1 S 5 
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vr x3 = „ and gr =7* 5, and x3 r, which is i - 
© efſing the Nature of the Curve ZR ns Os ANNE RET. 


-e divided by r, = * enn 


PROP. XVII. 


To inveſtigate the length of Curve- lines, reſpecting (not an Axis, but) 4 
certain determinate point ſuch as Spiral lines. 


282, Reſume the Symbols (Arr. 116.) and ſuppoſe the Periphery of the Circle 


Setors AN », AMR are ſimilar, MRis = 28, and if the Angle MA m be 


74 infinitely little, the Portions MR and M will be equal; therefore the Spiral line 
CT- 

into AKMBis =$?=, now the Equation of the Curve is (becauſe *: x* :: 72: 
ding | 

equal _ F . x* . 

; 1") 3 = , therefore the Fluxion of the Curve yx is = — x, and the 
. g® 7 6 * 


* 
221 


flowing Quantity or the Length of the Spiral line AK M is = == 


mn xc* 


and the whole Spiral line A K MB is = (becauſe then x becomes = e) . 


and where mw = 1, and = 1; the Spiral line AR MB r is 
= the Periphery of the Circle BFNB. 


111 And 


Spiral line, B G; and conſequentiy B G CD is = (becauſe then x = c) 2 
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And to find the Length of the ſecond Spiral line B G CD, if the Angle GAR 
be infinitely little, then the Arches HG, g G will be equal, and the ſum of all 
the infinitely little Arches HG is = to the ſecond Spiral line BG CD, now 


. . — - 88 | 
n = ZI = (rene y = 5 ) =— . 
2 


2 
re 


2 — 3 21 
Flowing Quantity'is = — one Portion of the ſecond 


rc* 


33 75 | | 

Hence in the common Spiral line, BG CD is =4c=3 BZNB = (becauſe 
the Peripheries of Circles are proportional to their Diameters) 4 the Periphery 
DPL D. | 


And becauſe the firſt Spiral line is = 4 e, and the ſecond Spiral line = 4 c, there- 


fore the whole Spiral line AK MBGCD is =2c = twice the circumference 


BZ NB = the circumference DLPD. ; 

The Periphery of the Circle B Z NB is ge, and that of the Circle DP LD 
is = 2c, and the ſum of both is = 3 e, and the whole Spiral line is = 2e, there- 
fore the ſum of the Peripheries of both Circles is to the whole Spiral line as 3 is 


to 2. 
The ſecond Spiral line BG CD ze, and the Periphery of the ſecond Circle 


" DPLD is = tc; therefore that is to this as 3 is to 4, and the firſt Spiral line 


AKMBis z e, and the ſecond Circle is = f e therefore that is to this, as 
1 is to 4, and the firſt Spiral line is to the ſecond Spiral line as 1 is to 3. 
And to find the Length of the third Spiral line DSOX, Ss or YS, the Fluxion 


of the Curve is (bead y = ) = 


2 c 


— , and the Flowing Quantity thereof is 


2r c* 


arc x+ = rv ng | f 3 
— — = to the Portion of the Spiral line DS; and conſe- 


27". 
queutly the whole Spiral line DS OX is = _ x c = (in the common 


Hypoth. ſuppoſing m = 1, and » = 1) = + c ; now the firſt and ſecond Spiral 
lines are = c, cfore the firſt, ſecond and third Spiral lines are = 2 c, the 
Circle X TV (= 5 c) is to the whole Spiral line AMBCDSOX as 2 is to 3. 

The ſum of all the three Spiral lines, vr. the entire Spiral line AMBCDO X 
is z c, and the ſum of all the Peripheries of the three Circles is = ** c, there- 
fore the u hole Spiral fine is to all the three Circumferences, as 9 is to 12, or as 
3 5 to 4. 

The Periphery or length of the third Spiral line being = 5 c, and the Peri- 
phery of the third Circle being = $ e, therefore that is to this as 5 is to 6. 

The firſt Spiral line is ; c, the ſecond =4 c, the third = g c; the Periphery 
of the firſt Circle is c, that of the ſecond = * c, and that of the third = *c. 
Whence tis evident that in a Series of Numbers beginning with Unity and 
encreafing in their natural Order, as, 1, 2, 3, 4, 5, 6, Oc. If the firſt Num- 
ber (or 1) repreſent the length of the firſt Spiral line, the ſecond number (2) 
will repreſent the Periphery of the firſt Circle; the third (3) the length of the 
ſecond Spiral line; the fourth ( 4} the Periphery of the f. Circle ; che fifth 
(5) the length of the third Spiral line; and the ſixth (6) the Petiphery of the 
third Circle, Oc, in infiauum. | 


283, And 


+ PamP 21 


Ly 
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283. And to inveſtigate the length of the Logarithmetical Spiral line, reſume 
the Symbols (Ar. 119.) $. 2*, And ſuppoſe Mm = 4, and MT =; then by 
the Property of the Curve, «:y ::b: 9, and 3% = by, and finding the Flowing 


* - 
— 


Ouantities 1 is = by; but 5 1 52271 therefore gs is 5 =o and 
conſequently s ; and if repreſent the infaite Spiral line, then is 8 
= # == the infinite Spiral line BMK A; that is, the line 0 B touching the Spiral 
line in B, is equal to the faid Spiral line. 


Is the Circle AM D, if the right Sine PM be given. "Tis reauir'd to ; 
4 4 the length of the ah AM. BAS 


284. Suppoſe AP = x PM=y, AC r, MR = RM=y and Mw = 2 
Suche Flaxion of the Carve A N; by the Property of the rwe f 2 ne 


yy, therefore 21x — 2xx= 279, and (dividing by b. 


tr —2 *) — — 2 „ no.] Mmq=— MRg 


2 —=2x rx 


therefore M is = Ez; but of — 


———ů ˙ä ä 


5727 Vrr—yy Vrr—py 
rr—=p3,—i xr); therefore if ryy—yyi—# be reduc'd to an (Art. 93.) infinite 
Series, and all its Terms multiplied by - 75 we ſhall have the Fluxion of the Arch 
AM; and finding the Flowing Quantity of every Term, there will ariſe a new 
Series expreſling the Value of the Arch AM. 
And in like manner it the verſed Sine he given, to find the Arch ; reſume the 


54 & & 


Equation 27 —xx= 5 then rx—xx 2 and =y, now M mg 


= x? 


ä —— 1»„» —_ R 


{ing the Value of the Arch 
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E D © 

L - . . | _ 
prgt mn area rag? (by Reduction) z therefore Mmis = 


27 XXX : 27 Xx — 


224 


. 3 ; 
2 =2rx—xx| r x, which being reduc'd to an infinite Series 


27 x — & & 


and the Flowin 822 we ſhall have a Series expreſ- 


PROP. XIX 


Ut i be gui d to W C2 A of the fa. 


al Curve A MD. 


285. If it be requir'd to find the length of the Arch AM; ſuppoſe the Para- 
meter of the Curve , AP = x, PM, then the Fluxion of the Curve Mm is = 


V=* +52 ; now by the property of the Curve a x =y j, 
4 whence = 2, and x = Land by ſubſtitution 


the Fluxion of the Curve 1/x* -þ- 5? is = Wu. 


| REES N 


N — 2 Tes; now the Fluent of this Fluxion is equal 
| D to the Arch of the Curve A M. And to find the ſame, 


4 at: Draw M EN parallel to APB, and take EN = 
=| yy +4 44 and deſcribe the Curve BNQ, then the 
. e little Rectangle EN ne is always = YT 2, and 
F in conſequently the Space CBNE is = che ſam of all the 
Je, whence if the whole Space GBN E be 


divided by — ( being the Parameter of the given Para- 


bola) the Quotient — 2519) Th48 i, = to the length of the Parabolic 


Arch AM. | 

And to find the Nature of the Curve BNQ; ſuppoſe EN= x, then z= 
„5224, and 22 = 244; and when 3 is S o, then z is = $65 
. CBis = 2635 a when z is . 
conſequently „ = — 44; Which being an im e Equation, ſhews that 
neare diſtanck of the Curve & N B from C'D is =C B = 2 f, and that afterwards the 


Curve QN B recedes from DC produc'd. 
Hence it is manifeſt that C B F may be taken for the Axis of the Curve B NQ, 


and becauſe PMis = FN =y, and EN=CF=z, and z = 244; 


therefore CF q is =FNq-+ CBg, and FNg =CFq — CBq= 2 CB+BF 
x BF; which is the property of an Equilateral Hyperbola. 


rr 


9 


10 FFE> 


* 
wc 
— 


BF 


LY —_—_— N 4 um by < * 
þ 9 


ihe” = 2 4 % 
: þ ” * 
\ . * 
„ — 4 
_— -% 
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CONSECTARY. 


236. Hence to find the length of any Arch . AM) of a Parabolic Curve 
AM D. Aſlume any point in the Axis A P, as C, take CB 2 thePara- 
meter of the given Curve A M D, and ſuppoſing CB = to half the Tranſverſe Ax- 
is, deſcribe the Equilateral Hyperbola BN Q, and draw MN parallel to AC ; then 


the dkalliodind Ab mu 2 CNET ike hob a 


a 
the Hyperbolic Space CB QD divided by half the Parameter of the Parabola 
AND. | 
And thus it appears that the Rectification of the Curve of the Parabola, depends on 


the Quadrature ot the Hyporbola, 
PROP. XX. 
To Meaſure Curve Lines by Circular Lines, 


" The defign of this Propoſition is to ſhew, how to draw 4 Carve ſo related 
1 any given Curve, that their ſum or difference, ſhall be equal to 4 
determinate Arch of a Circle. 


287. Let ABC bea given Curve, on which ſuppoſe the inflexible Line or Ru- 
ler DAE to move, ſo that the parts of the Ruler be ſucceſſively applied to the 
parts of the Curve; I ſay, the two Curves 


DLG, and EMF deſcribd by the ex- 6 
treme points of the Ruler, D and E, or by | 
auy two other oppoſite points of the ſame, ED 


are equal to the Arch of the Circle E O, 
deſcrib'd with the Radius D E, and ſubten- [ 
ded by the Angle EDO = Ang. EPF, 
tormed by the two Tangents AP and C P, Go, 
touching the Curve in the extreme points : 
Aand C. | 
Let the Ruler in any poſition as LBM, 
move into the next infinitely near IB , 
and draw the Lines DN and D » parallel 
to I. M and I, then the Triangles LB , 
MB , and N D are ſimilar, becauſe LM, 
| mare dicular to the Curves DLG and 
EMF, and the Angles LB/, MB m, ND 
are equal, therefore BL: BM :: LI: Mm, 
and by compoſition L M: BL:: L 1+ Mm: 
LI; and by permutation, LM: LI M:: O 
BL: LI, and becauſe LM is = (ex Hyporh.) 


DN, therefore L I E M is alſo = N, and all the LI -+ Mm, or the Curves 
DLG and E MF taken together, are equal to all the NS, or the Arch of the 
Circle ENO. | ; 

If either of the deſcribing points as E, be between A and D, it may in like 
manner be demonſtrated, that the difference between the Curve DLG and EMF 
is equal to the Arch of the Circle EN O, deſcribd by the point E. 


Mm m ä CON. 


* 
TY ” 


%: 
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CONSECTARY I. 


Hence we have « ready way to draw as infinice namber of Curves, ſo related 
to another given Curve, that any one of them added to the ſame, ſhall be equal 
to an pu of a Circle. | 


288. For inſtance, if DLG be a Curve, of any portion of a given Curve, from 
every point thereof L, I, Se. draw perpendiculars LM, J n, all equal to one ano- 
ther; * their extremities M, , &c, connected, will form the Curve EMF 
requir d. 

The Curve EMF may be deſcrib'd more eaſily by the continued motion of a 
Thread, if we involve the Curve A BC, the Evoluta of the given Curve D LG. 


CONSECTA RTV I. 


Hence we are enabled to judge, whether a given Curve can be compared, or has a- 
ny Connexion with the Dimenſion of an Arch of a Circle: for every Curve, whoſe 
Evoluta A B C has two parts BA, BC equal and ſimilar, may be compared with 
an Arch of a Circle, for if in ſuch a Caſe, CF be = A D, the Curve FME will 
exactly agree with DLG, and conſequently D LG will be = + the Arch ENO; 
and contrarily, every Curve generated by the Evolution of a Curve conſiſting 
of two oqual and ſimilar parts, is reducible to the Arch of a Circle. 


SE CT. 
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SSC TS: IM 


The Uſe of Fluxions 
In finding Cauſticks by Reflexion, to all forts of Cur ves. 


DEFINITION. 


F we ſuppoſe an infinite number of Rays B A, BM, BD, &c. iſſuing from the 
Luminous point B, to be reflected by the Curve Line A M D, fo that the Angles of 
lacidence be always equal to the Angles of Reflexion; the Curve Line H FN, 
which touches the Reflected Rays (produced on the oppolite ſide if need be) A H, 
MF, DN is called the Can icł by Reflexion: hence we may eaſily deduce theſe Conſedarys. 


CONSECTARY I. 


289. If HA be produced to I, fo that AB = Al, and if the Cauſtick H FN 
be Evolved, and the Curve deſcrib'd by ſuch Evolution begin in I, the Curve 
ILK will be defcrib'd, and 
the Tangent FL will al- 1 
ways be = to the portion 
of the Cauſtick FH the 
right Line HI. 

And if we conceive two : 
Rays, the Incident B, 15 . 
ow Bengel w F, in- Fr 
finitely near BM, ME, g : 
if Fm be prolonged to /, . He 
and on the Centers F, B, ö 
he deſcrib d the little Ar- 
ches MO, MR, then 
the Rectangular Triangles 
MOm, MR m will be ſi- 
milar and equal; tor the 
Angle OmM = FED 
( Hypoth.) Rm M, and 
the Hypothenuſe M is . 
common to both, therefore I 
the tides O m, R are e- 
qual between themſelves: 


now O is the Fluxion or \ 

momentary Increment of 4 

LM, and R is the Fluxi- '\ 

on of BM, and this pro- yu 

portion of Equality holds by SY 

in whatever point of the — lo bs, 

— M 2 there- JR Ke 

ore the reſpective ſums IX 

of theſe 5 muſt be 4 \ . 
equal, wiz. ML —IA = 3 


AH+ HF — MF (= 
lum of all theO m) = BM—BA (= the ſum of all the Rm) and conſequent- 


ly by Tranſpoſition HF (the portion of the Cauſtick HEN) is = BM 


BA-| MF— 2 
C ON- 
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CONSEGITARNRY U. 


If on the Center B. the Arch AP be deſcrib'd, tis evident that PM is MB 
— AB, and if we ſuppoſe the Luminous point B, to be at an infinite diſtance 
from the Curve A M D, the Rays of incidence B A, BM will become parallel, 
- and the Arch AP will be a ſtreight Line, cutting the ſaid Rays at right Angles. 


CONWERT 


If we imagine the Figure BAM D to be reverted on the ſame Plain, ſo that 
the point B fall on l, and that the Line touching the Curve AMD. in A,, touch 
the ſame in the reverted poſition in the ſame point, and it we imagine the Curve 
AMD immovable, and that the reverted Curve Md revolves. on the ſame, 
{ that the portions AM, a M be always equal between themſelyes,; I fay the 
point B (or I, by ſuch a motion) will deſcribe a ſort of a. Cycloid I LK, whoſe 
Evoluta is the Caufick HF N. Wy 

For from the Geneſis of the Curve, it is evident, 15, that the Line L M drawn 
from the deſcribing point L, to the point of contact M is perpendicular to 
the Curve ILE. 25. La or IA is = BA, and LM = BM. 3. The Angles 
made by the right Lines ML, BM, and the Tangent in M (common to both 
Curves) are equal, and conſequently if LM be produc'd-to F, the Ray MF will 
be the reflected Ray of the Ray of Incidence BM; whence tis evident that the 
Perpendicular LF touches the Cauſtick H FN; and becauſe this holds true in 
whatever point of the Curve I K, we take the point L, it follows that the Curve 
IL K is generated by the Evolution of the Cauſtick HFN + HI. 


CONSECTARY IV. 


Ard hence it appears that the portion FH or FL —HI is = BM+MF— 
BA—AH, as I have already demonſtrated. 


CONSECTARY V. 


If the Tangent D N be drawn infinitely near to the Tangent M F, the points 
of contact N, F, and the point of interſe&ion V will coincide z fo that to find the 
point F, where the reflected Ray M F touches the Cauſtick H FN, is the ſame 
thing as to find the point V, in which the reflected Rays MF, F (infinitely 


near cach other) concur. 


IBN ABAS en 


S8 


P. 
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PROP. I. 


The Nature of the Carve AMD, the Luminous point B, and the Ray of 
Incidence B M being We to find in the reflected Ray M F, given by po- 
ſition, the point E, where it tonches the Cauſtict. 


2 2 n= MC 7 Ray 2 the 4 to the point M, and take the 
Arch M iufinitely little; and draw the right lines B., Cm, mF; © s 
ters B and F deſcribe the little Arches e n 
MR, MO; and draw the perpendiculars 
CE, Ce, CG, Cg, to the Rays of inci- 
dence and reflection; and ſuppoſe BM — y 
and ME or MG = a. 

Thea tis evident that the Triangles 
MR mw, MO =, are equal and ſimilar, and 
conſequently MR is = MO; and becauſe 
the Angles of incidence and reflection are 
equal, therefore CE = CG, and Ce = 
Ce, and conſequently CE Ce, or EQ 
is = CG—CgorSG ;and becauſe the Tri- 
angles BMR. BEQ, F Mo, F Gs areſi- 
milar, it is, BM BE (27 — 2) : BM 
(O: MR+EQorMO-+GS: MR 


or MO :: MG (2): MF = ——. 


CONSECTARY I. 


291. If the Luminous point B fall on the other ſide of the point E in reſ- 
pect of M. or (which is the ſame thing) if the Curve Line AMD be convex 
towards the Luminous point B, then y inſtead of being Politive will become Ne- 


gative, and conſequently M F will be 3 „ 


CONSECTARY II. 


If we ſuppoſe y to become infinite, that is to ſay, if the Luminous point B, be 
at an infinite diſtance from the Curve AMD, che Rays of incidence will be pa- 


equal to nothing in reſpect of 5. ab | 
CONSECTARY II. 


The Curve AMD can have but one Caufick by Reflexion, viz. H F N; for one 
and the ſame Curve can have but one Evolata, and the Ray or Tangent thereof, 
enters into the Value MF , fo that there can be but one value of ME. 


CONSECTARY IV. 


When AMD is a Geometrical Curve, tis evident that its Evoluta is fo alſo, 
(becauſe in that caſe, we can find the Relation between the Abſciſſa and Ordinate 
of the Evoluta) that is, all the points C, may be determined Geometrically : whence 
it is manifeſt, that —_— rs F of its Cauſtick, may alſo be determined Geome- 


trically; that is, the ick HF N will be a Geometrical Curve, 


Nan CON. 


| 
| 
| 
[4 - 
: 
' 
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CONSECATARI'Y. 


A right line may be aſſizned cqual to any portion of the ſiid Cauſtick, if the 
given Curve A MD be a Geometrical Curve, as appears from Axt. 209. 


CONSECTTIATNRT VI. 


If the Curve A M D he Convex towards the Luminous point B, the Value of 


47 
MF. $747 
point F, on the fame ſide of the Curve with the point C, in reſpect of M. as we 
have ſuppoſed in the preceeding Calculation; whence tis evident that the Rays 
of Reflection, inf nitcly near one another, Diverge. 


) will always be Poſitive, and conſequently we mult take the 


CONSECTARY/' VI. 


But if the Curve A MD be Concave towards the Luminous point B, the Value 
of MF ( 3 7 will be Poſitive, when y exceeds 24; and Negative, when y is 
—_— 


leſs than { a; and infinite, when x = 2 a; whence it is maniteſt, that if a Circle be 
deſcrib'd , whoſe Diameter is = 4 MC the Ray of che Evoluta, then if the Lumi- 
nous point B. be without the Circumference of the ſaid Circle, the Reflected Rays 
will Converge; if within, they will Diverge; and if the ſaid point happen to 
be in the Circumference, they will be all parallel to one another- 


CONSECTARY VII. 


If the Ray of Incidence B M touch the Curve A MD in the point M, then is 
ME (.) S o, and conſequently M F is = o, becauſe the Reffected Ray is in the ſame 


direction with the Ray of Incidence, and the Nature of the Cauſtick being ſuch, 


that it touches all the reflected Rays, it follows that it muſt alſo touch the Ray of 
Incidence BM in M; that is, BM will be a Tangent to both Curves in the point 
M. * 1 


CONSECTARY IX. 


If the Ray of the Evoluta MC be —o, then is ME 0, and conſequently 
MF =o, whence 'tis plain, that the given Curve and the Cauſtick make an Angle 


in the point M (which is common to both) equal to the Angle of Incidence. 


CONSECTARY X. 
If CM the Ray of the Evoluta be iafiaite, the little Arch M will be a ſtreight 
, Op 
Line, and MF = 8 


J 
nothing in reſpe& thereof) ; and if the Luminous — B be on the ſame ſide 
of the Curve with C, then the Value of MF will be Negative, and conſequently 


will be = (becauſe E or @ being infinite, y is = to 


the Reflected Rays will Diverge; and if the Luminous point B, be on the contrary 


ſide of the Curve in reſpect of C, then the Value of M F will be Poſitive ; that is 
the point F will be on the ſame ſide of the Curve with the point C, and conſequent- 
ly the Reflected Rays, in this caſe alſo, will Diverge. 

Whence it is plain, that Rays iſſuing from any Luminous point, and reflected 
by any plain Surface, will after reflexion, Diverge. 


Y CON. 


„ momUw 0mu@t ww. 
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CONSECTARYT XL 
Tf any two of the three points, B, C, F be given, the third may be found: 


for inſtance. 

If the Curve A MD be a Parabola, and the Luminous point B, in the Focus, 
(Art. 41. 163. & 3.) tis evident that all the Reflected Rays will be parallel to the 
Axis; and conſcquently (becauſe the point F where 
two Rays of refle&ion interſect each other, is at 
an infinite diſtance) M F will be infinite, wherever 


M be taken : but MF is = - — = infinity: 
Therefore 25 — 4 (becauſe in ſuch caſes the Deno- 
minator muſt be =o) = o, and s = 2 y, whence 
if ME be taken =2 MB, and the perpendicular 
E C be drawn, it will cut M C (the perpeadicular 
to the Curve in M) in the point C, which will be 
in the Evoluta of the Parabola. 

Again. if the Curve AMD be an Ellipſis, and if the Luminous point B, be in 
one of the Foci (Art. 47. 163. S. 3.) then *tis evident that all the reflected Rays 
MF will meet in the other Focus F; whence » 


if MF be ſupposd = x, then is Z — . 3: 1 


2 
2722 . 8 
„ 
and conſequently ME (2) = ops pr, but N | 4 \ 
\ 2 \ F 


if the Curve A M D be an Hyperbola, then the D 
Focus F, will be in the oppolite Section; or 


\ 


on the other ſide of the Curve, the reflected / \ 
Rays themſelves will Diverge ; but being produ- gs EI. 
they will unite in the Focus of the op- Rae 
polite Section, therefore M F will be Negative, 
— 2 z thati „ 
and 11 7" chat is ME (a) is = 3 which gives this 


Conſtruction, ſerving alſo for the Ellipſis. 


CONSTRUCTION. 


Let ME be taken a fourth proportional to ; the Tranſverſe Axis, the Ray 
of Incidence, and the Reflected Ray, and draw the perpendicular E C, it wi 
cut TINT to the Curve in M) in C the point in the Evoluta which 
was requir'd, 


PROP, 


— 2 
\ th oth 
7. 
«& 


: 
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\ 


PROP. II. 


Radiant point B, and the (Plain Surface or) right Line A D being given; 
as * to deſcribe the Cauſtick by Reflettion to the ſame. | 


292. Imagine the Tight Line 
ACD to be a Curve, Concave to- 
wards B, the Radius of whoſe Cur. 
vature is infinite, then is « infinite, 


and conſequently MF 22 
* 


== —y= B M, whence 


we have this. 


CONSTRUCTION. 


Draw B C perpendicular to A D; and in BC produced, take CF CB, then! 
ſay all the reflected Rays MN, MN, being produced, will Converge to the poiat 
F; for the Triangles BC M, FC M, are ſimilar and equal; therefore M B is = ME. 


CONSECTARY I. 


293. As in the Circle the Evoluta is contracted into one ſingle point in the Cen- 
ter; ſo here, the Cauſtick by Reflexion to a ſtreight Line, is contracted into the 
point F. 


CONSECTARY I. 
Since the Eye placed any where as in N, receives the reflected Rays MN, NN, 


Oe. as if they iſlued from the Radiant point F, tis evident that the Image of B 
will appear in F. 


CONSECTARY III. 


And becauſe the Ray of Incidence is the reflected Ray to the reflected Ray 
conſidered as a Ray of Incidence; tis evident, that the Rays of Incidence N M, 
NM, &. Converging to the point F, will be reflected to the point B; that is, if Bt 
the Rays of Incidence Converge to a point (F) beyond the Surface A D, the re- neay 
| fected Rays will Converge to a point on the ſame ſide with the Rays of Incidence. to 


CONSECTARY Iv. 


If A D be a plain Speculum, in an Horizontal Poſition, and if the Object Bb be in 
ical Poſition, then tis manifeſt that the Image of B will be in F, and that ot 
f, Ce. and conſequently the Object will appear in an inverted Poſition, or up- 
down. 


* 


V 
b in 
ſide 


C O N- 


* 


& - 
* — * 


. * * 
* 2 us 
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CONSECTARY V. 


If Bb be a py Plain, then 'tis evident that the Image F f made by a plain Spe- 
culum, is ſimilar, and equal to the ſame, tho' not in a like Poſition ; the Difference 
between the Object and its Image being the ſame as between the Image on the Seal, 
and that which it Imprints on the Wax. 


CONSECTARY VI. 


Becauſe BM = FM, therefore NM MF is =NM—+MA; that is, the 
Diſtance of the Image from the Eye, is equal to the Ray of Incidence, and the Ray 
of Reflexion taken together. 


PROP. III. 


If A M D be an Archof 4 Circle, and B the Laminous Point. 'Tis required to 
find the Points F in the reflected Rays, in which they touch the Cauſtick E K. 


294. Through the Luminous Point B, and the Center of the 
Arch C,draw the Right Line B CD perpendicular to the Arch 
in D; then tis manifeſt that all the Rays of the Evoluta of 
the Circle are equal between themſelves, and that the ſaid 
Evoluta is the Center C, whence E Mis = a, and BM =p, 


and conſequently the value of MF is = E whence we 
have this 


CONSTRUCTION. 


Produce B M to O, ſo that MO = 25 4, and take M F a fourth proportional 
to O M, B M, EM, then the point F will be in the Curve requir d. 


CONSECTARY I. 


295. If the point M be infinitely near the point D, then BM (5) will be = 
BD, and EM = 4 will be = CD, and the point K in which the reflected 
Ray touches the Cauſtick by Reflexion F K, is found; ſaying, 2BD— CD: 
B D:: CD: DK, and by Diviſion BC: BD :: CK: DK. 


CONSEBECTF&AaEFt It 
Hence tis evident that if ADM be a Spherical Glaſs, and C the Center, and 
b the Radiant point; all the Rays BM fallin * the concave Surface of the Glaſs 


near the point D, (the Vertex of the G and being Reflected, will Converge 
to the point K, nearly. | 


CONSECTARY m. 
And if the Radiant point B be at an infinite diſtance from the Glaſs, then the 


point K, to which the Rays Parallel and near the Axis C D, Converge after Re- 
Ooo flexion 
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Reflexion, is the middle point between CandD, for in that caſe MF, or DR is = 


2) —Y = ,=3EM=+# CD. 
23,006. IF | 


CONSECTARY IV. 


if CK be = DK, then Rays iſſuing from the point K, will be Refleed by the 
Spherico-concave Glaſs ADM, parallel to the Axis DC. 


CONSECTARY V. 


iſtance of the Radiant point B from D the Vertex of the Glaſs, be leſ 
{ns than 4 the Diameter of the Glaſs then the reflected Rays 
'x will Diverge, and the Focus K will be on the oppoſite ſide 
| / of theGlaſs in reſpect of the Radiant point B, for MK 
4 or (ſuppoſing M but at a ſmall diſtance from D) DK is = 


C 
\ | / z and becauſe BD or y is leſs (ex Hp.) than} «, 


2 y—84 
NCA 27 
therefore 


is Negative, and conſequently the re- 


D | 25 —84 
/ flected Rays MN Diverge and the Focus K may be de- 
K termined as before, viz. CD- 2BD : BD :: CD: 
D K, and by compoſition, CB: BD :: CK: DK. 


FORSTCTANLRY, vL 


Hence if Rays Converging to a given Focus K, be reflected by a Spherico-con- 
cave Glaſs, the Focus B, whereunto the reflected Rays Converge, may be found. 


CONSECTARY VI. 


If the convex Surface of the Glaſs ADM be towards the Luminous point B, 
then the Focus of the reflected Rays will be on the 
Concave fide of the Glaſs, that is, the reflected 
Rays will Diverge, fer in that caſe y is Negative 


and conſequently MF or DK is = 8 


75 e and becauſe BM or BD is = y, and the 
Ray of the Evoluta, invariable, and ME or DC= 
CCM therefore the Focus K may be determined, ſaying, 
2 BD+DC: BD:: DC: DK, and by Diviſion, 
BC: BD: CK: DK. 


CONSECTARY VIII. 


Ik an infinite Number of Rays NM falling on the Spherico-convex 
Surface of a Glaſs, Converge to a Focus K, whoſe diſtance DK from the Ver- 
tex is leſs than + the Diameter of the Glaſs, then the Focus B to which the re- 
flected Rays MB Converge, may be found. 


SCHOL 


OL 


and conſequently Rays parallel to the Axis and Re- 


co-concave Glaſſes, if the Radiant, point B be given 
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SCHOLIUM I. 


296 We have ſuppoſed the point M to be very near the Vertex of the Glaſs 
(D.) For the Eye being placed in the Axis D C, tis evident that thoſe Rays on- 
ly (Sce Fg. m Pag. 233.) which are Reflected from the Surface of the Glaſs 
near D, aſſect the Sight, and that they entring into the Pupil of the Eye more 
directly, and in great numbers produce the ſtrongeſt and moſt diſtin Seuſa- 
tions in us 


SCHOLIUM II. 


297. If the Parabola DM be deſcribed to the Vertex D, Axis DE, and Parame- 
ter D E; then the Circle EM D inſcribed in the fame, will (Art. 155.) touch the 
Vertex of the Parabola in D; and it will be the grea- 
reſt that can be inſcrib'd into the Parabola, ſo as to 


touch the ſame in D; whence it is evident that the B / 
Curvature of the Circle and Parabola, near the point / 
D, is the ſame, and conſequently the Ray BM paral- - / 
lel to the Axis D C, being Refleted to the Focus of E / 
the Parabola K, by the Parabolic Surface, it will, be | 


Reflected to the ſame point K, by the Spherical Sur- ; 
face; and becauſe CD is Parameter of the Pa- C | / 
rabola, and K the Focus, therefore CKis = DK, 7 


IL 


fieted by a Spherical Surface (and by that portion D 
thereof which is near to D) will Converge to the 
Focus K, ſo that CK ſhall be = DK. 

Again if DMR be a Spheroid, and B and K the Foci ; then if B be the Lu- 
minous point, all the Reflected Rays will Converge to the other Focus K, and if on 
the Center C with the Semi-diameter C D = + Para- 
meter of the Ellipſis, the Sphere A D M be deſcribed 
(An. 156.) the Curvature of both in D will be the 
lame, and conſequently Rays iſſuing from the point B, 
will be Reflected by the Spherico-concave Surface D M, 
to the Focus of the Ellipſis K; wheace in the Spheri- 


the Focus K to which the reflected Rays Converge, 
may be found, ſaying, BC:BD:: CK: DK. 

For if the conjugate Diameter H R and the right 
Lines BR, KR, be drawn; and HL perpendicular to 
KR, then LR is a third proportional to KR, 
and HR, and yently is = + Parameter of the 
Ellipſis = CD : whence KL = 1260 — 1 Pa- 
ram. is = CH= , again KL is athird 
proportional to KR, and K H; therefore. 

DH: KH:: KH: SCE 
and multiply ing by 2, GD: BK:: BK: BC - CK. 
that is, BD BG: BD —DK :: BC CK: BC - CK. 
And by compoſition 2 BD: BD BG :: 2 BC: BC-+ CK. 
And dividing the ; * 
— won =p BD: BD BG :: BC:BC++CK. 
And by diviſion BD: DK:: BC: CK. Q. E. D. 


The lite Coincidence might be demonſtrated in the Hyperbolical Conoid, 
but that I ſhall leave to the Readers own Application. 


PROP. 
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PROT IV: 


Let the Curve AMD be « Semicircle, AD the Diameter, and C the Cen. 
ter, and let the Rays of Incideme P M be perpendicular to the Diameter 


AD. *Tis requird to deſcribe the Cauſtick A F K. 


298. The Evoluta of the Circle is its Center, and MC the Ray of the 
Evoluta is always the ſame, therefore 


8 MF 2 SAM, whence we 
3 6 
n K. = have this 
MX N | a 
e CONSTRUCTION. 
„ 
[/ | N \ Biſect L * and draw 
FTW 0 H F perpendi to M F, the point F 
1 * will be in the Cauſtick A F K; for Tri- 


angles MFH, MPC are always ſimilar, 
therefore MH: MC:: MF: M. 


'CONSECTARY I. 


299. When the point P falls in C, then the point F will fall in K, the middle 
point of B C. a 


CONSECTARY II. 


The portion of the Cauſtick AF is = 3 MF, for the portion AF is = PM+ 
MF = (becauſe PMS ZMF) 3MF, and the Cauſtick A F K is = 3BK. 


CONSECTARY III. 


If the Angle A CM be = f right Angle, then is PMC = CME, and the re- 
flected Ray being all Parllel to the Diameter A D, touches the Cauſtick in the Su- 
preme point F. "RIFE 


'CONSECTARY Iv. 


The Circle whoſe Diameter is MH, paſſes through the point F, for the Angle 
HFM is aright Angle. 


CONSECTARY v. 


The Cauſtick A FK is a Semi-cycloid deſcrib'd by the revolution of the little 
Circle MF H on the Periphery or Baſe K HG; for the Circle M FH is deſcribd 
on 4 MC, as a Diameter, and the Angle CMF s = CMP=HCK, and conſe- 
quently the Angle HNF is =2 H CE, therefore the Arch H F is = Arch H K, 
and the Curve K F A is a Semi-cycloid, whoſe beginning is in K, and Vertex in A. 


PROP. 


e 
u 


3 
wt 
as © 
» 
= 
55 
* 
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FA0OF 


Let the Curve AMD be « Circle, AD the Diameter and C the Center; and 
let the Luminous point A (from which all the Rays of Incidence A M iſſue) 
be in one of the extremities of the Diameter. "Tis requir'd to deſeribe the 


300. If CE be drawn perpendicular M 
to AM, then AE will be = E M, and 2 
conſequently AM (3) = 223 therefore 


uf H= = #7, that is, we 74 
muſt take MF = AM; whence tie 
2 that DK is =+ AD, and CK 

=4Y D, 4, 


_— — — 


CONSECTARY I. 


201. The Portion of the Cauſtick A F is = + AM, for the Portion A F is = 
AM MF=AM-+3AM=?AM, andthe whole Cauſtick A FK = + AD. 


CONSECTARY u. 


If AM be taken = AC, then the reflected Ray M F will be parallel to AD, 
and conſequently the point FP, will be the Supreme point of the Cauſtick. 


CONSECTARY II. 


If CH be taken =; CM, and if HF be drawn perpendicular to M F, the 
point F will be in the Cauſtick; for drawing HL perpendicular to A M; tis evi- 
dent that ML is ME AMS MF, and the Circle deſcrib'd on the Di- 


ameter MH will paſs through the point F. 


— 1 0 | 
CONSECTARY 1V. 


If another Circle K HG be deſcribd on the Center C, with the Radius CK 
or CH, the Circle KHG will be equal to the Circle MH F, and the Cauſtick 
AFK will be a Semi- cycloid, deſcrib d by the Revolution of the movable Cir- 
cle MF H, on che immovable Circle K HG; for the Arch HK is = Arch HE; 
becauſe in the Iſoſceles Triangle CMA, the external Angle KCH a CMA 
=AMF HN; therefore the Arches HK, H F uring equal Angles in 
qual Circles muſt be equal. 


CONSECTARY: V. 


If the Radiant point A be in the Surface of a Sphere, then the reflected Rays 
(viz. thoſe which are neareſt the Axis A D) will Couverge to the Focus K, diſtan: 
from C the Center of the Sphere, ; its Semi-diameter. 


And thus I think, I have briefly d monſtrated the Principles FA Catoptricks 
from one general Theorem, which I have done. that the Reader may be 
convinced ſuch Speculations are of more Univerſal uſe than generally 
they are thought to be. 


Ppp PROP. 
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PROP. VI. 


Let the Carve AMD be Parabola, and ſuppoſe the Rays of Incidence P M 
to be perpendicular to the Axis AP. *Tis requird to d ſcribe the Cauſtick 
by Reflexion A F K. | 


302. If the Ray of the Evoluta MC, and CG perpendicular to the ref ected 
Ray MG be drawn, then tis evident that MF =; MG =}; «, or thus: Draw 
MN parallel to the Axis AP, and 

the right Line ML to the Focus I., 


IN m_ — LM, FMN win 
ual (becauſe LM Q = (Art. 41.) 

W X QMN and PMQ is = (ex Hyporb.) 
| F Q MF) and if to both be added the 


Angle PM F, then LEES P MN 
= a right e; now the perpen- 
dicular L 1 (5 291. & 11.) biſects 
Mc in E, and LH is = MG, 
therefore if M F be drawn equal and 
parallel to L H, it will be the reflect- 
ed Ray to the Ray of Incidence P M, 
_ will touch the Cauſtick AFK 
in F. 

And to draw the greateſt Ordinate 
FR, applied to the Cauſtick AF K; 
tis evident that when the refſected Ray M FG runs parallel to the Axis AP, 
then the Ordinate FR, will be the great; and in that Caſe the Angle PMQ will 


be = PQM, and PM = PQ; therefore in that point x =7. | 
Now let the. Equation expreſſing the Nature of the Curve A MD be ax . 
; . * 2 b 2 ö 


wen isj = 25 


— x, therefore ax = 2 Vax x x, and conſequently a= 
2%ax | | ; 
2 % x, whenee x = 4, which ſhews that when the Ray of Reflection M F, runs 
rallel to the Axis AP, and touches the Cauſtick in the Supreme point, then AP 
is = 4 Parameter of the Curve AMD =} @; that is, the point P wilt fall in the 
Focus of the Parabola, when the reflected Ray MF is parallel to the Axis; and then 
MP coincides with ML, LHwith LQ, and MF with MN; whence tis evident 
that in that Caſe, MFis = ML, and that if FR be drawn perpendicular to the 
Axis, AR, or AL - MF will be =} 4, and in this Caſe, the portion of the 
Cauſtick AFis=PM-+MF = the Parameter of the Curve AMD. 

And becauſe the Cauſtick by Reflexion A F K may be infinitely produced beyond 
K, let it be requir'd, in the next place, to inveſtigate the point K in the Axis A O, 
where the Cauſtic k interſects the ſame. | 

*Tis evident in this Caſe that MF becomes = MO, therefore the Value of MO 
muſt be inveſtigated, and put = MF; let the unknown Quantity M O be = , 
then becauſe the Angle PMO is biſected by the Line MQ, it is MP ()) : MO 


(s) 0 () 2202 1 , and conſequently O P is = IS 5 


* 


, and dividing both ſides of the Equation by 1 5, we have * — 


* 
DD e . 
— — whence — = —-- , and conſequently « x*— 

"FEED 4 „ A 72 

5 | TH = 


— + © 


75 


il 
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„ Li- and MO (uw) = = (ar N ME (44) = 


* _ 


2 therefore — 29) x* — 277557 => x4 — y +, and dividing by Aye 
— 27 

bare — 127 =x* = y; that isy* 275 =x*; which is a general Theorem, 

ſerving to find the point P, fo that drawing the Ray of Incidence P M, and the re- 


flected Ray MF, the fame will touch the Cauſtick AFK inthe point K, where 
it interſects the Axis 0 For r 


in the Parabola 5 = 41, andy 1 * +, andy = (ſupoſing x invaria- 
aw & 5 
Ue) —+x , and ſubſtituting theſe Values in the preceeding Theorem æ * 


— 2 7 1,thergwillariſe 2 =4 x " e + tx "x? and by Diviſion 
=. nip - ante et wt that is, AP (x) is =+4 the Parameter of the 


PROP. VII. 


The ſame things being ſuppoſed 7 x ar ror . a 5 to inveſtigate the 


03. To inveſtigate the Natare of any Curve, is to find an Equation which 
expoſes the Relation between th AR, and the Ordinate RE; to do 


which : Suppoſe AR = s, and RF = 2, then becauſe, MO (e) LEM 
2 —y* 
therefore Þ O = CITES IDE HEALS 57 = == (by the preceding Article.) 
* 
and N the Ttiapgtes MPO, MSF are ſimilar) MO 


* +97, 


x 


(= 12 (8 5 te 2 = 00 
n 


x? — 75 — 27 


(¹) SForPR COL; ; and now we have two Equations 2 = y 
** — y3 * 


. , which by tha tuip of the Equation expraſing 


— 2 — 
the Nature of the Curve, will ſerve to find a new Equation cleared of the 
flowing . expreſſing the Relation of AR () 0ER (2 


For Inſtance, if the Curve AMD be a Parabola, chen y j = 4 x > 


br and j - 22, therefore the Equation z = y + Cn becomes 4 


net cet 3 2 xt — 2 


1 1 
eee 
T4 2 2 * _— Tov 


247 1 — 2.x *, and Squaring both ſides of the Equation, there will ariſe 


* 22 


—y[p— — —ͤ— — U—U 
——— —— — Pp 


„ TT IST u— ̃¶ ͤ mn 
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22 =2x—6xx+4x33again, 1=x + . =2* ap ſubſtitution) x Tn 
3 ö ſg 44.4 
= =x-+2x=3x, Whence the Nature of the Cauſtick A F K is ex 
Sx; * x* ON 
preſs d by this Equation, à 2 = af 1? —} 455+ 4 445, and it may he obſery'd 
that PR (=—2 x) is always = 2&7 12 Wor ARis = 3 x, and this 
obſervation affords us a new Method for deſcribing the Catacauſtick A F K. 


PROP. VIII gs 


If the Carve AMD be the Logarithmeticdl Spiral, and if the Rays of Ioni- 
d dence A M iſſue from the Center A. Tir requir'd to deſcribe L for 
by Refledtion A F K. 


304. Draw MC perpendicular to the Curve, and A C perpendicular to the Ray 
of Incidence A M, then the point C will be in the Evoluta of the given Curve, 
| and conſequently AM = 
is — 3, whence M 


. XN n : 
. cles Triangle: e e 
= mY \ > ; ES Irla ez [ot 
Wee { V. | \- 7 x the Angle of Incidence 
£ R AMI is equal to the An- 
x \ * 43 07 5; gle of Reflection FMS, 


therefore the Angle, AFM 

IS = AMT; now the An- 

le AMT is invariable, 

dy the property of the 

Curve; and conſequently the Angle AFM is invariable, and the Cauſtick by Re- 


| flection AF K will be a Logarithmetical Spiral, differing from the given Spiral 


only in Poſition, 
PROP. IX. 


Let the Curve A MD be a vulgar Semicycloid, deſcrib by the Revolution 
of the Semicircle N G M on the right Line BD; and let the Rays of 
Incidence PM be parallel to the Axis A B. *'Tis requir'd to deſcribe he 
Cauſtick by Reflection. 


305. Becauſe MG is = 4 the Ray of the Evoluta, and GP I lar to PM, 
therefore MF = 5 « = P M, whence if G F be drawn perpen cular to the Reflected 
| Ray ME, the point F will be in the Curve 
requir d. 

It the Rays HM, HG be drawn from 
H the Center of the generating Circle, 
to the deſcribing point M, and the point 
of Contact G, tis evident that H G will be 
perpendicular to BD, and that the Angle 
G MHS MAH —= GMP; whence it ap- 
pears that the Reflected Ray M F paſſes 
through the Center H; now the Circle whoſe 
Diameter is GH paſſes alſo through the 
point F, becauſe G FH is a right Angle; 
e f _= 2 G N and; GF, Which 

: ; meaſure the ſame Angle G HN are 
portional to the Diameters MN, G H, of their reſpective — and — 
the 


SOT RI TT nm; ©® ee 
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the Arch G F = Arch GN=GB; whence it is manifeſt that the Cauſtic 


DFB is a Cycloid deſcrib d by the Revolution of the Circle G F H on ight 
Line B D. the right 


COROLLARY. 
| 306. The Space O. A B D is equal tothrice the Area of the Circle G F H; for 
the Semicircle MG N is = 2 the Area of the Circle G FH, therefore the Cy- 
cloidal Space A M D; is = 6 x Area of the Circle & FH; and the Cycloidal Space 
BFDis = 3 the Area of the Circle G F H, and conſequently the Space DABFD 


is = 3 the Area of the Circle G FH; and the Curve D F B divides the Space 
AMDB into two equal parts. ; _ 


PROP. X. 


The Cauſtick by Reflection HF being given, with the Luminous Point B; 
To 2 an Infinite. Number of Carves, ſuch as AM, to nbich it is the 
Cauſtick, | 


307, In any Tangent as HA aſſume the point A (at pleaſure) for one of the 
points of the Curve A M requird ; on 
the Center B with the Radius B A, deſ- 
cribe the Arch A P, and on the ſame Cen- 
ter B, with any other Radius B M, def- , 
cribe another Arch: then take A H 
＋ HE =BM—BA PM, and be- 
Einning at the point E, Evolve the 
Cauſtick H F; then the point E will 
deſcribe the Curve Line EM, which 
will interſect the Arch of the Circle 
deſcrib'd with the Radius B M, in M, 
one of the points of the Curve requir d. | 

For AH+HE=—PM, and EF = (from the Nature of Evolutions) MF, thee- 
fore PM (BM—BA) --MF =AH + HF, and conſequently the Curve HE is 


the Cauſtick by * to AM. 


Another way. 


| 208. If B MF be a Thread whoſe extremities are made faſt in B and F, and if the 
ſaid Thread be kept at its full extent, with a Pin in M, then if the Pin be ſuppoſed to 
move from A to M, while the Portion of the Thread M F touches the Catacauſt- 
ick in F, it will deſcribe the Curve AM requir d: for it is evident that P M- 
MF is always = AH+ HE, 


Another way. 
300. Having drawn the Tangent H A, draw another Tangent FM at pleaſure, and 
take FK = EAT AH-+ HF; draw BK, and biſect the ſame in G, and draw 
GM perpendicular to BK, and it will cut the Tangent F K in the point M re- 


quir d: for BM 4+-MF=B A -+AH-+ HF, therefore the point M is in the Curve 
AM requird, 


Qqq C ON- 


F 


CUNSECTARLY I 


310. If the point B be at an infinite diſtance from the Curve A M, that is, if the 
Rays of Incidence B A, B M, be parallel to a — right Line, the firſt Conſtruction 
will alſo ſerve here, if we imagine the Arches 

of the Circles deſcribd on the Center B to be- 


2 come ſtreight Lines, perpendicular to the Ray 
. of Incidence. 

P Or the Curve A M may be deſcrib'd thus: 
E Take FK = AH Hk, then if the point 
M be found, ſo that drawing MP parallel to 
AB, or perpendicular to AP, the Lines MK, 
M be equal; then tis evident that the point i 
will be in the Curve A M requir'd ; for then PM 
4-MF=AH-|- HE. 

Now the point M may be found in this man- 
ner: Draw KG perpendicular to AP. and take KO=KG ; draw OG, anfl 
draw K PO G, and PM GK, then M wil] be the point required; for becauſe 
the Triangles G K O, PM K are ſimilar, therefore PM = MK. | 


CONSECTARY II. 


If the Curve Line DN, and the Luminous Point C be given; to find an infinite 
Number of Curves ſuch as A M, which ſhall make all the double reflected Rays 
MB, A B, Converge to a given point B. | 

If we imagine the Curve HF to be the Catacauſtick of the given Curve ND, 
© being the Radiant Point, tis evident that the ſame Curve H F muſt alſo be the 


242 


Catacauſtick to the Curve (AM) required, the Luminous Point (or rather the Fo- 
cus to which the double reflected Rays Converge) being in B; whence FK BA 
AHA Hf, and NK =BA+AH-+HF-|-FN= (becauſe HD DC 
=HF -+FN-+NC) BA-FAD-FDC— NC; whence there will ariſe this 


CONSTRUCTION I. 


Aſſume the point A (at pleaſure) in any of the firſt reflected Rays, for one of 
the points of the Curve (A M) requird; and in any other reflected Ray as NM, 
take NK =BA+AD + DC—CN ; then draw BK, and biſect the ſame 
in G; and draw MG perpendicular to BK, and the point M will be in the 


Curve requir'd. | 
CONSTRUCTION IL 


If the Cauſtick H F be drawn, the Curve A M may eaſily be deſcrib d. if we aſ- 
ſume the points B and C as two Foci,and in them fix the ends of the Thread B M NC; 
and with two Pins in N and M deſcribe the Curves ND, M A, ſo that the Por- 
tion of the Thread MN, AD, &c. always touch the Cauſtick in Hand A, &. 


\ CONSTRUCTION III. 


And by this Artifice, Rays iſſuing from any point may be made to Converge 
to any other given point, after one ſingle, double or triple, &c. Reffexion. 
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io Minhenutical Philoſophj. 
SECT: X. 
The Uſe of Fluxions 
In finding Cauſticks by Refraftion, to all ſorts of Curves: 


DEFINITION. 


F we imagine an infinite number of Rays BA, BM, BD, &. Iſſuing from the 
ſame Luminous Point B, to be Refracted (from or to the Perpendicular MC) 
at the Curve A MD, fo that CE the Sines of the Angles of Incidence C ME be al- 
ways to CG, the Sines of the refrafted Angles CMG, in a given Proportion, as 
i is to ; the Curve Line H FN which touches all the refracted Rays is called the 


Diacauſtick or Cauſt ick by Refradi ion. 
CONSECTARY I. 


311. If the Cauſtick HF N be Involved, beginning at the point A, the point 4 
will deſcribe the Curve A L K, ſo that the Tangent LF the Portion of the Cault- 


ick F H, will always be equal to the ſame ſtreight Line A H; and if we imagine 
another Tangent Fm / infinitely near F ML, and another Ray ot Incidence B , 
and if on the Centers F and B, the little Arches MO, MR be deſcrib'd, the Rect- 
angular Triangles MR mw, M Om will be ſimilar (becauſe if from the right An- 
gles RME, CM, we ſubtract the Angle EM, there will remain, R M mw = 
EMC; and if from the right Angles G MO, CM, we ſubtract the Angle G M, 
there will remain OMm=—GMC) to the Triangles MEC, MGC, reſpective- 
ly: therefore Rm: O:: CE: CG :: . 

And becauſe R is the Fluxion of B M, and O that of LM, tis evident that 
the ſum of all the R, that s BM — BA, is to the ſum of all the O , that is 


ML, or AH—MF—FH :: : , and conſequently » x BM —BA =mx 
AH—MF—FH; and by Diviſion —B M— BA = AH—MEF —FHB, 


nd by Tranſpoſition, FH = AH— MF +;7 BA— N 


C O N. 
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CONSECTARY H. 


if the Arch of a Circle A P be deſcrib'd- on the Center B, then M= BM 
B A; and if we ſuppoſe the Luminous point B to be at an infinite diſtance from the 
Curve AMD, the Rays of Incidence B A, BM, will be patallel to one another, 
and the Arch A P will become a ſtreight Line perpendicular to theſe Rays. 


PROP 


The Nature of the Curve A MD, the Luminous Point B, and the Ray of In- 
cidence B M, being given; to find the point F in the Refracted Ray M F, where 
the ſaid Ray touches the Dia. cauſtict H FN. 


312. In the foregoing Figure, find the length of the Ray of the Evoluta M C, 
anſwering to the point M, aud ſuppoſe the known Quantities B M , ME = 5, 
MG l, and the infinitely little Arch M R = x, 


Then becauſe the Rectangular Triangles ME C, MR”, MGC, MO, BMR, 
BQe, are ſimilar; it is, ME (a4) : MG (b):: MR (x): MO = —_ „ and 


B M (Y) : Br BE (y-a):: MR (+):Qe== E. and by the pro- 


perty of Refraction, Ce: Cg :: CE: CG :: m: n, therefore w:n :: Ce—CE 
or Qe (== *) Cg —CGor Sg = EEE „ and Vecauſe the 
Rectangular Triangles FM O, and FSg are ſimilar, it will be, MO — Sp 
LE gente: ) . MO (= ::.MS or MG (6): MF === 
amy — : 1 1 
3 


4 — 4242 —42 25 


, whence there ariſes this 


CONSTRUCTION. 


Towards M C, make the Angle E CH = GCM, and take MK (towards B) = 
| | £4 | then 1 Gay, if HK: HE ::MG: 


7 
MF; the point F, will be in the Dia- 
cauſtick HF N. 
Becauſe the Triangles CGM, CEH 
are ſimilar; it is, CG: C E:: ::: 
bm 


MG (6) 3 „ thereſore 


— and con- 


un, and HM — MK = HK = Imy—an7 


Ty 
ſequently, I K (N :HE (=) ::MG (b): MF = 
— 12 1 


bmy—any— 44 


in 
tt 
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CONSECTARY L 


$413. If the Luminous Point B be on the fide of the Curve (AMD) towards E, 
or which is the ſame thing, if the Curve be Concave towards the Luminous Point B, 


e 

A 2 

„ — H 

, 

f then y of being Poſitive will become Negative, and conſequently M F will be = 

id =bbuwy” , andthe Conſtruction will be the 
—bmy+ any—aan bmy—any-|aan 

. fame as before. 

'E CONnSECHFARY IK 

he If we ſuppoſe y to become infinite, then the Rays of Incidence will be parallel to 

| ho bbmy : 2 

FP one another, and MF = En will become = (becauſe the Term 

«4» is incomparably leſs than either of the other Terms bm y, or , and conſe- 
„ OL dw We 

quently may be vepathed?) yang, (dividing by y) rms aj, and becauſe 
inthis caſe „ is =o, the points M and K coincide, that is MR vaniſhes, and conſe- 
quently the point F is found by this Analogy, HM:HE:: MG: ME. 

= | CaSNSECTARY E. 


The ſame Curve AMD can have but one Cauſtick by Refraction, the Ratio of 
m to being given: and the Cauſtick is a Geometrical Curve, and may be Recti- 
hed, the given Curve AMD being Geometrical, 


CONSECTARY' IV. 


If » be infinite in reſpe of , then tis evident that the refracted Angle C M G is 
infinitely little, and conſequently MF and the Ray of the Evoluta M C coincide, and 
the Cauſtick by Refraction coincides with the Evoluta of the given Curve A M D. 


CONSECTARY v. \ 


If the Curve A M D be Convex towards the Luminous point B, and if the Value of 

Mr (=; — be Poſitive, tis evident that the point F muſt be 
my - 2257 — 442 

taken on the ſame fide with the point G, in reſpect of M (as is ſuppos d in the Calcu- 


lation), But if the Value of MF be Negative, then the refracted Ray F M muſt be 
. 5 <a producd 
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produced on the ſide towards B, and the point F muſt be taken on the ſame fide of the 
Curve with B. Whence tis evident, that in the firſt caſe, When the Value of MF is 
Poſitive, the refracted Rays Converge, on the fide of the Curve towards G (be- 
cauſe it is on that ſide that the refracted Rays interſect one anotber, in order to deter- 
mine the points F.) But in the laſt caſe, when the Value of MF is Negative, che te- 
fracted Rays Diverꝑe, becauſe being produc d, they interſect one another on the ſame 
ſide of the Curve with B, in order to determine the points (F) of the Qauſtick. 


CONSECTARI XI. | 
1a like manner if the Curve A M D be Concave towards B, then is MF by cad 


—bmy 22 4425 8 Dr 


Rays, being infinitely near, Converge when the Value of MF is Negative; and Di- | 


verge, whea Poſitive. 


CONSECTARY VI. 
If the Curve AMD be Convex towards the Luminous Point B, and if w be leſs than 
„ ES ts * 25h 
u, then the Value of MF (lint) is Negative, and conſequently the 
refracted Rays Diverge. And in like manner, if the Curve A MD be Concave to- 


wards the Luminous Point B, and greater than , then the Value of MF is Poſitive, 
and conſequently the refracted Rays Diverge (F. 5. 6.) 


3. CL 11 3 


CONSECTARY VII. 


If the Rays of Incidence BM touch the Curve AMD in the point M, then is ME 
(a) So, and conſequently MF = 6b; which ſhews that the point F will then Co- 
incide with the point G. | * TH A. Wd YORI WT 


CONSECTARY, IX. 


And if the Ray of Incidence B M be perpendicular to the Curve A NM D, then the 
Refracted Ray MG, will Coincide with MG the Ray of the Exoluta, and the right 
Lines ME () and MG (6) will each become equal to MC; therefore MF = 


uy _ „ Which will become =, when the Rays of Incidence are para- 


my —ny bn ” 


lel between themſelves. 


CONSECTARY X. 


If the Refracted Ray-M F touch the Curve A MD in the point M, then is MG 
(b) So, and conſequently the Diacauſtick will touch the Curve in the given 


point M. | 
| CONSECTARY NX. 


And if C M the Ray of the Evoluta, be = o; the right Lines ME (2) MG (6) 


will alſo be equal to nothing, and conſequently MF = o, and the point M will 
be common to the Centick and the gives Qurve. | 


_CONSECTARY XII. 


- Tf the Ray of the Evoluta C M be infinite, then the right Lines ME (2) at 
MG (s) will alſo be infinite, and the Terms 6 my, any will be infiitely 


28 
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in reſpet of 45 my, e, and conſequently ME will be = =; and becauſe this 
Quantity is Negative Ci) when the point F falls on the oppoſite fide of the Curve, 
iu roſpect of ; and Politive, when B and F are on ther ave: ſide of the Curve; 
it is plain, that the point F muſt always be taken of the ſame ſide: with the point B,. 
and conſequently, that the refrated Rays will Diverge. And in this caſe, it is maniſeſt 
that, the Arch M m is a ſtreight Line. In which caſe, the preceeding ConfruZion can- 
not be a ot end thepore lewhkitty oreve go dermis the prince (F) of the Cun- 
ſtick HFN, when the Curve AMD becomes a ſtreight Line, may be ſubſticuted in its room. 
Ft ENT Re get care BU, until it ER 
(perpendicular ro in perpendicular to the 
Ray MG, and make the Angle BOH = | | 
LOM. Then ſay, BM:BH:: ML: MF. | 
1 fay the point F will be in the Diaceufich. D 
For the Rectangular Triangles MEC, | G 
MBO, MGCand ML O are always ſimilar, | 
how great ſoever M C be ſuppos'd; and con- 
ſequently, when CM is infiaice, we have this 
Analogy, ME (): MG (6):: BM (y) 


OLM, OBH are alſo ſimilar; it is, OL: 
OB :: : ML(-7 H= 


Whence it is evident that B M (7) B (= ++ ML (2) Mr b bmy 


ff the Carve Le AMD be « Quadrant of @ Circle, and B the Lane 
| Point. Tis requir d to deſcribe the Diacauſtick H FN. 


314 ff AMD be a Quadrant of a Circle, then M C the Ray of the Evoluta is an 
invariable Quantity. Now fi Oe poi B at an infinite diſtance from A MD, 
then the Rays of Incidence B A, B M, BD, &c. will be parallel between themſelves, 
and perpendicular to CD; and let the Ratio of mto n be as 3 is to 2, Then becauſe 


a S;- : d 


3 — - 4 * 1 
—_ 


_ 


K+ 
B | 


Dr IT 
an I, by — —_ 


A 


the Evoluta of the Circle, is contrafted into one point C, which is the Center , it is 


evident that if we deſcribe the Semi- circle ME C, on the Diameter MC, and take 
the Chord CG = + CE, the Ray M G will be the refracted Ray to the Ray of laci- 


dence B M, and the point F may be found by Art. 313. 5 2+ 
CONSECTARY I. 
315. And to find the point H, where the arne 


AMD, touches the Diacauſtick HFN, we have AH= (An. 313. 5 9) „ 
=zb=zAG C ON 


K 11 
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CONSECTARY IL 


1 
if we deſcribe the Semi-circle C ND, on the Diameter C D, and take the 
C 


And 
Chord CN =4CD; it is (am. 313-$8.) evident that the point N will bein the 


CONSECTARY III. 

And if AP be drawn parallel to CD, then the Portion of the Diacauſtick F 
is (An. 311. $2.) AH—MF— PM, and conſequently the entire Cauſti 
HFNi = j CA DN. | 

CONSECTARY i. 


If the Parallel Rays BM fall on the Concave fide of the Quadrant of the Circle 
AMD, and if che Ratio of to n be as 2 is to 3, then on CM (the Ray of the Evo- 


IM 


| 


huta of the Circle) deſcribe the Semi-circle C E M,. and take the Chord CG = 4 CE, 
then will G M, produced towards F, be the Refracted Ray to the Ray of Incidence BM 


and the point F may be determined by Art. 31 3. § 2. 
Fons te ritt u 


And to find the point H, where the Ray B A perpendicular to the Curve A MD, 
touches the Diacauſtick ; A H is = (Art. 291. §9.) — =— 26, That is, the 
point H falls on the Convex fide of Curve A MD, and AH the diſtance of H from 
the vertex Ais = 2 AC = Diameter of the Circle AMD. 


CONSECTARY-VL 


And if we m_— CGoriCE= CM, then 'tis manifeſt that the Refracted Ray 
M F will touch the Circle A M D in M becauſe the points G and M coincide, Whence 
it is evident, that if CE be taken = CD, the point M will fall in N, the point 
in which the Cauſtick touches the Quadrant of the Circle. 


CONSECTARY vnn. 


If CE exceeds 4 CD, then the Rays of Incidence B M cannot (be refracted or) 

$ out of the Gl, or denſer Medium, into the Arr or a thinner Medium, becauſe it is 
impoſſible, that CG perpendicular to the refracted Ray MG, can be greater than 
CM, and conſequently all the Rays that fall between N and D muſt be Reflected. 


C O N- 


di 
fa 


to Mathematica! Philoſophy. 349 
c NSECTAARAT m. 
N And to bnd tbe length of the Diacauſtick H F N. Draw A P parallel to CD, then 
the Portion of the Curve F H = AH—MEF-+4 PM; and drawing N K parallel to 
CD, the Cauſtick HEN =2AC-+LAK = 1 84 


Before I bers this Propeſition, I think ir will not be Improper to ſbew how 

The Dofrine of the Foci of Spherical Glaſſes of all ſorts, 
expos'd either to Diverging, Converging, or Parallel 
Rays, may be deduc d from the Principles bere de- 


liver d. 


CONSECTARY N. 
If AMD4 be Revoly'd about the Axis AC, the Quadrant AMD C will generat 


an Hemiſphere, and if this Hemiſphere infinitely produc'd towards d, r, be ſup 
5 of Glaſs; and the ambient Fluid, Air. Thea all the Rays BM, parallel to ins 


B D — 


nitely near the Axis A C, will (being refracted at the Spherico-conver Surface of the 
Glaſs) Converge to the point H, three Semi-diameters of the Sphere diſtant from 
the Vertex A. 
CONSECTARYT'E 
And if an infinite Number of Rays Diverge from the point H, diſtant three Semi- 
diameters from the Spherico-concave Surface of the Air, and be Refracted at the 


faid Spherico-concave Surface; they will (after RefraQtion ) run parallel to the right 
Line HA, drawn through the Luminous Point H, and C the Center of the Sphere. 


CONSECTARY XI. 


If an infinite Namber of Rays B M, be parallel and infinitely near to the Axis AC, 
and paſſing, out of a Medium of Glaſs into a Medium of Aw, be refracted at the Sphe · 
rico concave Surface of the Ar, they will Converge to the point N, whoſe Diſtance 


1 or) from the Vertex A is = the Diameter of che Sphere. 
it is | 
chan 
SCC cos EC. 
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CONSECTARY XII. 


If the Ray H M Diverge from the point H (in Air) diſtant one Diameter om ths 
Vertex of che $ of Glaſs, be reftacted at the Spherico-convex- Surface of the 
Glaſs, all the Qed Rays will run parallel to the Line H C, drawn through the Lu- 
minous Point , and C the Center of the Sphere. ä 


CONSECTARY XIII. 
In 4 Medinm of Glaſs, if the Rays of Light be parallel to the Axis, and if they be 


refracted at the Spherico-convex Surface of the Ai, the refracted Rays will Con- 
verge to a point in the Axis (and in the Aedum of Glaſs) diſtant one Diameter of the 


.” Sphere from the Vertex of the Glaſs. 


CONSECTARY XIV. 


In a Medium of Air, if an infinite Number of Rays Converge to a point (beyond 
the Spherico-convex Surface of the Air) diſtant one Diameter of the Sphere from 
the Vertex, and be refracted at the Spherico-concave Surface of the Glaſs, the re- 
ſtacted Rays will run parallel to the Axis of the Sphere. 5 


CONSECTARY Xv. 


In a Medium of Air, if an infinite Number of Rays parallel to the Axis, be refra- 
Qed at the Spherico-concave Surface of Glaſs, the refracted Rays will Converge to a 
8 in the Ar, (and in the Axis) whoſe Diſtance from the Vertex is equal to three 

i-diameters of the Sphere. - {$16 RK} = 43M 


CONSECTIVET 40921 > hotor hos 
s | Ane ei 9113 29103140; 
In a Medium of Glaſs, if an infinite Number of Rays Converge to a point diſtant 
three Semi-diameters beyond the Spherico-convex Surface of Air, and be refracted 
at — ſaid Spherico- convex Surface of Air, they will after Refraction, run parallel 


SCH OLIUM 


In Dioptricks, it is neceſſary only to conſider thoſe Rays, which cas enter into 
the Eye in any given Poſition ; and therefore as we have ſuppoſed the Eye 
poſited in the Axis H C, ſo the Demonſlrations cas ſtrictiy agree with none 
but thoſe Rays that are infinitely near the ſaid Axis: But in Practice they 
may be allowed a greater Latitude ; and the ſame Proportions may be aſed, 
even when the Point M is at ſome little Diſtance from the Vertex A, 
without producing any ſenſible error. 


Befo;e I proceed further cn this Subject, it will be requiſite to premiſe another. 


* PROP. 
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PROP. III. 


If the Carve AMD be Quadrant of « Cirele, as before, and C the Center, 
u, f the Rays of Incidence BA, BM, BD, &. Diverge om 4 given 
point B. *Tis required to deſertbe the Catch by Refr aftion ft N. | 


316. Through the Luminous point B, and C the Center of the Circle, draw the 
indefinite Line BCH, and let the Sine of the Angle of Incidence be to the Sine 
of the refracted Angle, as mis to ; then becauſe the Center C is the Evoluta 
of the Circle, the Line M C will be a Ray of the Evoluta. 


On the Diameter M C deſcribe the Semi-circle ME c, and produce BM the Ray 
bf Incidence, until it interſe& the ſame in E, draw the right Line CE, and take 
CG = — CE, then it is evident that MG will be the Refracted Ray to the Ray 
of Incidence B M, and the point F in the Cauſtick H F N may be found by taking 
[11 25 4 CY bbmy * 
MF = (Art. 312) 177 2 2 

And to find the point H, where the Ray B A perpendicular to the Curve A M D 
8 bmy 


touches the Diacauſtick: H FN, we have AH = (Arr. 313. 5.) 3 27 
A 18 U . } 7 | 0 — — 


CONSTRUCTION. 


To find the point H; through the points A and C, draw the right Lines AQ and 
CN parallel to each other; and from the Luminous point B, draw BN at pleaſure 
Interſecting A Qin F; then take CM: CN: 
: m, and draw F M, and produce the fame B 
to H; 1 ay H is the Point requir d. l 

For if the right Line H N be produced to 
Q, and if FP be drawn parallel to Q H, then 
BC O): BA(y):: CN (m):AF 


A 
, and CM (»): CN (») AW 


—þ A © ä 
* 2 TEST bs 
, E= lie 
mm 


bu-+ ny 
: AH c or AC (6b): 


GT O Ne 
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CONSECTARY L 


317. If B be a Radiant point, AMD a Lens Spherico-convex towards B, and H 
the Focus, whereunto the refracted Rays MH Converge, then the Reſiſtences of 
the Mediums are Reciprocally in a Ratio compounded of the Ratio of B C to C H, 


and of the Ratio of A H to A B; for the Ratio compounded of the Rationes of B C 


4 bny-|-bbn bmy 

(b-|-y) toCH en) def AH (—= Id toAB(y) 
is as bb my EN is to bbny + y, that is, as misto , or as the Sine 
of the Angle of Incidence is to the Sine of the Refracted Angle, or (Art. 162) re- 
ciprocally as Denſities of the Mediums. 


CONRCTARY MH 


In a Medium of Air, if the Rays of Incidence BM, BD Diverge from the point 
B, and be refracted in M, at the Spherico-convex Surface of a Medium of Glaſs, 


thenis AH= 22, , and conſequently the Focus H may be found by this Analogy 


32BC—AC ==) Ac (6b) :: BH—AHorBA G): AH = 


3by 
J—26b" 


CONSECTARY III. 
If the Foci B and H, and A the Vertex (or Pole) of the Glaſs, be given; the 
point C, and conſequently A C the Semi-diameter of the Refracting Sphere may be 
found, by this Analogy; 3 BH—AH 7) 2 AH © 2 ::BC=— 


y—2 —2b 
aC(9):ACc=k 


CONSECTARY V. 
If the Foci B and N, and C the Center of the Refracting Sphere be given, the 


Semi- diameter of the ſaid Sphere may be found, by this Analogy; 3 BH —BC: 
BC:: AH—ACorCH:CA 


CONSECTARY v. 


In a Medium of Glaſs, if the Rays of Incidence HM — from the Radiant 
int H, and be refracted in M, at the Spherico-concave ce of Air, the re- 


ed Rays MB will Converge to the Focus B, whoſe diſtance B C from C the Cen- 
ter of the Refracting Sphere is a fourth proportional to 4AH—AC, AC, and 


. Hz 


2 
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. 1 3 2bb \_ Fo 1 (A 
CH; for 1 AH AC(=2,):AC(H)::CHorAH AC 722 


CONSECTARY VI 


In a Medium of Air, if the Rays of Incidence B M be Refracted in M at the 
Spherico-convex Surface of a Medium of Glaſs, then is AH= "53 and if 


we imagine C the Center of the Sphere to be at an infinite diſtance from A (the 
Pole of the Glaſs) then the Refracting Surface will be a Plain, and A H will become 
= - Ab, whence 'tis manifeſt that 5 the Focus of the Refracted Rays is on 


the ſame ſide of the Plain with the Radiant point B; the Focus may be found by 
this Analogy, as the Sine of the Refracted Angle (2) is to the Sine of the Angle 


of Incidence (3) fo is BA (3) to Ab ==). 
CONSECTARY VII. 


In a Medium of Glaſs, if the Rays of Incidence B M be Refracted in M, at the 
Spherico-convex Surface of Air, then is AH = —= = — 5175 „and H 
the Focus of the Refracted Rays is on the ſame ſide of the Refracting Sur face with 
the point B, and the ſaid Focus H may be found; ſaying, 3 AC AB (3 U 


257 
:2AB 2: AC O :-: AH E 
2AB (23): (5) 74 


CONSECTARY VI. 


Ina Medium of Glaſs, if the Rays of Incidence BM be Refracted in M, at the 
Spherico-convex Surface of Air, then is A and it the Center C 


be at an infinite diſtance from the Vertex A, the Refracting Surface will become 
a Plain, and AH = - y = Al; and the Diſtance of the Focus b from A is to AB, 
as 2 is 3; whence in this Caſe the Focus of the Refracted Rays falls between A and 
B, and in the Caſe of F. 6. the Focus 6 falls beyond the Radiant point B. 


CONSECTAR.Y IX. 


In a Medium of Air, if the Rays of Incidence H M Diverge from the point H, 
and be Refracted in the point M, at the Spherico-concave Surface of Glaſs, then 
the diſtance of the Focus of the Refracted Rays from A (the pole of the Glaſs) is 


= 7272 , and conſequently the point or Focus, unto which the Retracted Rays 
Converge, is on the ſame ſide of the Curve with the Radiant point H, and may be 


found; faying, AH-j-2 AC (y-+245):AC(6):: 3AH (3 )) the diſtance 
of the faid Focus from A = 5621 a 


CONSECTARY X. 


In any Lens or Proſpective Glaſs, the Nature of the Glaſs and the Poſition of the 
Radiant point being given, the Focus whereunto the Refracted Rays Converge, may 
eaſily be found. For 15. ſind the Focus of * Rays Refracted at their Entrance _ 

6 
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the Glaſs 3 if the Surface of the Glaſs, expoſed to the Radiant point be plain, 
or it the Surface of the Glaſs be Spherical, and the Rays of Incidence 
parallel to the Axis of the Glaſs; or if the Surface of the Glaſs be Spherical, and 
the Rays of Incidence either Convergc or Diverge. And as we thus find the Focus 
of the Rays Refracted at the Surface of the Glaſs, expoſed to the Radiant point, 
ſo in like manner may we find the Focus, called the Focus after Emerſion, of the 
Rays Diverging from this Focus, and Refracted by the ambient Medium, as they 
paſs out of the Glaſs, &e. if there be many Glaſſes we may proceed in ſuch manner from 
o ne to another 


S CHO LIUM. 


Many more Co ollaries might be deduced from the foreſaid Principles which 
for brevities ſake, I have here omitted; for he that will conſider all the 
Caſes, ariſing from the diverſities of Mediums, their various and dif- 
ferent Poſitions in reſpett of one another (or in reſpett of the Refratting 
Surface) the different Poſitions of the Refracting Sphere in reſpect of the 
Radiating point, and even the greater or leſſer diſt ance of the ſaid Radi- 
ating point from the Reſracting &. N may eafily extend this Speculation 
to an infinite Number of Caſes, which I have not mention'd. 


PROE Iv. 


The Cauſtict by Refrattion H E, the Luminous point B, and the Ratio of m to n 
being given; to find an infinite Number of Curves, ſuch as AM, to which 
the given Curve HF ſball be the Diacauſtich. 


318. Draw any Tangent at pleaſure as H A. and aſſume any point therein as A, 
for one of the points of A M the Curve requir'd; on the Center B with the Radius 
B.A, deſcribe the Arch AP, and with any other Radius B M, deſcribe another ob- 


H 


cure Arch; then take AE = PM, and deſcribe the Curve E M by involving 


the Cauſtick HF, until it cut the Arch deſcrib'd with the Radius BM in M; then 
(by Conſtruction) PM or BM —BA:AE or MLor HA—FM—FH :: : 


and conſequently FH=HA —FM-+ = BA— = BM (4rt. 311. 8 2.) and 
the point M is in the Curve required. 


not her 


|| 
| r. 


arcs 1 
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Another Solution. 


319 In any other Tangent FM find the point M, ſo that HF + FM-+* BM = HA 


+ 2 BA, in this manner: Take FK = BA+ AH —FH,andin the Line 


FK find the point M, ſo that MK = © 


BM, then M will be the point requir'd. 
Now this may be done by deſcribing the 
Curve G M ſuch that drawing from any 
point thereof M, the Lines MB, MK, to 1 SS 3 
the points B and K, they ſhall always 
be to each other as is to ». | 
Draw MR perpendicular to B K, and ſuppoſe the known Quantity B K = «; the 
indeterminate Quantities BR=x, RM =; then becauſe the Triangles BR MN, 


KRM, are Rectangular, therefore BM = V --yy and KM —— 
Vi- T N aud to anſwer the Demands of the Problem it is; 
vVxx yy: Vaa—2ax+xx—+yy :: , whence there ariſes this Equation 


24mmx-—aamm 


„e, which ſhews that the Locus of the point M is 


FEY mnmn-—nn 


in the Periphery of a Circle, whence there will ariſe this 


Q 


CONSTRUCTION. 


Take BG = Ar, and B = n, and on the Diameter GR deſcribe the 
Semi-circumference GM Q, I ſay it will be the Locus required; for becauſe Q R 


. 1 oF DFI a... | 
BQ—BR=-— —x, and RG=BR BG = s » by the pro- 
perty of the Circle Q R x RG = MR 9, and conſequently y y == 


2am m 424 
32 


— & *. 


COROLLARY. 


If the Rays of Incidence B A, B M, be parallel to « right Line, whoſe poſition 
r# aac, tbe firſt Solution will aways ſerve, 3 
following. 

320. TakeFL=AH — HF, and draw LG parallel to A Band perpendicu⸗ 

larto A Pʒ then take LO =— 

LG, and draw LP parallel to 

OG, and PM parallel to 


GL, then 'tis evident that M 
is in the Curve requir'd; for 


LO== LG, and ML = 


PROP, 
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PROP. v. 


Ne cr Line A N, the Luminons point B, and the Ratio of m to n being 
ven; to find an infinite Number of Curves, ſach as DN, which ſball re. 


* fratt the refrattid Rays MN, and make them Converge to any given point C. 


321» If we imagine the Curve FH to be the Cauſtick by Refraction to A M, the 


Radiant point being in B, tis evident that the ſame Curve F H ought to be the 
Cauſtick by Refraction to 


the Curve DN, the Lumi- 
nous point being in C, there- 


fore (Art. 311. § 2.) — 
BAFAH=—BM-|- 


4 | 1 ; T 
2 — MF +FH; and NFA 
9 H 
1 A D | FH—— NC HD 


» . 1 71 * i 
„Dc; and conſequently — BATAH= = BM + MN HD— „ DC 


* 
+ = NC ; and by Tranſpoſition—BA— BM DC A- Ab- MN. 
Nc; whence we have this 


CONSTRUCTION. 


In ay Refracted Ray AH, take the point D at pleaſure, for one of the points 
of the Curve D N required, and in any other Refracted Ray as MF, take MK = = 


BA—-—BM+--” DC-+ AD; and find the point N by Ar. 319. fo that NK 
be =— NC; then the point N will be in the Curve D N requird. 


General Conſectary. 


322. It is evident that the ſame Curve has but one Evoluta, one Cauſtick by Re- 
flexion, and one Cauſtick by Refraction, when the Luminous point and the Ratio 
of w to » is given; and that when the ſaid given Curve is Geometrical, they are 
To-alfo ; and conſequently may be Rectified, and any- Curve may be an Evoluta, 
| Cauſtick by Reflexion or Refraction to an infinite Number of Curves. 


SCHOLIUM. 


Before I conclude this Section, I think it will not be amiſs to acquaint the 

Toung Student further, that it me requir'd to conſtruct Curves, which 

| ſhall make Rays, iſſuing from any given point Comvergs to another given 

point, After one ſingle Reflexion or Refraction ; and becauſe the Speculation 

thus enlarged a of more untverſal uſe : I ſhall briefly ſhew how ſuch 
Curves may be deſcrib'd, 


_ 


* 323. Let 


K Fs 
A 8 8 
bY 1 
= 


W 


4 
1 
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323. Let B be the Luminous point, from which the Rays B M, Bi Divergez and 
ſuppoſe the Diverging Rays to be Refracted at the Curve AM , and that all the re- 
fracted Rays M H, H Converge to any point H; let the Rays BM, Bm bei f 
near each other, and drawthe Tangent M, and MN icular to the ſame in M; 
and let the Sine of the Angle of lacidence FMN be to the Sine of the Refratted An- 
gle HMN as mis tos; draw MR, MF, perpendicular to the Ray of Incidence BME, 


ds s 
i Ba: 

| 3 

B 2 


and the refracted Ray MH, then the Angle M mF is = Angle of Incidence 
becauſe each being to the Angle MF makes a right Angle and (for 

reaſon) Mw R is = the Refracted Angle HMN, therefore if w M be made Radius, 
MF will be equal to the Sine of the Angle of Incidence, and MR = Sine of the Re- 
fracted Angle; and conſequently MF: MR:: ; that is, the lncrement of the 
Ray of Incidence (Bm — BM) is always to the Decrement of the Refracted Ray HM 
— H m) as mis tos; and conſequently the Sum of all the Increments of the Rays o 
Incidence, or BM—BAor MP=AG, is to the Sum of all the Decrements of the 
Refracted Rays, or HA— HM or AE, as is to », whence if both the Foci f 
and H, and A the Vertex of the Curve AM requir'd, be given, the Curve AM may 
be deſcrib'd thus. 


Take AG at pleaſure, then ſay m : » :: AG: 2 AG =AE, then on the Cen- 


ter B with the Radius BG, deſcribe the Argh BMG, and on the Center H, wich the 
Radius H E deſcribe another Arch EM, interſecting G M in M, and the point M 
will be in the Curve A M requir d. ES | 


324. And becauſe the Velocities of the Particle of Light, before and after Re- 
fraction (Art. 163.Y 1*.) are rtional to the reſpective Facilities of the Me- 
diums, and that the times are directly as the Spaces, and reciprocally as the Veloci- 
tics; the times which the particle of Light takes to deſcribe BA and A H, may be re- 
preſented by B AX AH, and the times which any other particle of Li 
takes to deſcribe BM and M H, will alſo be repreſented by BP x» + PM x» MH 
xm = BAN PMX AH —AExm= PM:AE:: :, 
and PMx#=AExm) BAxn--AHxm; whence it is manifeſt, that i. 
cles of Light Diverging from B and ing to any given point H, will ibe 
the Lines BA, AH; BM, MH; Bm, H, Oc. in equal times: and hence we have 
another Method for deſcribing ſuch Curves. 


Unu Make 
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Make AC = ” AH, and having deſerib on the Center B any Arch MG inter. 
god ; A H in G, on the Center H, 5nd with the Semi- diameter HE = ode. 


3 | . 


17 
1 - a — 7 —— — 


B > A RE N E 


clibe another Arch E M interſecting M G in M I ſay the point M is inthe Corve 
requir d. | Ke | 

For if A B repreſent the time that the Particle takes to move from B to A, then 
AC == AH will repreſent the time the Particle takes to move from A to H, 


and conſequently BC will reprefent the whole time the Particle takes to move from 
B to H; in like manner, B M or B G will repreſent the time which the Particle takes 


to move from B to M, and GC (being by Conſtruction = 2 MH) will repreſent 


the time from M to H, and conſequently B C will repreſent the time which the Particle 
of Light takes to deſcribe BM -|- M H; therefore the point M is in the Curve requir d. 


325. The point M may alſo be found . i AB be divided in $,fo that As = ” AB; and 
if on the Center H with any Radius, the Arch ME be deſcrib d, interſecting A H in 
E, and on the Center B with the Radi G = _ SE, another Arch G M be deſ- 
ſcrib'd interſecting che firſt Arch in 


326. It is alſo manifeſt, that if m 2, and » =2, then AG=4 A E and the 
Curve AM is one of Cartes Oval; and if we ſuppoſe the point B or I to be 
at an infinite diſtance from A, or hoth to be on the ſame ſide of the Curve A M, 
then we ſhall have all thoſe Figures which the forenamed Excelleat Perſon has treated 
of (in Relation to Refractions) in his Geometry and Dioptricks. 


For inſtance, if the Rays of Incidence B M be parallel to one another, then the Arch 
G M will become a ſtreight Line perpendicular to the Axis A H, and the Curve 
AMD may be conſtructed by any of the preceeding Methods. 


And the ſaid Curve A MD will be a perfect Ellipſis, deſcrib'd ſo that the Tranſ- 
verſe Axis A D is to the Diſtance between the Foci, as (ſuppoſing m = and » = 2) 


gisto2; that is, as the Sine of the Angle of Incidence is to the Sine of the Angle of 
Emergence: for if we ſuppoſe the known Quantity A H = , the perpendicular A P 
=MG =3, PM=AG = x, and GH = — x, then MH =. 


Vas 
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Vis —2ax + xx Y; now the Nature of the Curve is ſuch that 4 PM + 
MH=AH, whence we have this Equation 4 x + Vs « —2 4x | xx +yy 
—= 4, and by Tranſpoſition, Vas 2 + x x + 5 = 8— + x; and by lavoluti- 
on —24x-|xx | yy = fan- xx, and ently y y=4 8x 
＋ x, and 155 = box — XX, that is, if AD be made = AH, then the 


the Rectangle A G D is = 2 the Square of the Ordinate G M; whence it is evident 
that the Curve AM D is an Ellipſis, and the Tranſverſe Axis A D is to the Parame- 
tha 


ter as ꝙ is to 5, and conſequently the Square of A D is to the Square of the Diſtance 
between the Foci, as 9 is to 9 — 5, that is as 9 is to 4; and the Tranſverſe Axis 
AD is to the Diſtance between the Foci, as 3 is to 2. 

And if we ſuppoſe the point H to be at an infinite diſtance from A, then the Curve 
AM will be an Hyperbola, and the 


Luminous point B will be in the Focus 
of the oppoſite Section; or if we ſup- S MO NAY 


poſe the Rays of Incidence HA, HM P T 
parallel to one another, to be Refract- | 7 | 
ed at the Concave Surface (fo that the 


Sine of the Angle of Incidence be to - EG IH 


Sine of the Refracted Angle as 2 is 3) 
of an Hyperbola A M. they will Con- 

verge to the Focus of the oppoſite Sefti= 

ou; and the Tranſverſe Axis is to the » 
diſtance between the Foci, as the Sine | 
of the Augle of Incidence (2) is to the £in* of the Angle of Emergence. (3). 


SECT. 


* 
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e Ts of Flares, 


In. log the Centers of Gravity of Liner, Surfaces and Suu. 


= 4 . * * « 


313. The conſideration of the Center of Gravity, bo apy Tread wap of 
the Nobleſt Speculations in Geometry, and the Dignity of the Subject bas 
ſo influenced the Minds of ebe beſt and lateſt Geometers, that their pro- 

-- duitions have been anſwer able; and indeed fince the admirable Di 
of a more Sublime Analylis, the advancements this way have ip ob, 
that we can hardly _ great, the whole being reduced to one general 
Propoſition, which depends on a few ſimple Mechenick Principles, ſuch as, 
L 3D, C, 4D, Repreſent a Ballance, and C the paint of Suſpenſion, and if the 


Burdens 4B 6 B, be ſo applied to 
AD the — that r be teci- 

procally proportional to their diſtan · 
| . Seeed enſion; the” 
Burdens will reſt in Equiltbrio, or ex- # 
atly poize each other; thus if D re- 
preſent the Diſtance of B from the point of Suſpenſion, 3 D that of 4 B, and 2 D that of 
6 B, then the Burdens 4 B and 6B mutually poize each other, for 4 B: 6 B:: 2D: 3D. 


I, The Momentum of any Burden e the Rectangle compithended under. 
its Velocitiy, and the Quantity of matter Ie ſame ; thus the Momentum of the Bur- 
den 6B is =6 B x 2 P, its diſtance from the point of Suſpenſion = 12 BD. 


III. And if the Momentum and Weight of any Burden (ox Qnantity of matter in 
the ſame) be given, the Diſtance of the point of Application from the point of Suſ- 
penſion is found by dividing the Momenzum of the Burden by the Weight or Quan- 
tity of matter in the ſame; thus if a given Burden be 6 B, and the Momentum thereof 
= 12 BD, then the diſtance of the f oint of Application from the point of Suſpeu- 


5 TK Bp. 


Iv. If ſeveral Burdens be Suſpended on each ſide of the poiat of Suſpenſion; mul- 
tiply every Burden by its reſpective diſtance from the point of Suſpenſion, then if 
the Sum ot all the Rectangles oa one ſide be equal to the Sum of all thoſe on the other, 
the Burdens will be in Equilibrio; if not, that fide will preponderate whoſe Sum is 
the greater; thus in the Example, the Sum of all the Rectangles towards the left 
hand of C is = (the Sign — denoting towards the left hand, and the Sign - de- 
noting towards the right Hand) — 48 BD, and the Sum of all the ReQangles row- 
ards the right Hand of C is = = 33 BD, whence it is evident that the prepon- 
dtrancy is cowards the right Hand, and is = 15 BD = to the Momentum ot all che 
Burdens. 


V. The Momentum of all the Burdens being = + 15 BD; and the Sum of all the 
Burdens = 19 B; it is evident that if that be divided by this, the Quotient 43 D 
= (Princip. 3.) the diſtance of the common Center of Gravity of all the Burdens from 
the point of Suſſ enſion C. 


VI. And 


2 


n 
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VI. And if the Burdens B, 6 Band 5 B be ſuſpended on the ſame fide of C, then 
the ſum of their Momenta is = 33 BD, and the Sum of the Burdens is = 12 B, there- 
fore a Burden = 12 B, and ſuſpended 44 D diſtant from C the point of Suſpenſion, 
will gravitate in the ſame manner as the ſeperate Burdens do now at their reſpective 
diſtances ; that is the aid point is the Center of Gravity of the Burdens, for the 
common Center of Gravity of many Burdens is that point in which all their Forces 
uaite, and whereat if they be all joyntly ſuſpended, they will produce the fame eſſect 
as before they did ſeperately. 


VII. If we ſuppoſe the Line A B to be ſuſpended at A, and if the Line be divided 
into an infinite Number of heavy points; it is evident, that the points, the fur- 
ther they are from A, the more they Gravitate, 
and the Momentum of every point is equal to the 
Rectangle comprehended under its diſtance from 
A the point of Suſpenſion, and it ſelf or Unity 
and conſequently the Momentum of all the Point: 
is = to all the ſaid Rectangles; and if the ſaid 
Total Momentum be divide by the Total Gravity of all the points; that is, by the 
Gravity of the whole Line A B, the Quotient will be equal (Princip. 3, and 6.) to the 
diſtance of a certain 4 from A, at which if all the points be ſuſpended, their Mo- 
mentum will be the ſame as it is now; that is, that point will be the common Center 
of Gravity of the Line A B. | 


* 

VIII. If a Line or a Plain or a Solid be divided into two halves, by a Line or by a 
Plain, ſo that all the parts in one Segment be equal to the reſpective parts of the other, 
and equidiſtant from the ſaid Line or Plain, then tis evident that the Center of Gra- 
be. | all ſuch Figures, muſt be in that Line or Plain. Hence it naturally follows 


328. To find the Center of Gravity of any Line, Plain, or Solid; imagine Lines 
to conſiſt of an infinite number of Points, Plains, of aninfinite Number of Liaes, and 
Solids of an infinite Number of Plains; and ſuppoſe all the ſaid parts to be ſuſpended to 
the ſame Arm ofa Ballance common to all; and let the point of ſuſpenſion be in the Ex- 
treme point of the Line, edge of the Surface, or of the Solid ; find the Sum 
of the Momenta of all thoſe parts, which divide by the Sum of the Weights, or the 
Weight ot all the parts; the Quotient is the diſtance of the Center of Gravity of the 
Line, Plain, or Solid, from the point or Axis of Suſpenſion. # 


PROP. 1 | 
To find the Center of Gravity of a Line. 


329. Let the Line A B be = x, and one of the parts thereof, infinitely little 


B = x, then the Momentum of the Portion B b is = x x (by Princip. 2.) that is, x x 
is the Fluxion of the Moments, and the Flowing | 


Quantity or the Sumof all the Moments is = — 4 E 


XXX PROF. 


262 Fluxibur: Or an I ntrodu@ion , 


PROP. IL 
To find the Center of Gravity of the Parallelogram A BDC. 


330. It is evident (by es jp. 8.) that the Center of Gravity of the Parallelogram 
AC muſt be in the Line EF, which divides the ſame into two equal parts, which is fur- 
ther confirmed, becauſe the Centers of Gravity of 
all the Lines MM. m, are in the pos P, p, where 
in the Line EF biſccts them ; now ſuppoſing the point 
of Suſpenſion in E, and AD or EF = 4, EP= x, 


C 
| | pP = AB or MM =6b, the Momentum of the 
ills Xi infinitely little Parallelogram M, or the Fluxion of 
? J 


EB > | MST. 


| 
FE 


the Moments is = b , and the Flowing Quantity 


or the Sum of al the Moments is , which be. 


ing divided by 6 x = Parallclo m BM, or the Sum of all the Weights ; the Quo- | 
tient + x is = tothe diſtance of the Center of Gravity of the Parallelogram A M 


from E,that is © is = to the Cſtance of the Center of Gravity of the whole Paral- 
lelogram AC from E, becauſe then x becomes = 6. 


PRO P. UI. 


To find the Center of Gravity of any Triangle.” azo, 8 556 1 


$31. Let any Triangle as A B C be given, and from the Vertex A. ng the Lin 

D (S dividing the Triangle into two : tis evident (by Fri 
en 4 cip. 8.) that the oter of Gravity of the Triangle 
moſt be in that Line; draw the Line AR(== 5) per- 
pendicular,and MM ( y) parallel to the Baſe BC'= 6; 
and draw w mw parallel and infinitely near to MM; 
and fuppaſe AP = , AQ=z, and Qq =; 
then gn the point of Suſpenſion in A, the 
Fluxion of the Weights ; that is, the iofinitely lit- 
tle Parallelogram M is = yz; and becauſe the Tri- 
angles AP, ARD are ſimilar; it is, 8: :: 


b:4, anda = and £ = , therefore the Flux- 


e 
K Mm. 


onof the Weights y £ is = *L* , and becauſe the Triangles M.A M, BAC are 


= x, the Product 22225 = to the Huxion of the Moments; and the Fluent or 


44 | 
bb x3 


7 which being divided by the Sum of the 
Weights, or the Triangle aun er, the Quotient =2 x is = to the diſt- 


ance of the Vertex A from the Center of Gravity of the Triangle AMM ; and 
when P falls in D, then x is = &, and the diſtance of the Center of Gravity of the 
whole Triangle ABC from the Vertex A is = 14. 3 


* 


the Sum of all the Moments is = 
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COROLLARY. 


332. If the Triangle ABC be an Iſoſceles Triangle, then the Lines A D and AR 
will coincide, and the Diſtance of the Center of Gravity of the Iſoſceles Triangle, 
the Vertex A is = 4 the perpendicular let fall from the ſaid Vertex on the 


FOE 11 
To find the Center of Gravity of an Arch of a Circle. 


333+ Let the Arch of the Circle EBF, whoſe Center of Gravity is requir'd, be leſs 
than the Semi-circumference ; then *tis evident, that the Center of Gravity of that 
Arch, muſt be in the Ray which biſects the ſame : For if an infinite Number of Chords 
be drawn Parallel to EF, they will divide the 
whole Arch EB F into an infinite Number of 
equal Arches,which we may conſider as ſo ma- 
ny Weights applied to the Extremities of the 
ds drawn parallel to EF, and biſected 
by 4 Ray C B, which alſo biſects the given 
Arc 


And to find the Center of Gravity of the 
Arch E B F, in the Ray CB; let the Diame- 
ter AD be drawn parallel to the Chord E FE, 
and draw the Ordinate MP, and another Or- 
dinate p infinitely near the ſame, and draw 
the Radius CM. Thea ſuppoſe AD = 27, 
EF =2.«, the Arch EBF = 2«, the Ordi- 


nate MP N CP=x, Pp=x1 the Arch 


B M= 2, and Mw = . Then if we ſuppoſe AD to be the Axis of 
the Diſtance of the infinitely little Arch M from the ſame is = Þ M = y, and con- 


- ſequently the Momentum thereof is y x. Now becauſe the Triangles CPM, MR 


are ſimilar, zA, therefore yuis =r# =o the Fluxion of the Moments, 


in reſpe& of AD the Axis of Motion. And conſequently the Sum of all the 
Moments is = r x, which being divided by the Sum of all the Weights BM = z, 


the Quotient © gives the Diſtance of the Center of Gravity of the Arch BM from 
the Axis of Motion AD, and when the Arch BM becomes = BE, then z Se, and 
x =, and "= = = to the Diſtance of the Center of Gravity of the Arch EB 
from the Axis of Motion AD. 


CONSECTARY L 


334 Hence tis evident, That the diſtance of the Center of Gravity of an Arch 
from the Center.of the Circle, is to the Radius of the Circle, as the Chord of that 


Arch is to the Arch, for ©” : 7 2210 2: 26: 3c 
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CONSECTARY H. 


If the Ratio of the Chord of an Arch to the Arch it ſelf be gi hav, the Center of 
Gravity of that Arch may be found; and contrarily, if the Center of Gravity of an 
Arch of a Circle be given, the Ratio between the Chord and the Arch, and conſe. 
quently the Ratio berween the Diameter and Semi-circumference may be. found, 


which compleats the Quadrature of the Circle. 


PROP. V. 
To find the Center of Gravity of the Sabo of a Circle. 


This might be perform'd by Cor. Prop. 3, xd Prop. 4. But 1 5 
to do it independently of tither 5 in this manner + 


"i 22 I DIL - 
335- Let MCM be the Sector of a Circle, whoſe Center 41 Sate is begun d. 
Draw the Line C A biſecting the given Sector; then 'tis evident that the Center of 
Gravity of the Sector mult be in the ſatme. On 
4 the Center C deſcribe any Arch QPQ, and draw 
ä the Chords MM, QQ. Thea fuppoſe the Ra- 
5 | 85 dius CQ= x, and draw another Arch 797 in- 


> finely near QPQ, and chen df =311/ 1-1.) 
e \ Now (Art. 331.) the Momentum of auy;Arch 
l == WE utes þ \ MAM in reſpeR of the Axis of Motion BD, is 
5 GC © equalto the Radius of the Arch multiplied? iuto 


the Chord of the Arch, thertfore the Momen- 

tnm of one Arch is to the Momentum of another Arch, in a Ratio compounded of the 
Rationes of their Semi · diameters and Chords; that is, (becauſe the Chords are as 
the Radii or Semi-diameters) in a Duplicate Ratio of their Semi- diameters. , Whence 


CM* (rr): C (xx) :: Moment of MAM (27) ;: e 


— which being multiplied by x = = Qg, the Product —— is equal to the 
Moment of the infinitely little Anoules r 7 2. and the Flowing Quantity is 


2 = to the Sum of all the Moments of all the Anaul that compoſe the Seflr 


= ibs ah t aaa roar, the Quo 


tient — is = — Gan of Gui of th wr QC 


3e 
from the Center C, and when Q falls in M, then æ will become = r, and 


2 4 K* 
3c 


==” = to the Diſtance of the Center of Gravity of the Sector MCM from the 
Center C. 


CONSECT- 


acc. 


vv 


T- 
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CONSECTARY I. 


$36. The diſtance of the Center of Gravity of any Sector of a Circle from the 
Center is to } parts the Radius, as the Chord of the Arch is to the Arch it ſelf: for 


2417 
— i. 


CONSECTARY II. 


Hence if the Center of Gravity of the Sector ofa Circle MC M, and of the Trian- 
gle MCM be given, the Center of Gravity of the Segment MAM may eaſily be 
found: for if the Momentum of the Triangle be Subtracted from the Momentum of 
the Sector, the remainder is the Momentum of the Segment MAM, which being di- 
vided by the Segment MAM, the Quotient is the diſtance of the Center of Gra- 
vity of the ſaid Segment from the Center C. 

For inſtance, the diſtance of the Center of Gravity of the Sector MCMB, from the 


Axis of Motion D E is =r + >= 2 


ee, gnd the diſtance of the Center 
of Gravity of ts Sector MC MB from the 
Akicof Motion BT is'=1 — 27 = e 
Tbe Sector M CM is =» e, therefore the 
Momentum thereof in reſpect of DE is = 
e JET 29.7 and the Mo- 
mentum oE ſame Sector, in reſpect of the 
Axis of Motion B T is = 2—2* rare = . 

The Center of Gravity of the Triangle M C M being in CV, is diſtant from C. 
CVS V (ſuppoſing BV o) and the Area of the Triangle is 4 — va, 
whence the Momentum of the Triangle MCM in reſpect of D Eis fr -e 
72 ja? =grvem2rverr2out _ jar? — 3a —44vr j2609* | 

3 3 2 

— (ut 2 g + v?, and e.) 2 d 
the Momentum of the Triangle M CM in reſpect of B T is ff 


ur- 22 ] —3avr + 4aur—2869? 2 —3avr + 20, 


andthe M Sinditee Mace as diet 
Momentum of the Segment MBM, in reſpect of D E, is = — po 
ſort —3avr—260 | 
3 , 
Momentum of the ſaid Segment ung = en — 2 ere = 


er —ar* re. 


=er* —ar* + avr—} 43, and in reſpect of BT the 


Yyy And 
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And the Momentum of the sense Nn V irg of 45 EÞ is 
435% n_ 42777 *, Þ and dielding the Mortentum of the Segment 


MBR 6 1 the Segment that is diriding :* -u 
Yo E or dividing Jer m$arth goon danly 


2 
3ra+304, ka ES TITS i ws | 
ter of Gravity of the Segment M B M, or the Semi. ſegment b V a lit DEL ua 
the diſtance of the Center of Gravity of the {aid Segment or Semi-ſegmen the 
Center Cis 2, and the Ailtance ef the Cuter br Ah 
ger e 1108 N Mo = £9 TA 913 Yo bol 


or from BT's —— 
of the ſaid Segment or Sem - ſezment 1 . 


and when V comes to D, then « =o, and conlequerity :/ — — ef 


454-3 vs 
is =” = to the diſtance of the Center of Gravity of de Circle b E ee 
Semi- circle B M AD from BT. 


© HH 


„ 


CONSECTARY, BI 


oak 1 the diſtance of the Center of Gravity of the SeQgr MDMB. from 
or 


5 lid lo: 

The diſtance of the Center of Gravizy of the Triangle I Bit Ten- 7 —— 

— 2.9, and the diſtance of the ſaid Center from 23 

delt multiplyed into the Area of the Triangle MDM'= 2 67r.— v4, 

(2 — rer: +240 _ 282. = Ss — 
3 3 

fav? —4+23, af = —20v7 +hevi=2ee?) 11 LF 53k otoTorl2 


: +4 10 721/810 Jo 19113) * yo ns 


1.9%, e er 55 are equal to hs Momenta of the faid Trian- 
gle MPMin refpe& of DE and BT reſpeively; - 
Now the Momentum of the Segment M BM in nahes of { DE Vis „% 
LT To which add the Moments of the Triangle MD'M 
in reſpes of DE and BT, then the Momentum of ng, 
> — 11 nnn 
is T 7 vill be r 7 reſpettively. 


Au if the Momentum of the Sector MD MB, in reſpect of DE, U 4 
n be divided by the Area of the ſaid Secbor, wiz. c Er, the Quo- 


tient r + SETAE S tothe diſtance of the Center of Gravity of the Sector 


MDMB (er ef the Semi-ſeftor M D A) from the Aris of Motion D E. 
And the diſtance of the Center of Gravity of the ſaid Sector Amin e 


Axis of Motion B T is = a 
ere. a abore the O. 


terC} * 7 . . 
1 8 
8 b + = *% ma. ” '* 3.4 
6 * 4 oe” . a | bs 1 
1 - 
y- . * 7 r . „„ © 4. 4 hs * 
14 oC 89 = - - £ 2 5 
2 ” 
* = o 
- 
4 „ . id - 
yy . 8 


% 
4 
* 3 *. a « d ; b f 
» 4809 1 1 > 5 4 
— 5 N. 


ene + © 


20507 A e ebe b 


warp. M A7 


21 442% io 159 | : 211] 10 moins 
. | 


1a5ing92 Y d e N.s SE 82 4 1 Y IV. 


. und the Diſtance of the Center 
2 BT is Av, and Cam DE =2r—+v, Aale 
of, the ſaid Triangle BM V, in reſpe@ of BT and DE are } 40, = (becauſe 2rv 
pan e and apr -en =havr +45), ref Aively, 
. the Momenta of the ſaid Triangle BMV AY ive Mo- 
ie h Ni will remain the Momenta of 


Segment 
non N in e ein-. OH apt which being divi- 


ded by the Area of the Segment BOMB SS Her- ar, there will come in the 
: r af: the Segmant: BOMB, from 


: N N faid Center from A C is 


'CONSECTARTY v. 


* "An find the Diſtance of the Center of Gravity of the Sector M CB from the 


25 TA BM, in , and w, and draw the 
Grd the Chord which ſuppoſe = 4, then ie d, and the Cen- 


: 
f che Seclot Ditance thereof from the Cen- 
==" and be the Triangles CN P, Cg, are ſimilar ; 


21. 97 
therefory Cw gr) img (44) 21 N (). === = tothe Di- 
tune ofthe Cntr of Gravity of — zz 


Ati big Sf fo 2085 noh o; OF ass 


CONSECTARY vl. | 14 al 


And the Biflance of the Center of Glavity of the Galea BAC fromthe Axis. 
of Motion AC I G eee e == — care C= the * 


m AN 8. 
Periphery of the ce . * 8 14 a 


| Andthe Diſtance of the Center of Gravity of che Sebi BAD fromthe Aa 
eee = 37, ene 2 FONTS 3 


14 YL 4, 


CONSECTARY vn. 


0% 


The Momentum of the Setor MCB in reſpect of RE en 


the Momentum of the Triangle MC Vin reſpe& of BD is Af 
. 7 y the Momeacum of the Semi "It "in 
reſpect 2 Which being | 3 
Ter, the the Area of CER MBYV, there will ariſs 


jvr* —$ro* + +vst 
. 79 * for the Diſtance of the Center of Gravity of the Seai- 


ſegment BM V from the Axis of Motion AD. 
8 25 | gon 


268 Flurions: Or an Introduſt ion 


CONSECTARY VII. 


In ſimilar Sectors the Center of Gravity divides the Rays in which they are Scitu- 


- ated, in the ſame proportion. 


CONSECTARY Ix. 


And becauſe Portions of Spherical Surfaces are Generated by the Semi-revolution | 


of an Arch about the Semi- diameter biſecting the ſame, I chuſe here to determine 
| the Centers of Gravity of all Spherical Sur- 
faces v. g. If the Center of Gravity of rhe 
Spherical Surface M A N be requir d, it is 
evident, that it muſt be ſomewhere in the SeQ - 
or NAMC, which biſects the ſame and it mult 
be in the Line A C which biſects the Sector; 
and in the point 3, which biſects A P, becauſe 
all the infinitely little Annuli on each ſide of 
9, are equal and Equi - diſtant from 3; and if 
the Center of Gravity of the Spherical Sur- 
face generated by the Revolution of the Arch 
M B about the Diameter A D be requir'd ; by 
a like Argumentation it may be prov d to be 
in the middle point between P and C, and 
4 the Center of Gravity of the Surface of an 


| Hemiſphere is Diſtant from the Center * the 
Semi-diameter of the Sphere. 


PROP. VI. 
To find the Centers of Gravity of all ſorts of Paraboliform Figures. 


337- Let the general Equation expreſſing the Nature of all forts of Pa- 
raboliform Figures be y® = x, then is „ = *, and the Fluxion of the 
Weights y x is = x* x, which multiplied by AP or x (the Diſtance of the 
Weight Mm from the Axis of Motion AT ) the Product x* "+ is = 
to the Fluxion of the Moments, and conſequently the Sum of all the Moments in 


the Parabolic Space MAM is = —_ x***, Which being divided by the Sum 
of all the Weights —*— x* the Quotient Ef is = to the Diſtance 
of the Center of Gravity of the Parabolick Space M A M from the Vertex A, and 
conſequently when x becomes = 6b, then the Diſtance of the Center of Gravity of 


a 
BABfrom the Vertex Als = —— — b 


CONSECTARY I. 


338. Hence in the common Parabola, y y = x, and w = 2, therefore EA 


2 m1 
hb = 4b =+ AD = tothe Diſtance of the Center of Gravity of the Parabola BAB 
Soo the Vertex A. | 


2 con: 


— — 


59 


_ 8 ; A ; 
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CONSECTARY II. 

inan ical Parabola, where y! = == Lal: = 48 
*AD; and if w be = 4, the Gd diſtance will be = 31 1A. 


CONSECTARY III. 


01 rn ther IN! 


I gab 0, then the Equation expreſſing the Nature of the Curve is j * = x; 
ory = #3, hence the Line AT which touches the Vertex, becomes the Axis 


of che Curve, and e bis = 4 b =tothediſtance of the Center of Gravity 
ee ont Pee Axis of Motion AD, taken ia the Axis AT, 
16330 4 Ago it: 
o abit dong no ily * an VIL 
5 Ino 


7: 0 o ful the nl 1 Gravity of all ſorts of Hyperbolic Spaces, Ws F208 
"7 10 11 -/ between the Curve and the Ahmptores. 


W . Þ*Yip9T 3d C1 4 191 


339. a ſame things being ſuppoſed as in Art. 104. 105. the Fluxion of the 


Weights i A , 4 3 *, which being multiplyed by x or CP = to the diſtance of the 
ighpnely Vule, \Paraldlogram P from the Axis of Motioa CE, the Product 


Fg the Fluxion of the Moments, and the Flowing Quantity orthe Sum of all the 


26 9 


Moments is 3 1 which being divided by the Sum of all the Weights 


, e & is = to the diſtance of the Center of Gra- 


7387 


n -CB= * = BEL is = "a+ 8 


And becauſe in ſuch Caſes cd Vabbe ef m is Negative, therefore ee 


the Center of Gravity from CE the Axis of Motion is = — mg 


m — 1 


— 45. 37 * 4 . X 
280 — 1 a 

And if mbe = — r, then the ak the colbmen Hyperbola, and the diſtance 
of the Center of Gravity from CE the Axis of ſuſpenſion is = 76; that is, the 


diſtance of the ſaid Center from C E is infinitely little. 
And if the Equation of the Curve bey- = x, then w = 3 and % bis = 


2 þ = tothe diſtance requird, 
And if the Nature of the Curve be expreſſed by = = x, then m =— 2, and 


@— bis =4b = to the diſtance of the Center of Gravity from C E. 


N B. In Calculating the Centers of Gravity of Hyperbolical and Parabo- 
lical Surfaces, we ſuppoſe ſimilar and equal Spaces on each ſide of the Line, 
wherein the Center of Gravity is found. 


oO Ig — Roo gy 279 — RY OO" re IR moe. 
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| 3 
divided by the Sum of all the Weights by — , the Quotient "> 
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PROP. VIIL 
To find the Center of Gravity of « Semi-parabols. 


340. Let AMD B he a Semi-patabola, then if AQ be taken AB, and Q©O 

drawn parallel to BD. it is evident that the Ceater of Gravity of the Semi-parabola 

muſt be in (rr. 338.) QO: it only remains to find the diſtance 

a of the ſaid Center from AB, which may be done thus: Ima- 

A | ine A B to be the Axis of Suſpenſion; and draw the Ordinate 

7, P M P, and m p infinitely near and parallel to the ſame ; and 

1/1... 7 draw the Lines MN, mm» parallel to AB; then ſuppoſe AB = b, 
| 


DB=r, AP=x, Pp==x, and MR or N# =}; then the 
iufinitely little Parallelogram M, or the Fluxion of the Weights 


is =by—xy = (becauſe by the property of the Curve « x = 


a 8 2 . . * 
75 , which being multiplyed by 5, the diſtance 


from the Axis of Suſpenſion, the Product 75 is = to the Fluxion of the Mo- 


ments; and conſequently the Sum of all the Moments is = — _— ; which being 


2 
24515 — 855 
is equal to the diſtance of the Center of Gravity of the Segment A MN B from 
AB. | 


K 8 2 124by' —6 4 , 
And when x becomes = , and y = r, then ob ==b77 vil wW====Y 


1 2 
2” Conf” S to the diſtance ot the Center of Gravity of the Semi- 
24 aby — 8axy 
parabola A BD from the Axis of motion A B. ELLE, 
Whence if B T be taken 821 B D, and TS be drawn parallel to A B, it will in- 
terſect QO in S, the Center of Gravity requir'd. 


And in like manner, the Center of Gravity of the Semi-hyperbolic Space (if it 
bas one) 9 between the Carve and the Ahymptote, may be in- 
wv«/tigated, which I leave for the Readers Exerciſe. 
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PROP. IX. 
To inveſtigate the Center of Gravity of « Cylinder. 


341. lt is evident that the Center of Gravity of a Cylinder is in the Axis E Fj 
ſuppoſe then EF = , EP =, ©.” = the Area of one of the Circles of the Cylins 


crXx 


der; and AD the Axis of Suſpenſion, then is — = K 


to the Fluxion of the Weights, which multiplyed by x 
or EP, its diſtance from the Axis of Suſpenſion, the 


Product — js = to the Fluxion of the Moments, 

and coitſequently the Sum of all the Moments is = | 

et which being divided by — = to the | | * 

Sum of all the Weights, the Quotient = is = to the | 4 

diſtance of the point requird from E. 12 = — 
And when x becomes = 4, then is © = to thediſt- 


ance of the Center of Gravity of the whole Cylinder from the Axis of Motion A D. 


* 


NOX 
To find the Center of Gravity of 4 Cone. 


: 342. The ſame things being ſuppoſed as in Art. 204. the Fluxion of the Weights 
(ſuppoſing the Axis of ſuſpenſion to paſs through the Vertex A, and to be patallel 


. tothe Baſe BC) is = ==; and the Fluxion of the 


1 Moments is = 2; and conſequently the Sum of all 


the Moments is = © ; which being divided by the Sum 


of all the Weights = =, the Quotient =4 xis = 
to the diſtance of the Center of Gravity of the Portion of the Cone generated by 
the Triangle A Mp, from the Vertex A; and conſequently the Diſtance of that of the 
whole Cone from the Vertex A is =4 « =4 AD. ; 

And by a like Method the diſtance of the Center of Gravity of a Pyramid from 
the Vertex A is =4 @ the perpendicular or Axis of the Pyramid. 


PROP 
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| PROP. XI. 
To inveſtigate the Center of Gravity of « Sphere, or of any Segment of « Sphere, 


343 If the Line A K touching the Sphere in A, be the Axis of Suſpenſion, then 


tis evident that the Center of Gravity of the Sphere, or of any Segment thereof, 
muſt be in the Diameter A D perpendicular to 


the ſaid AxiSAR  __ | | | 
KP Now. the ſame things being ſuppoſed as In An. 
1 I. 2c6. the Fluxion of the Weights is = * x — 
* * 1 | 99 55; ; , 
N \ —— „ and the Fluxion of the Moments is = 
LEES D . | c x3 * i 2 a 
PF |C r Kan omimhas aud conſequently the Fluent or 


the Sum of all the Moments is = 1 _ =; 

| which being divided by the Sum of all the Weights 

» "WW WEI —- $rx—3xx 

— — 77 the Quotient — 77741. 4x 

is = to the diſtance of the Axis of Motion A K from the Center of Gravity of the 
Portion of the Sphere deſcrib'd by the Revolution of A MP about the Axis AP. 

And the diſtance of the Center of Gravity of the whole Sphere from A is =x = 
to the Semi-diameter of the Sphere ; becauſe then 77 will become r. 


And the diſtance of the Axis of Suſpenſion A K, from the Center of Gravity of 
| gx zææ 


the Hemiſphere generated by the Revolution of the Quadrant A B C is 12 — 5 
= (becauſe x r fr. | 


CONSECTART:IE: 


344- Hence the Center of Gravity of any Portion of a Sphere cut of by any two 
parallel Plains, may be found. | 


CONSECTARY II. 


And to find the Center of Gravity of the Sector of a Sphere; let it be requir d 
to find the Center of Gravity of the Sphe- 


rical Sector MCM; tis evident that this 
Sector is compoſed of an infinite Number of 
Cones or Pyramids, whoſe Baſes compoſe the 
Spherical Surface M B M, and whoſe com- 
mon Vertex is in C; now the Center of Gra- 
vity of every Pyramid is diſtant from its 
Vertex + of its altitude; therefore if the 
Spherical Surface 4% 4 be deſcrib'd with the 
Radius =2 CB, tis manifeſt that the Cen- 
rers of Gravity of all the infinitely little 
— — 22 compoſe the Sector, are in 
that Surface (45d) and that all the parts 
of the ſame are equally gravitated or loaded 
with their reſpective Pyramids, and hence 
it is plain that the Center of Gravity of the 
5 | Spherical 
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Spherical Sector M CM is the ſame with that of the Surface 46 and the Center of 
Gravity of the Surface 45 is in g, the middle point between v and 6, therefore 
the Center of Gravity of the Sector of the Sphere M C M is in g; and becauſe C6 is 
— 43 CB, therefore the Verſed Sine b V is = 4 the Verſed Sine B V; and by = 4b v 
is = }BV, therefore CB-—bg=4CB—$BV=Cgis = to the diſtance of 
the Ceuter of Gravity of the Spherical Sector MC M from C the Center of the 
Sphere; and conſequently the diſtance of the Center of Gravity of an Hemi-ſphere 

from the Ceuter Cs = 4 CB. 


PROP. XII. 


To Inveſt gabe the Centers of Gravity of all forts of Parabolical 0 onoids, gene- 
rated by the Revolution of any Parabolic Space about its Axis. | 


345- The ſame things being ſuppos'd, as in Art. 208. the Fluxion of the Weights 
&:& 


'F wat ; 


— = and the Fluxion of the Moments is (ſuppoſing Aa 
the Tangent AT to be the Axis of Suſpenſion) =— a. 


4421 


—— g ; and conſequently the Sum of all the Mom ents 2. N f 


41 +2 


- Which being divided by the 


Solid or the Sum of all the Weights = 


** — 
c . 
8 the Quotient 


7 2 * : B D 
m-|-4 


2 . . 
Ts I the diſtance of the Axis of Suf- 


penſion AT from the Center of Gravity of the Parabolical Conoid, generated by 


the Revolution of A M about AP ; and conſequently the diſtance of the ſaid Axis 
from the Center of Gravity of the whole Solid generated by the Converſion of ADB 
: 2 m -|- 4 
about A is — 40 ＋ 4 x b, 
Hence if the Equation of the Curve be a x = yy, as in the common Parabola, 
then „ is = 2, and the diſtance of the Center of Gravity of the ſaid Parabolical 


Conoid from the Vertex A = 22-4 bis = 46 = + the Altitude of the Solid: 


4 m ＋ 4 


PROP. XIII 


To inveſtigate the Center of Grevity of any Portion of a Parabolical Conoid, 
cut off by one or more Plains paſſing through its Axis. 


346. Its evident that thoſe Solids are compoſed of Sectors which are in the ſame 
proportion with the Circles that compoſe the entire Solid ; and conſequently the 
diſtance of the Center of Gravity of the Portion of the Solid from the Tangent AT 
conſidered as the Axis of Suſpeation, will be the ſame with that of the Center of 


Gravity of the entire Solid, that is = 2 b. 2 
And the Center of Gravity of ſuch Solids muſt be in the Plain paſſing through 


the Axis AB, and biſecting the Sector of the Baſe, becauſe that Plain will alſo biſect 


all the other Sectors, and conſequently the Center of Gravity of the Soli is in the 
—_ om of two * one gs” Biſects all the Sectors, and the other — 
throug point „ the Axis determired by the preceeding Propoſition, 
runs parallel to the Plain of the Baſe. 4 Fw 
à a 2 | b 
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It remains only to determine the diſtance of the ſaid Center from the Axis 
of Suſpenfion AB, which may be performed in this manner: | 


The ſame things being ſuppoſed as in Art. 208. the Fluxion of the Weights (ſup- 
poſing the Arch of the Sector of the Baſe = c, and the Radius of the Baſe BD = x) 


is ==, and becauſe this Fluxion is an infinitely thin 


Scctor of a Circle, the diſtance of the Center of Gravity 
thereof from the Axis of Suſpenſion A B is = (ſuppoſing 


the Chord =g) * , and conſequently the Fluxion of 


f 1 
the Moments is (multiply ing W by 22 2 


2 - = , and the Sum of all the Moments is = 
1-1 
3 —— , Which being divided by the Sum of all the Weights = 28 * 
zum u | 4 
2-1 


4 
2 . 21 EA gx" 2mw-F-4 ' 4 $2 We 
e e eee „ to the diſtance oſ 
the Axis of Suſpenſion A B from the Center of Gravity requit d. 

Hence if the Equation of the Curve be 4x = 5, then the diſtance of the ſaid 
Center of Gravity from A Tis = {þ 6, and the diſtance of the ſame from AB is = 


17 £7 . 


. | 
And if the Equation of the Curve be a« x , then the diſtance of the Center 
of Gravity from AT is =+ 6, and the diſtance of the fame from AB is = 
- 7 Bas | 
ge 
PR OP, MIY> 


To inveſtigate the Centers of Gravity of Solids generated by the Revolation of 
| Hyperbolic Spaces about one of their Aſſymptotes B E. 


347. The ſame things being ſuppoſed as in Art. 213. the Fluxion of the Weights | 


is , and becauſe the Centers of Gravity of the Cylindric Surfaces which 

compoſe the Solid, divide them in 

c * R . the middle, we may take 35 for the 

| | * 3 — ee as] of the Weight 

| : F mt xis of Suſpenſion CB; 

2 — 11 and conſequently the Fluxion of che 
4 ll a Moments is = _—_ — 
2 1 | m 

-- „ and the Fluent or the Sum of all the Moments is = ——— 

2 1 48 —4 


X * 
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1 - which being divided by the Solid or the Sum of all the Weights 


— : 
— - 3 — 1 


diſtance of the Axis of Suſpenſion C B from the Center of Gravity of the indetermi- 


nate Solid, and ned to the diſtance of the ſaid Axis from the Center of 


Gravity of the Solid: 
COROLLARY. 


348. Hence in the Apollonian Hyperbola ) * = , or (ſuppoſing the Parame- 


ters i) 48 =xyp, mis =1, and conſequently . xbis =! xb = tothe 


diſtance of the Center of Gravity of the whole Solid from the Axis of Motion B C, 
which ia this Caſe is infinite, and ſhews that ſuch a Solid has no Center of Gravity. 


And as we proved (Art. 214.) in another Place, that an infinite Space may 
generate a Solid of finite Dimenſions 3 ſo it now appears that à certain ſort 
of Solids have no Centers of Gravity, which is another Paradox equaliy 
ſtrange and no leſs trae than the former. | 


PROP. XV. 


To Inveſtigate the Center of Gravity of the Hyperbolical Conoid, generated by the 
Revolution of the Hyperbolic Space AMDB. | 


349. The fame things being ſuppos'd as in Art. 216. the Fluxion of the Weights is 


crx* x 2berxx 


(See Fig. 1. in pag. 173.) Baſe BD, and to paſs thro' the Vertex A, then the Fluxion 


of the Momerts is = Ss 25 and the Flowing Quantity or the Sum 


4 en WL: Tp 
of all the Moments is = 9747 T16 7 T Peil = (multiplying the Nu- 
merator and Denominator of the firſt Member by 3, and thoſe of the ſecond by 8) 


4 _ 3 
= 7 a Which being divided by the Sum of all the Weights = 


er & |-3berx* _ gerx? Iz berx“ . _3xx--8bx. 
Ac  Roten the Quotient Fes rang 15 = to the 


Diſtance of the Axis of Suſpenſion from the Center of Gravity of the Solid generated 
by the Revolution of the Hyperbolic Space AMP about the Axis AD; and conſe- 


quently 1-51-25 ® is = to the Diſtance of the fd Axis of Suſpenſion from the 


Center of Gravity of the whole Solid, becauſe then x is = 4. 


And hence it is manifeſt that the Diſtance of the Center of Gravity of this Solid 
rom the Vertex thereof, is to its Axis, as 3d + 8b is to 4d-+ 126. 


PROM 
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P RO P. XVI. 


To Inveſtigate the Center of Gravity of the Spheroid generated by the Revolution 
of the Semi-ellipſis AMD the Axis AD. 


350. The ſame things being ſuppos'd as in Art. 218. The Fluxion of the Weights 
is = E. and by the property of the Elip- 
fis, JY:24xX—XX:: 77344, therefore y y = 


and conſequently - — is 


2arrx=— 1 x* 


— — 


- - 
2carxx—crx*x 


= 


22 5 and if we ſuppoſe 


the Axis of Suſpenſion to paſs through the Ver- 
rex A, then the Fluxion of the Moments is = 


Zzcar x x—erxix 


; and the Flowing Quan- 


NM 2 44 
© tity or the Sum of all the Moments is = 355 


erx* 8g8carx — 3 cr xt 


| 4 3 
divided by the Sum of all the Weights = TT ta - the Quotient 


_ 28 = to the Diſtance of the Center of Gravity of the Portion of the 
Spheroid generated by the Converſion of AM about the Axis AD, from the Ver- 
tex A; and & = to the Diſtance of the Center of Gravity of the whole Solid or 


Sphercic from A. | 


Now that the Uſefullneſs of this Doctrine may is ſome meaſure appear, I 
ſhall ſhew the Application thereof in the Menſuration of Sur = and 
Solids ; which will ſerve as a Taſte to judge of the Excellency of the Sub- 
Jett, and how much it deſerves our Study. 


a 
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PROP. XVI. 


If « Cylinder, Priſm or any other Priſmatic Solid, be eretred on any Plain, and 
if another Plain be ſuppoſed to cut the ſame obliquely in reſpe# of the Plain 
of the Baſe ;, the Solid comprehended ber mern thoſe two Plains is equal to 4 Solid 

. of the (ame Baſe, and wboſe Altitude is tqual to the Altitad- of that Line 
which is drawn from the Center of Gravity of the Baſe, and equally inclined to 

the ſame, with the Solid, 


- 351. Let BD repreſent the Plain of theBaſe (which we may ſuppoſe eicher Rectilineal, 
Curvilineal or Mixt) and let the Eye be ſuppoſed in the ſame (produced) at an infinite 
diſtance; and ſuppoſe BDEF to 
be a Cylinder, if the Plain of the | 
Baſe be a Circle, or any other Priſ- | F : 
matic Solid; let C be the Center of i 
Gravity of the Baſe, and draw Cc 
parallel to DE; and ſuppoſe this 
Solid to be cur off by another Plain 
bed inclined to the Plain of the 
Baſe, and interſecting the ſame pro- 
duced in the right Line X; I ſay the 
Solid B Dd b comprehended between 
thoſe Plains, is equal to a Solid of 
the fame Baſe B D and Altitude Ce; 
that is, the Solid B D 4b is = to 


or IS a | | 
e the Plain X B D parallel to the Horizon and the Line X (for in this poſi- 


ons the Eye, the Projections ot ſuch Lines are points) the Axis of Motion; then 
tis evident that all the points B, C, D, ponderate in proportion to their diſtances from 
the Axis of Motion; that is, the Momenta of the points B, C, D, areas X B, X C, 
XD, &. and becauſe C is the common Center of Gravity of all thoſe points, there- 
fore the Sum of all their Momenta at their reſpective diſtances from X is equal to the 
Momentum of all the ſaid points, ſuſpended in the point C; and conſequently all the 
XB, XC, XD, Ge. are equal to as many times X C; but the right Lines Bb, Cc, 
D, & are proportional to X B, XC, X D, &c. therefore all (r2. Elem. 5) the Bb 
Ce, D 4, Cc. are equal to as many times Ce; that is, the Fruſtum or UngulaBD db 


Is = to the Priſmatic Solid BD Ag. 
CONSBCTARY L 


352. If another Plain wf n cut the foreſaid Priſmatic Solid, either above or below 
the Plain 54, then the portion of the Solid comprehended berween thoſe two Plai 
vx. db is equal to the Solid comprehended under the Plain of the Baſe B D 


the right Line fe. 


1 


CONSECTARY II. 


Hence all Plains how ſoever inclined, which paſſe through the ſame point e, in the 
Lines Ge 92 pn r the Center 1 Gravity 2 = Baſe, . 4 * 
to es BE, cuts of Segments or , ua ween ves, 
to the Priſmatic Solid BD ke. io 


CONSECTARY III. 


And hence it follows that the Surface of the Ungula B D 46 (excluding the Baſes) 
is equal to the Surface of the Priſmatic Solid BD Eg (excluding its Baſes alſo) for if 
we ſuppoſe C not the Center of Gravity of the Baſe, but that of thePerimeter of the 
Baſe; then it is evident that all the 2714 the Perimeter B, D, &. ponderate in 

pro- 
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proportion to their diſtances from Xx the Axis of Motion; and becauſe C is the 
Center of Gravity of the Per meter, therefore all the Liaes, XB, X D, &ec. are 
equal to as many times X C; and by ſimilar Triangles, the Lines XB, XD, XC, 
Cc. are proportional to BY, Dd, Ce, &c. therefore all the Bb, D &c. are 
equal to as many times Ce; that is, the Surface of the Fruſtum or Uogula BDdb is 
Euqgal to the Surface of the Priſmatic Solid BD K. N 


CONSECTARY iv. 


And the Surfaces of all Ungula's cut of by Plains paſſing through the ſame point 
c in the Line C, are equal between themſelves, and to the Surface of the ſame priſ- 
matic Solid Bh D, and the Surtace of the Portion of the Solid comprehended be- 
tween any two Plains v. g. between „4 and un, is equal to the Surface of a So- 
lid whoſe Baſe is = B D, and whole Altitude is = fc. % 


PROP. XVAIL 


If a I ine or Sarfate, Redli ineal or Curvilineal, Revolve uniformly about an Axis. 


in the ſame Plain; the Surface or Solid generated by that Motion, is equal to 4 
Parallelogram or Parallel pipedon, whoſe height is equal tothe Periphery deſcrib'd 


by the Center of Gravity, and whoſe Baſe is a Line or Parallelogram equal to 


the Line or Surface given. 


353- Let BCD repreſent any Rectilineal Figure, and ſuppoſe the ſame to revolve 
about the right Line X in the ſame Plain 
„and by ſuch Motion to deſcribe the Solid 
) BD4b (repreſented in this projection by 
a Plain) and ſuppoſe C the Center of Gra- 
vity of the Baſe to deſcribe the Arch Cc, 
or if BCD be a Line, then ſuppoſe it to 
deſcribe the Surface B D 4 6. 

On the ſame Baſe BCD raiſe the Solid 
or Superficies, whoſe Altitude C is equal 
to the Arch Cc, deſcrib'd by C the Cen- 
ter of Gravity, and let the Plain X cut 
off the Ungula B D 0s. 

Now becauſe the ſimilar Arches B b, Ce; 
D d, are proportional to the Radii X B, 
XC, XD, Oc. and theſe are proportio- 
nal (by ſimilar Triangles) to Be, Cs, 
D De, &c. therefore theſe right Lines are pro- 

portional to thoſe Arches: and becauſe by 
Conſtruction Ca is = Ce, therefore all the right Lines Be, Ds are equal to the 
Arches Bb. Dd, &. reſpectively; that is, the Figure BD db (whether Solid or 
Superficia!) is = to the UngulaB D ge, which is (by the preceeding Propoſition) = to. 
the Figure B D Ab. | 


CONMNSETTIARYT L 


354 Hence if the diſtance of the Center of Gravity of the Line or Solid B CD, 
m the Axis of Motion Xx, and the Magnitude of the Line or Surface be given; 
the Value of the Surface or Solid generated by a Total or partial Converſion may be 
found, and in general, any two of the three heing given, the third may be found. 


An moans A. wow 


c 
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|; CONSECTARY I. 


Equal Lines or Surfaces revolving at unequal Diſtances, generate Surfaces or Solid: 
proportional to the Diſtances of their Centers of Gravity from the Axis of Motion ; 
and unequal Lines or Surfaces whoſe Centers of Gravity art equidiſtant from the 
Axis of Motion, generate Surfaccs or Solids proportional to the generating Lines 
or Surfaces; and if neither the Surfaces (or Lines) nor the Diſtances of their Centers 
of Gravity from the Axis of Motion, be equal; the Surfaces or Solids generated by 
chem, are to one another in a Ratio compounded of the Ratio of the Lines or Surfaces, 
_ the Ratio of the Diſtances of their Centeis of Gravity from che ſaid Axis of 

otion. 

For Inſtance, the common Parabola is to the circumſcribed Parallelogram, as 2 is to 
3, and the Diſtance ot the Vertex of the Parabola from the Center of Gravity of the 
Parallelogram is = ꝗ the Axis, and the Diſtance of the ſaid Vettex from the Center 
of Gravity of the Parabolic Space is = the Axis; therefore the Diſtance of that is 
to the Diſtance of thu as 5 is to 6; and if we ſuppole both Spaces to revolve about 
a Line touching the Vertex of the parabola, and parallel to its Baſe, then the Solid 
generated by the Parabolic Space, will be to the Solid generated by the Parallelogram 
in a Ratio compounded of the Rationes of 2 to 3, and of 6 to 5, that is, as 12 is to 
15, or as 4 ĩs to 5. 


M loſo has 4 mind to ſee more of this Subject, may conſult that Learned 
Treatiſe written by the Excellent Dr. Wallis, and 1ncrib'd de Calculo 
Centri Gravitatis. 


CUNSECTTSASS 


If the right Line A B revolve (in the ſame Plain) ou the point A as a Center, 
then the point B will deſcribe the Periphery of a Circle 

and the Line AB will deſcribe a Circular Surface BF GB ; 
and if C be the Center of Gravity of the. Line AB, it 
will deſcribe the Periphery CDE = (becauſe AC is = 
CB) 15 FG; and the Area of the Circle B FG B will 
be = AB x Periphery CDE = 4A B x Periphery 
BFG ; wheace 'tis manifeſt that the Area of any Circle 
is = to the Area of a Rectangular Triangle, whoſe 
Baſe is equal to the Periphery, and Altitude cqual to the 
Radius of the Circle. 


CONSECTARY IV. 


The Area of the Annulus comprehended between the Peripheries BF G and CDE 
is = to the Rectangle comprehended under CB and the Periphery deſcrib'd by the 
Center of Gravity of CB; thus if AC be = CB, then the Area of the Annulus 

DCBFGis = CBx4BFG =$ ABxZ2BFG, and the Area of the Circle 

FGBiS=4$ABx$BFG; therefore the Area of the Annulus ED CB FG is 
z the Area of the Circle B FG B; and conſequeatly the Area of the Circle 
CDECis =; the Area BEGB = the Area of the Annulus EDCBEG. 
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And lente is appears that Circles are in « Duplicate Ratio of their Dia. 


meters. 


* 
CONSECTARY V. 


If the Rectangular Triangle A B D revolve about 
the Axis AD, then the Line A B will deſcribe the 
Conic Surface AB C; and E the Center of Gravity 
ot the Line A B will deſcribe the Periphery E G = 
(becauſe AE = + AB, and conſequently FE = 4 BD) 
+ the Periphery BC; whence the Conic Surface (ex- 
cluding the Baſe) ABCs S ABA EGS TAB 
BC; that is, the Surface of the Cone A BCis = to 
a Triangle whoſe Baſe is equal to the Periphery of the 
Baſe BC) and Alcicnde equal to the Side of the Cone 


(AB.) 


CONSECTARY VI 


The Surface of a Cylinder is to the Surface of its Baſe, as the height of the Cy lin- 
der is to the Radius of the Baſe. | 


CONSECTARY VIL 


If the Semi- circle AB C revolve about the Diameter C A, 
it will generate the Surface of a Sphere; and it E be the 
Center of Gravity of the Periphery ABC, it will deſcribe 
the Periphery EE; whence the Surface of the Sphere def- 
cribd with ABC is = ABCx EF; and if ABC be ſuppoſed 


= c,and AD r, then DE will be = (Arr. 333.) and EF 


= 47 and conſequently ABC x EFis =4rxc=2rx 
2c = $r x 2c = $ times the Area of the Semi. circle ABC; 
that is the Surface of a Sphere is equal to four times the 
Area of one of its great Circles. 


CONSECTARY YL 


And if E be the Center of Gravity of the Space ABC, then the Semi-circle ABC 
will deſcribe a S here and E the Center of Gravity will deſcribe the Periphery EF, 
and the Sphere generated by the Revolution of A B C about the Axis A C will be = 
to the Arca of the Semi circle A BC x into the Periphery EF; whence if AD be = 


7, and the Quadrantal Arch AB Se, then DE will be = 7” , and conſequently 
the Periphery of the Circle E F will be = r, which being multiplyed by r e = to 
the Area of the Semi- circle AB.C; the Product vers =3}3rr x the Periphery of a 


3 
great Circle of the Sphere = to the Solidity of the Sphere; that is, the Sphere is 
to the curcumſcrib'd Cylinder as 2 is 3. 


C O N- 


N i 1 


to Mathematical Philoſopby; 


CONSECTARY IX 


And if the parabolic Space ADB revolve about the Axis AB, the Parabolical Co- 
noid (generated by ſuch a Motion) is = Area ADB A the Periphery | of the 
Circle deſcrib d by the Center of Gravity S = (the ſame Symbols being retain d, as 
in Art. 340.) 3brx3c=,*bre=+brec = +} the circumſcrib'd Cylinder. 
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PROP. XIX. 


The Center of Gravity of any Figure, Plain or Solid being given, with that of 
| one of its Parts; to find the Center of Gravity of the other Part. 


355- In the Parabolical Conoid, formed by the Semi-revolution of the Parabolic 
Space BA B about the Axis AD; let C be the Center of Gravity of the whole Co- 
noid, and E that of the Segment or Portion MAM; 
Tis requir d to find the Center of Gravity of the Por- 
tion BMM B. 

Suppoſe the whole Conoid to be ſuſpended by the 
you C, and E the Center of Gravity of MAM, and 

that of BMMB. Then 'tis evideat that the Seg- 
ments being ſuſpended by the point C, are in Equilibro; 
and conſequently the Diſtance between C and the par- 
ticular Centers of Gravity E and F, are reciprocally | 
proportional to their Maſſes. That is, as the Seg= E D "x 
ment BMMB : Segment MAM :: EC: CF, and F 
is the Center of Gravity of the Segment BMM B. Q. E. I. 


Ccce SE 
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De 
The Uſe of Fluxions 


In Inveſtizating the Centers of Percuſſion of Lines, Surfaces and Solids. 


356. JN Calculating the Centers of Gravity, we ſuppoſe the Figures to be ſimply 

ſuſpended to a Point or Axis; but in order to Calculate their Centers of 
Pere un, they are ſuppos d actually to revolve about a Point or Axis; and as in that 
Caſe, we conſider the ſimple Mumenra, fo in this we conſider them alſo, only with 
Velocity ſuperadded. And as the Sum of all the ſimple Momenta, on every ſide of the 
Center of Gravity are equal; ſo the Sum of all the Forces on every fide of the Center 
of Percu/ſion muſt be equal. Whence rhe Center of Percuſſion of a Body im Metion, that 
Point whirein all the Forces of twat Body are conſider'd as united into ene: So that the Force 
of Percuſſion in that Point, 1 greater than in any otber. And the Center of Percuſſicn is the 
ſame in reſpe& of the Forces as the Center of Gravity is in reſpe& of the Wergbr: : That 
s, one is the Center ot the Moments or Efforts,as the other is of the Center of theWeights, 
and as we find the Center of Gravity by dividing the Sum of all the Mowents by the 
Sum ofall the VH]; fo to find the Center of Percuſſion, there is nothing to be done, but 
to divide the Sum of all (the Fluxions of the Forces, which are equal to all) the Rect- 
angles comprehended under the Moments and their reſpective Velocities (or Lines pro- 
portional to them) by the Sum of all the Moments. 


And it may be obſerv'd, That the Center of Percuſſiow may be found in the ſame 
manner as thc Center of Gravity is found; if we ſuppoſe the Weights to be encreas'd 
in proportion to their Velociries at the Infant of Percuſſion; and find the Center of 
Gravity of the Weights ſo encreas d. 


And becauſe (w hen a Figure revolves about an Axis) the Velocities of the Parts, are 
ro] ortional to their Diſtzaces from the ſaid Axis; therefore to encreaſe the Weig bi. 
in proportion to their Velocuuus at the Inſtant of Perceſten, is to multiply every indivi- 
dual Fart (or Moment) by its Diſtance from the Axis of Motion; and if we take the 
Sum ot all the Rectangles for the Sum of all the Weights at the Inſtant of Percwſ/t 
then the Center of Gravity of the ſaid Werghts will be the fame with the Center of 
Percuſſion. W lence in General, 


To fin the Center of Percuſſion. 


357.Multiply all the Infinitely little Parts which compoſe the Figure, iy the Squares 
of their Diſtances from the Point or Axis of Suſpenſion, and divide the Sum by 
the Sum of all the Weights multiplied into the Diſtance of their Center of Gravity, 
from the Point or Axu of Suſpenſion; the Quotient is the Diſtance of the Center 
of Percuiſion from the ſaid Point or Axu. 
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PROP. I. 


To find the Center of Percuſſion of 4 Line, ſuſpended by one Extremity, about 
which 4s 4 Center it is ſuppos'd to move. 


338. Let the given Line AB be ſuſpended by the point A; If we ſuppoſe this 
Line to be divided into an infinite Number of equal Parts, tis evident « they 
will deſcribe Conceatric and ſimilar Arches of | | 
Circles in the ſame time, which are propor- 

tional to their Rays or Diſtances from the A b 
point A. Now their Velocities are proporti- : 
onal to the Arches they deſcribe ; that is, their 

Velocities are proportional to their Diſtances from the point of Suſpenſion A; and if 


we ſuppoſe the Line AB = x, Bb — x, then the Fluxion of the Moments is = x x, 
which being multiplied by x (repreſenting the Velocity of the Particle B] the Pro- 


duct x x is the Fluxion of the Ear: and the Sum of all the Forces is = 1, which 


49 


being divided by the Sum of all the Moments ==, the Quotient 2 x is = to the Diſ- 
tance of the point A from the Center of Percuſſion of the whole Line AB. 


CONSECTARY. 


359. In the Parallelogram AC, the Center of 1 AF 
Percuſſion is in the right Line EF, which divides te | ö | 
Parallelogram into two equal Parts, and if the point E N | 
of Suſpenſion be ſuppos'd in E, the Diſtance of the P| iP 
faid Center from E is = Ef. ; 

A MN D 


PROP. I 


To find the Center of Percuſſion of the Iſoſeeles Triangle ABC, revolving aboat 
the right Line E F parallel to the Baſe, and * thro the Vertex A. 


360. Draw the Line AD perpendicular to the Baſe BC, then the Center of Per- 
cuſſion is in the fame. Draw the Lines MM (5) and mm parallel to the Baſe, and 
infinitely near one another; and ſuppoſe AD = «, 8 
BC=6, AP=x, Pp=x; then the Fluxion of the 
Weights M is =y x = (becauſe a: b :: x: 5.) 


bx x b * x 


and the Fluxion of the Moments is = —_— 
and the Fluent or the Sum of all the Moments is = 


3 3 
=, and the Fluxion of the Forces is = = 2. and 


4 
the Sum of all the Forces is = =, which being di- 


vided by the Sum of all the Moments =, the Quotient 2 x is = to the Diſtance of 


the Center of Percuſſion of the Triangle A MM from the Vertex A; and when x be- 
comes = 4, then the Diſtance of the Center of Percuſſion of the Triangle ABC 
from the Vertex As =4 « = 4 AD. 


* PROP, 
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PROP. III. 


To find the Center of Percuſſion of the Ioſceles Triangie ABC revolving about 
it's Baſe B C. 


361. The ſame Symbols beimg retained as in the precedent Art. the Fluxion of the 


Wages s =» £ = 2** and becauſe DP is = x, the Fluxions of the Mo- 


. "Ws 
ments is = bx & — ©. oof and the Fluent or the Sum of all the Moments is = 


3 . 4 
— 3 = „and if the Fluxion of the Moments b x x — — be multiply ed 


by x, the Product ab x x - 2b x? * tits is the Fluxion of the Forces, 


3 
and conſequently the Sum of all the Forces is = e222 — 20 * — „ which 


1 1 
being divided by the Sum of all the Moments — ” , the Quotient 


38 
688 5. —— is = to the diſtance of the Center of Percuſſion of the Space 


AMM from the Axis of Motion BC; and when x becomes = 4, then 


4. 5 8 8985 . becomes ; a; that is, the diſtance of the Center of Per- 
cuſſion of the whole Triangle AB C from che Axis of Motion BC is = £+ the per- 
pendicular AD. 


PROP. IV. 


| To 2 the Centers of Percuſſion of all ſorts of P ar abolic 1 revolving 
ut an Axis parallel to the Baſe and paſſing throagh the Vertex. 


3062. The ſame things being ſuppoſed as in Art. 337. the Fluxion of the Moments is 
4 y 2 . . * . 

= x" x; which being multiplyed by x, the Fluxion of the Forces is = 

.. and conſequently the Sum of all the Forces or the Fluent is == 


bs ; | 
3 . x *z which being divided by the Sum of all the Moments 


3 ; | 
817 dhe Quotient : e to the diſtance of the Vertex A, 


from the Center of Percuſſion of the indeterminate Space M A M; and conſequently 
when x is = 4, the diſtance of the Center of Percuſſion of the whole Parabolrc 


Space B A B, from the Vertex Ais = Ro b. 


Hence in the common Parabola, in which ax = yy, mis = 2 and E pi 


= #b = to the diſtance of the Center of Percuſſion of the ſaid Parabolic Space 
from the Vertex A. 


PROP. 


22 


w 


bis 


pace 


OP. 


28 ＋1 
ments b x* 5 x be multiplyed by b— x, 
de Product 5 b 5 —2bx* 2 ls 
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PROP. v. 
To find the Center of Percuſſion of of ſort of Parabolic Spaces, revolving about 
4 


tes. 
363. It is evident that the Fluxion of the Weights Mp is =y & = +* £, which 
being multiplyed by $— x the Diſtance thertof from 


the Aris of Motion, the Product l +—x* 2 is 
equal to the Fluxion of the Moments: and the Sum 


＋42—1 


ö 4? * F 4; 
of all the Moments is = . b x 


, now if the Fluxion of the Mo- 


is = to the Fluxion of the Forces; whence the Sum 


4 +2 


4.43 


2 W m 
ar a Oo 


of all the Forces is = i x* ** 
m + 1 


. | 2 2 | | n 22 ”m 
which being divided by the Sum of all the Moments = . 78 
122 | 


x* Ihe Quotient 


3m-|-1x2mm--mbb—;m1ix2mm-2m bx 2m 1xmmdmeyx 
3» -|-1 x 2 mm-|-m b— 3m-þ-1 x mm | m x 
is equal to the Diſtance of the Center of Percuſſion of the Space M AM, from the Axis 


of Motion BB; and when becomes = 6, then the diſtance of the Center of per- 
cuſſion of the whole Parabolic Space B.A B, from the Axis of Motion BB is = 


3m3-|- mm 


 Whence ia the common Fatabola, where mw is = 2, the diſtance of the Center of 
Percuſſion of the Space M AM from the Axis of Motion BB is 


NS Ems , and the diſtance of the Center of Percuſſion of the whole 


Parabolic Space B A B, from the Axis of Suſpenſion BB is = $ b = $ the Perpen- 
dicular A D. 


Dad dd : . PROP. 


> 


of the Forces; and the Sum of all the Forces is = 
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PROP. VI. 


To find theCemer of Percuffion of a Cylinder, ſuſpended by one of its Extremitie: 
* | about — 2700 — : 


364 Let the Cylinder EF be ſuſpended by the Extremity E, about which it is ſup- 
poſed to Revolve; tis evident that the Velocities of all the infinitely little and equal 
| parts are A to the Spaces (the times being 

* equal) which they deſcribe; that is, proportional to 


their diſtances from the point of ſuſpenſion. 

then EF = 4, EP x, the Circumference of the 
Baſe — ce, and the Semi-diameter of the Baſe = , 
then (Art. 341.) the Fluxion of the Moments is = 


==, and the Fluxion of the Forces is = 


erx*x ks er x3 


* ; and the Sum of Al the Forces is = N75 
which being divided by the Sum of all the Moments 
| === the Quotient 4 x is = to the diſtance of the 


B een _ — 4 
point E from the Center of Percuſſion of the indeter- 
minate Portion of the Cylinder A M M D, and 12 = 

to the diſtance of E, from the Center of Percuſſion of the whole Cylinder A B CD. 


PROP. VII. 


the Center of Percuſſion of a Cylinder. revolving abcat the point R, 
is the Axis produced. = 


To find 


363. Suppoſe RF = , RE=6b, EP==x, Pp= x, RP =b-þx,andEF = 


„=I; then the Fluxion of the Moments is Er, which being multi- 


plyed by ö x, the Product PLEASE LES LEED, oe hd 


2 
bber x 
2 


berxx , cr x3 
+2222 4.2 


which being divided by the Sum of all the Moments rr. the Quotient 


ELSE 2 js = tothe diſtance of the Axisof ſuſpenſion (paſling through 
the point R, and parallel to A D) from the Center of Percuſſion of the portion of 
the Cylinder MADM; and when x becomes =a — 6, then the diſtance of the 
point R from the Center of Percuſſion of the whole Cylinder is === 


2.48 + 2 ab + 2 bb 
36+36b 


COROLLARY. 


366. Hence if RE repreſent a Mans Arm, and EF a Staff or Cane, it is eaſie to 
determine the Point therein, which will ſtrike with the greateſt Force. 


PROP, 


j 
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PROP. VIII. 


To Eroeftigate the Center of Precaſſion of « Cone, Revolving about an Axis paſſing 
« through the Verve A, ax Parakcl tothe Baſe BC. 


367. The ſame things being ſuppos d as in An. 342. The Fluxion of the Mo- 


. 
ments is = 222, and the Fluxion of the Ferces is 


f 1 
e and the Sum of all the Forces is = =— 


244 10 424 


which being divided by the Sum of all the Maments = 
** | 
= the Quotient + x is = to the Diſtance of the 


8422 
Axis of Motion from the Center of Percuſſion of the 
Portion of the Cone generated by the Triangle APM ; and 
| Lathe ape of the ſaid Axis from the Center of 


on of the whole Cone. 
PROP. IX. 
To find the Center of Percuſſion of 4 Sphere, in reſpect of the Axis of Motion 
AK, perpendicular to the Diameter A b. 
368. The Fluxion of the Moments is = i 
. ex3 x | 
— i K 1 
e X * * Sq and the Fluxion of the | Ik L 
Forces is = ex3 — , md the . , 
44 c 2 
divided by the Sum of all the Moments = — 
LES ! 
8 7 2 is = tg 


the Diftance of the Axis of Motion A K from 

33 of Ganter 
e generated by APM, a ently the Diſtance of A from 

of Perculſion of the whole Sphere is = + r. N = 


COROLLARY, 
is eaſit to ſiad the Center of Perouffion of an or of any Segment 


a Sphere, in reſpect of the Axis of Motion A 2 other poi 
in the Diameter A D produc d. ” EY ra 


PROP 


_ 
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R O F. X 


To ESE the Centers of Percuſſion of all ſorts of Parabolical Conoids, in 
reſpect of AT the Axis of Motion. _ 


359. The ſame things being ſuppos'd, as in Art. 345. the Fluxion of the Moments 
Is = 3 - = . and conſequently the Fluxion of the For- 


= T7 25 8 
| ces is = — ex or the Sum 
oa "Aw 
* Q m er f 5 
7 1 of all the Forces 1 n * Which being 
vi he Sum of all the Moments = —*, — 
| divided by [6 a 2 = + x 
9 . m-|-4 2 ＋2 
1 Quotient * = „ 


= to the diſtance of the Axis of Motion AT from the Center of Percuſſion of the Inde- 
terminate Portion of the Conoid, generated by the Revolution of the Space APM about 


the Axis AP; and 12 Sto the Diſtance of the ſaid Axis of Motion from the 


Center of Percaion of 8 2 Conoid. 
Hence in the common Parabola a x = yy, we have m = 2, and conſequently, 


2m T2, =4b=4 the Axis AB. 


3m ＋ 2 
And if the Equation of the Curve be aax = y*, then „ = 3 and 22 


= 116. 


PROP. XL 


To Inveſtigate the Center of Percuſſion of the Elliptical Spheroid ABDE, in 
reſpett of the Axis of Motion AT, paſſing through the Vertex A, and at 
right Angles to the Axis AD. 


370. The ſame things being ſuppos'd as in Art. 350. The Fluxion of the Moments 
* c 
is = == 2 » and conſequently 


248 
the Fluxion of the Forces is ——— 


2er K - cerxtx 
5 „and the Fluent or the 


24 3 


Sum of all the Forces is = — — 8, 
44 1044 


5 which being divided by the Sum of all the Mo- 
- | s erx? era. | . 
* ments —  -.-- : the  Qnoticat. 


771 
308x—I2xx, _ ; 
44 —— 1s = to the diſtance of the 


Axis of Motion A T from the Center of per- 
cuſſion of the Indeterminate Portion of the 
Spheroid generated by AMP. Whence the Diſtance of the faid Axis A T from 


the Center of Percuſſion of the whole Spheroid i B=feo=*AC 
SECT. 


to Mathematical Philoſophy. 
SECT. XIII 
The Uſe of Fluxions 


In Inveſtigating the Centers of Oſcillation. 
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371. HE Learned Auerſennus ſo highly eſteem d this piece of Mathematical Phi. 
| loſophy, and thought it a Subject of ſo much difficulty; that he propos'd 
the Conſideration thereof to the moſt Celebrated Geometers of his Age. And to 
find the Centers of Oſcillation of all Figures, appear ſo intricate a Buſineſs, that the 
Muftrious Carteſias could only find them in ſome particular, and thoſe the moſt eaſie 
Caſes. Yea the Excellent Mr. Hugens was fo diſcouraged in his firſt attempts (as he 
himſelf witneſſeth) that he gave up the Cauſe, if not as deſperate, yet until a more 
locky turn of Genius ſhould offer. Which accordingly happen d, for afterwards he 
not only reſoly'd all Merſemnas's Problems, but even others much more difficult. 


But now that we are taught (in reſolving Problems) to contemplate things in their 
firſt Principles, and to follow the ſteps of Nature in our Inquiries: The Difficulties 
which appear'd inſuperable to former Ages, are eaſily remov d. Which will further 
appear in handling the preſent head. 


I. The Nature of a Pendulum (I preſume) is obvious to every Reader: A Li 
a Plain, or a Solid, ſuſpended either mediately (by a Thread, &.) or immediately 
to an immovable Point or Axis, and Vibrating by the ſole Force of its own Gravity, 
generally going under that Denomination. 


II. And thoſe Pendulums, which have the fame Length, and are agitated by the 
fame Force, deſcribe equal Arches in equal Times; that is, their reſpective Vibra- 
tions will be [ſochronal & vice verſa. 


HI. Hence if the ſolid A B D E, be fuſpended to the Axis AT in A, then the 
Vibrations of the Solid will be [ſocbronal to thoſe of the ſimple Pendulum, whoſe 
length is equal to the Diſtance of the Axis of Motion AT, from the Center of Per- 
cuſſion of the Solid, and which is agitated by a Force equal to that of the Center of 
Percuſſion. For it is evident that all the Forces of the Solid are (as it were) united 
in the Center of Percuſſion: And it we ſuppoſe the Solid to be contracted into that 

int, and the ſame Force to remain, then tis manifeſt that both Pendulums will be 
Imple ones; and becauſe they are equal in Length, and agitated by the ſame or equal 
Forces, their Vibrations muſt be [/ocbrona/. p 


IV. That point of the Figure wherein all the Forces are united is hut one, and con- 
ſequently one only ſimple Pendulum can be made, whoſe Vibrations (the Forces in 
both being equal) ſhall be Iſocbrona/ to thoſe of the whole Solid, and becauſe the point 
in the Figure, wherein all the Forces are united, determines the length of the ſimple 
Ifochronal Pendulum; and is that wherein all the Figure is ſuppos'd to be contracted 
with all the Forces, while it Vibrates ; therefore it is called the Center of Oſculation of 
the Fig ure. 


V. Hence it is manifeſt, that the Centers of Oſcillation and Pereuſſon in every fi- 
| mc the ſame; and the Inveſtigation of that is in every reſpe& the ſame with 
that of this. 


Ze e e 9 
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General Canſectanies. 


372. If a Line A B be ſuſpended by the point A, and be ſuppos d to Vibrate; the 
Diſtance of the Center of tion from A the of Suſſ AB; 
hence the Reaſon appears, why the Vibrations of a Rod or ſuſpended by one 


end, are Iſochronal to thoſe of a ſimple Pendule, whoſe length is = 4 parts the 
length of the Rod, 


CONSECTARY IL 


_—————— — 
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The Uſe of Fluxions 


I Aſtronomy. 


HE Study of the Heavenly Motions is ſo ſublime a piece of Humane Knowledge, 
that the moſt learned Men of all Ages have apply'd themſelves to the ſame. 
But notwithſtanding this, the Syſtems they have fra, and the Cauſes they have 
aſſign d for the Celeſtial Motions are, for the moſt part, ſo inconſiſtent with Reaſon 


and fo remote from Truth, that it is e they ſhould have been (for ſo many A 
fo univerſally recei d. ö a pat 


It would be improper in this place to trouble the Reader with an Account of the 
Afr onomy of the Auch, and by what means they endeavour d to ſalve the Celeſtial 


appearances. 


I ſhall only tell him, that tho the Ctoud of Ancient Aſtronomers ſeem to have had but 


very. confus'd Notions concerning thoſe upper Regions, yet ſome there were of a more 
fin d Genius, that doubted not to affert even that Syſtem which now a-days paſſes 


the beſt ; ſuch as Py:bogoras and Pbilslau, who aſſerted the Motion of the Earth 


| and Stability of the Sun. 


But this ſeemed ſo incredible to the wiſeſt of Succeeding Ages, that not being #+ 
ble to render any Solid Reaſon for this Opinion, beſides the Authority of an lla ſtri-· 
ous Sage, it was exploded out of all places, which ſeemed moſt to countenance An- 
cient Learning, and ſcarce allowed a place in the rank of Poſſibilities, 


Thus the Ancient Pythagorean Syſtem of the World lay ſlighted and 
the excellent Copernicus, well perceiving the defects and inconſiſtencies 


Hypotheſes, reſtored it to Light. 


This Infant of Ages thus again inſpired with a new Breath, quickly became known 
to Uranias's Sons, and among all thoſe that a ed ot the ſame, none was more e- 
minent than the great Kepler ; he not only the Py | of the 
World, but advanced yet further, and found that every Primary Planet deſcrib'd an 
Elliptic Orbit about the Sun, placed in one of the Foci; and that the Areas, which 
every Planet deſcribes about the Sun, are proportional to the times of Deſcription. 
This excellent Perſon obſerved alſo,that their Periodic times are in a iplicate Ra- 
tio of their mean diſtances from the Sun: Which law the Satellites obſerve alſo, in 
reſpe& of their Primary Planets, as the Learned Ca obſet vet 


Theſe are diſcoveries wholly unknown to the Ancient Aſtronomers, and whereof 
even their firſt Authors could give no demonſtrative acedunt; they ſaw that theſe 
ions were confirmed by the moſt accurate obſervations, but to demonſtrate 


the truth of them 2 priori, was a task too Hard to be attempted by any unacquainted 


eced, unt ill 
all che other 


with a Method ſomewhat reſembling the great and infinite Architect: I mean the 


Method or Analyſis of Infinices. 


And ſince his days, ſeveral other great Perſons have appcared, who have made in- 
credible advances this way. 


1 ſhall confine my ſelf at preſent to ſome of thoſe which have been made by help of 


* PROP. 
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PROP. I. 


The Ares's which Bodies Revolving about an immovable Center deſcribe by Rags 
drawn to the ſame, are proportional to the times of deſcription, and are all in 
the ſame immovable Plain, 


73+ Let the Time be divided into equal parts, and ſuppoſe in one of them, a 
Body deſcribes the Space AB (by a power which it has to move in the right Line 
f A from A towards 2) in next 

121 Moment of Time, if nothing hindred, 

it would move from B to x, deſcribing 
the Line B « equal to AB, ſo that 
drawing the Rays AS, BS, 2 8 to the 
immovable Center 5, the Areas ASB 
and BS x deſcribed, would be equal: 
But when the Body comes to B, let a 
Force in S attract the ſame, and by one 
ſingle but ſtrong Impulſe, make the 


| Wa Body deviate from the right Line Ba, 
=. and move in the right Line BC; draw 
8 x C parallel to BS, interſecting BC in 


C, then at the end of the ſecond Mo- 
ment of Time, the Body will be found 
in C, in the ſame Plain with the Triangle A S B; joyn SC, and the Triangle 8 B C, 
becauſe of the Parallels & B and C, will be equal to the Triangle S B̃ «, and conſequent» 
ly it will alſo be _ to the Triangle S A B: In like manner, if the Central Force (or 
Vis Cent ipeta) act ſucceſſively in C, D, &. and make the Body in ſucceſſive Moments 
of Time deſcribe the Lines C D, D E, &. they will be in the ſame Plain, and the Trian- 
gleSCD will be cqual to the Triangle SBC, and SDE will be equal to SCD = 
SBC. Whence it is maniſeſt that a Body revolving about an immovable Center in 
an immovable Plain, deſcribes equal Areas in equal Times; and by compoſition, the 
Area 8 A Cs is to the Area S A Es, as the Time which the Body takes to deſcribe 
that, is to the Time it takes to deſcribe rhis | 
Let the Number of the Triangles be encreaſed,and their Breadth diminiſhed in inf- 
nitum, then the Perimeter ABC DE will be a Curve Line, and conſequently the V Cen- 
rripets which perpetually draws back the Body from off the Tangent of this Curve, 
acts continually ; and the Areas SACS, S AES proportional to the Times of their 
deſcription, will alſo in this Caſe be proportional to the ſame Times. Q. E. D. 


CONSECTARY I. 


374. If a Body 2 in the Curve ABC, be attracted 
by a Central Force in 8, if the Body deſcribe the infinitely 
little 22 of the Curve AB and BC in equal Times, then 
the infinitely little Triangles AS B, BS C will be equal: and if on 
the Center S, and with the Radii SA, SB, the little Arches 
Ab, Be, be deſcrib'd, then the Triangle SAB or SAb is = 
+SAx Ab, and the Triangle SBCis = SB « Be, therefore 
it is, $SA:4SB-::SA:SB:: Be: AC; that is, the inh- 
nitely little Arches Al, Be, are reciprocally proportional to 
the Radii SA, SB, 


DEFINITION. I. 


The Center of Attraction is that point to which the Revolving or moving Body is 
attracted or impelled by the Force or Impetus of Gravity; Thus the Sun is ſuch in 
the reſpect of the Primary Planets, and the Earth in reſpect of the Moon. 5 

| DEF I- 
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DEFINITION. II. 


Piaracentrie Motion of Impetus is ſo much as the revolving Body approaches nea- 
rer to or receeds farther from the Center of Attraction; thus if S he the Center of 
Attraction, and if a Body in A move to B, then 8 B - S A = Bb, is called the Para- 
centric Motion of chat Body. | 


DEFINITION. III. 


Circular Velocity of a Body is meaſured by the Arch of a Circle ; thus if a Body in 

A move to B, or 6, its Circular Velocity is meaſured by the Arch of the Circle A 65, 
deſcrib'd on the Center of Attraction S, and the Circular Velocity of a Body mo- 
ving from B to C is meaſured by the Circular Arch B C. 


DEFINITION. IV. 


| Conatus Excuſſerius, is meaſured by a Line let fall from a point infinitely near to ano- 
ther point, perpendicular to a Line drawn to touch the Curve in that other point, 
whence it is maniteſt that the Conatus Excuſſorias Cirenlationis, or Conatus Centrifugus 
may be expreſs d by PN the Verſed Sine of the Angle of Circulation CS N (or by 
c k, becauſe the difference between the RadiiSC, SB is incomparably little) for the 
Verſed Sine is equal to a perpendicular let fall from one end of the Arch to a Tan- 
geut drawn to the other end of the Arch. | 


DEFINITION. V. 


Solicitatio Paracentrica Gr avitatit wel Levitatir, or the Paracentric Solicitation of Gra- 
vity or Levity is expreſs'd by the right Line AL, drawn from the point A, parallel 
the Ray S B (iafinitely near SA) untill it interſect the Tangent BL. 


LEMMA I. 


The V erſed Sines of inſinitely little Arches are in 4 duplicate Ratio of the Chords 
ef the ſaid Arches. 


4375. Let the right Line A D touch the Circle A B G in A, then DAB is the Au- 
gle of Contat; Let AB be an infinitely little Arch, . 
A Bthe Chord and AC the verſed Sine thereof, I ſay A eded 
A Cor B D is as the Square of AB; that is, if another ; 
inſinitely little Arch A 6 be taken, then the Verſed Sine 
Ac (or bd) : Verſed Sine AC (or BD):: Abg: 
ABg. 

Draw the Diameter A, and draw the Lines G B, G 6; 
then by the property of the Circle, we have ABq = AC x 
A and Abq=AG x Ac; whence it is, AB J: Abq 
:: ACx AG: Ac AG:: AC: Ac :: BD: 4. 

Now when the points B, 5, are infinitely near the 
point A, then the Chords AB, Al, are equal to the 
Arches AB, Al, and conſcquently the Verſed Sines 
AC, Ae, or the Subſtences of the Angle of Contact 
BD, 5 4, are ia a duplicate Ratio of the Conterminal 
Arches AB, Av. | 

And if the the Lines B E, b e, ſubtend the Angle of Contact D A B, and be paral- 
lel to any Line (leſs than the Diameter A G) drawn within the Circle, as A R, then 
the Lines BE, be, will be as the Squares of the Conterminal Arches A B, A 6, for 
BD:bd:: BE:be:: ABq: A. 

. 'Fiff COR 
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CORROLLARY. 


375. The Subſtences of the Angles of Contact of Curves, whoſe Curvature in the 
Point of Contact is the fame with that of ſome Circle (or when the difference between 
them is incomparably little) are in a duplicate Ratio of the Conterminal Arches. 


LEMMA. II. 


377. In unequal Circles ABD, Gh E, if the infinitely little Arches BD, bd be 
equal, then the Verſed Sines BN, bs of 

thoſe Arches will be reciprocally proportio- 
nal to the Radii SB, $6. 

Produce 5 D unto E, and draw E F parallel to 
5 b, and draw the Lines D N, E K, dn perpen- 
dicular to 8 B. 
Then it is, K: BN: : 81: 8B. 

And bn :bK :: bdg:bEg. 
281 


6 
Therefore, bs: B N. $ L; 3 1 5, 
That is, 1. BV A. 
— bd = BD, 


poling | 
We have by: BN :: $B:$Sb. Q. E. D. 


— 


F 
E 


PROP. IL 


The Conatus Centrifugi {or Vires Centripetæ) of Bodies Revolving in equal 
Circles, with an cquable Motion, are in a duplicate Ratio of their Velocities. 


378, The Conatus Centrifugus is equal to the Verſed Sine of the Angle of Circu- 
lation, and the Verſed Sines of Arches infinitely little are in a duplicate Ratio of the 
Chords of thoſe Arches ; that is, ina duplicate Ratio of the Arches themſelves, 
and the Velocities (the times being ſuppoſed equal) are as the Arches ; therefore the 
Conatus Centrifugi are in a duplicate Ratio of the Velocities. | 


CONSECTARY I. 


379. If two Bodies B, 6b, revolve in unequal Circles, ABD, G E, and deſcribe 
the Areas SBD, $64; then the Conatus Centrifugi (or Vires Centripete) D C, de, will 
be in a Ratio compounded of the duplicate Ratio of the Velocities Directly, and the 
ſimple Ratio of the Radii Inverſely. 

For if the Radii be equal, the Cenatus Centrifugi are as the Squares of the Velocities; 
and if the Velocities be equal, the Conerus Centrifugi are reciprocally as the Radii ; 
therefore if neither the Radii nor the Velocities be equal, the Conarus Centrifugi are 
in a Ratio compounded of the Rationes of the Squares of the Velocities directly, 
and of the Radii Inverſely. 

This Corrollary is demonſtrated more univerſally, in one of the ſteps of the Second 
Lemma; for it is. there, UA: BN :: X: ol , 


oN. 


1% 
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CONSECTARY IL 


And if the Bodies B, I, deſcribe the equal Areas BSD and 58 4 in equal times 
(that is if SBx BD = S# « bd, then bd :BD :: SB : $6) then the Veloci- 
ties BD and 64 will be reci ly as the Radii, and the Squares of the 
Velocities will be as che Squares of the Radii Inverſely, whence the proportion 5: 


44. BDq : SS; SSogi ng 
N.: : 5 will become 5: BN :: 5 7 : 83 28509, 


that is the Conatus Centrifgi are reciprocally in a Triplicate Ratio of the Radii. 
CONSECTARY III. 
M the Velocities be directly as the Radii, then the Periodic Times will be equal, 
and the Analogy b »: BN :: 77 : 2 will become b»: BN :: $65: SB; that 
is, the Conatus Cemrifugi are proportional to the Radii. 


CONSECTARY IV. 


If the the Bodies B, 6, deſcribe the Arches BD, bd in equal-times, then the Pe- 
riodic time of þ will be to the Periodic time of B, as 72 is to 82 - becauſe the 
Times are dire&ly as the Spaces and reciprocally as the Velocities; and becauſe bn: 


ch: „ 21 20; „„ 
BN (:: 4e: DO) :: ES 55 * B&G © 007” (multiplying by SB x $5) 


SbxSBq SB x Sbq Therefore the Vires Centripetæ are ina Ratio compounded 


3307 144 
of the Rationes of the Radii directly, and the Squares of the Periodic Times In- 


verſely. 
CONSECTARKRT VB 


And if the Squares of the Periodic Times be as the Radli, that is if 7 857. 
7 


SbxSBq, SBxSbq_ 


5 S B, then it will be b: B N:: "FF (by ſubſtitution) 8 6 
x SB: Sb x SB; that is, the Ves Centripete are equal; and becauſe 35 5 
8 7 


595 therefore / Sb: /SB :: 4: BD; that is, the Velocities are in a Sub- 
duplicate Ratio of the Radii. Es vice verſa. 


CONSECTARY VI. 


And if the Squares of the Periodic Times be as the Squares of the Radii, that is 
SbxSBq SBxSbg 


.. Sbq 8837. ; . 8 oh 
1 5D 57:5 B, then it will be b»: BN :: 3 
:: (by ſubſtitution) $5 x SBq : S BX 81:83:87 that is the Vires Centripetæ 
Cenirifugi) are reciprocally as the Radii z and becauſe (in this Suppoſition) 

SE SBq 


(or Conatus 
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- 


-7 7 837 1 "SY 1 
587 x 8 8542 * BD,” therefore BD A; that is the Velocitics are 


equal: Er Vice verſa. | 
CONSECTARY VII. 
it the Squares of the Periodic Times be as the Cubes of the Radii, that is, if 


. 87 : 8% Then it will be b: BN :: 297 : 


are reciprocally in a duplicate Ratio of the Radi; and becauſe 127 — "A , there- 


fore VSB: Sb :: bd, BD; that is, the Velocities are reciprocally in a Subdupli- 
cate Ratio of the Radii: Er vice verſa. 


SCHOLIUM. 


And becauſe it is fouhd by obſervation, that the Squares of the Periodic Times of 
Planets, are as the Cubes of their diſtances from the Sun, and that in equal Times 
they deſcribe equal Areas about the Sun; therefore it is nranifeſt, that the Sun is the 
Center of all the Planetary Motions, and that the Vis Centripets (or Force of Gra- 
vity) of one Planet is to the Yu Cent ripeta of another Planet, as the Square of this 
Planets diſtance from the Sun is to the Square of that Planets diſtance from the Sun. 

It is alſo evident that theſe Planets which are neareſt the Sun move ſwifteſt, for 
the Velocity of one Planet is to the Velocity of another Planet as the diſtance of 
this Planet from the Sun is to a mean Proportional between the diſtances of this and 


that Planet from the Sun. 
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P R O P. III. 


If the Areas which a Body, revolving about an Immovable Center, deſcribes by 
Rays drawn to the ſaid Center, be proportional to the Times of deſe iption; the 
Elementum or infinitely little Increment or Decrement of the Paracentric Impe- 
tus is equal to the difference or Sum of the Paracentric Solicitation (Solicita- 
tion of Gravity, or the impreſſion made by the Action of Gravity or Levity; 
br any ſuch like Cauſe) and twice the Conatus Centrifugus, vis to tbe Sum, 
f it be the Solicitation of Levity ; or tothe Difference, if the the Paracentris 

licitation ariſe from the Action of Gravity. 


380. From the points P and M, draw the Lines Pw, Mo ndicu'arto SN ; 
then becanſe the Triangles p S N, NS M are equal, (the times being ſuppoſed equal) 
therefore (becauſe the Baſe SN is 
common to both) the Altitudes P v 
M » are equal; take N. = LM, and 
draw M » parallel to LN; then the 
Triangles PN v, Me will be equal 
and ſimilar, and PN = M, and 
No Son; again in the right Line 
S N (produced if need be) take SV 
SP, and Sw =SM, then is NV 
the difference between the Radii 8 P 
and SN, and N is the difference 
between the Radii SN and SM; now 
NVis=(No)»o+ Vu; and Nm 
is = N= + no — om, t | 
NV-—Nm=Vov+mo—Nso= 
to the difterentio-differential, or in- 
finitely little Increment or Decre- 
ment of the Paracentric Velocity, = 
2 wo — N, (becauſe V and m D 
the Verſed Sines of two Angles and | 
Radii, whoſe diſſerence is incomparably little, are equal) now the difference between 
the Radii 8 P, SN, and SN, SM, expreſſes the Paracentric Velocity, and their dif- 
ference again, is the infinitely little Increment or Decrement of the ſaid Paracentric 
Velocity; and or V vis equal to the Conata: Centrifugus Circulationis, and Ni is = 
to the Solicitation of Gravity; therefore the Element um of the Paracentric Velocity 
is equal to the difference between twice the Conatus Centrifugus (2 o) and the ſim- 
ple Solicitation of Gravity (N ») or (which may be proved in like manner) ta the 
Sum of twice the Conatus Centrifugus, and the ſimple Solicitation of Levity. 


CONSECTARY I. 


81. Hence it appears, that if the Solicitation of Gravity prevail, then NV — N= 
wit be Negative, that is N ill be greater than NV, and the Deſcenſive Paracentric 
Velocity increaſes, and the Aſcenſive decreaſes. But if twice the Conan: Centrifugur 

vail, then NV — N will be Poſitive, and the Aſcenſive Paracentric Velocity 
| Apes By and the Deſcenſive Decreaſes. | 


CONSECTARY II. 


If the Elementum or infinitely little Increment or Decrement of the Patacentric 
velocity be given, the Solicitation of Gravity or Levity may be found ; for the Cona- 
tus Centrifugus is always given (Art. 379. S 2.) it being conſtantly in a Triplicate 
Reciprocal Ratio of the Radi. 


Gg86 PROP, 
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PROP. IV. — 
Tbe Angles which a Planet deſcribes about the Sun, in equal times, are Recipre- 
_ Da cal in « duplicate Ratio of the Rudi. g 


382. The Circular Velocities axe in a Ratio compounded of the Rationes of the 
Angles and Radii, Joyntly; therefore the Angles are in a Ratio componnded of the 
direct Ratio of the Circular Velocitics, and the reciprocal Ratio of the Radii; but 
becauſe in equal times, the Areas are equal (Art. 379. N. 2.) therefore the Circular 
Velocities are reciprocally as the Radii, and conſequently, the Angles are recipro- 
cally in a duplicate Ratio of the Radii. 

And ſuch are the apparent Diurnal Motions of the Planets obſerv'd from the Sun 
(for days, in ſuch Caſes, are parts of Tame little enough, eſpecially in Planets more 
remote from the Sun) which are almoſt reciprocally as the Squares of their diſtances 
from the Sun; ſo that a Planet, ina given Element of Time, deſcribes but the fourth 
part of that Angle, which it would deſcribe at half its prefent [Diſtance from 
the | 


LEMMA III. 


The Spaces which a Body deſcribes in the beginning of #ts deſcent, are in duplicate 
Ratio of the Times. 


383. I ct the right Line AE be divided into an iafinite number of equal parts 4D, 
E, &c. repreſenting equal Moments of Time, and draw the Ordinates DB, EC, 
| | Oc. proportional to the Velocities of the 
A iy heavy Body, at the end of the Times repre- 
7] 1 ſented by AD, and A E, and deſcribe the 
5 : Curve AB C; now becauſe the Space which 
a Body deſcribes is proportional to the 
Time of deſcription and the Velocity joynt- 
ly it is evident, that the Space which the 
57 Body deſcri bes in D 
is proportional to Rectangle D, 
and the Space which the ſame heavy Body 
deſcribes in the Moment of Time E is proportional to the Rectangle Ec; whenac 
the Space which the Body deſcribes in the Time A D, is to the Space it deſoribes in 
the Time A E as the Curvilineal Space ADB is to the Curvilineal Space A EC, but 
when the Body begins to deſcend, the Ordinates DB, EC are indefinitely near the 
point A; in which caſe, the Trilineal Figures ADB, A EC, become rectilineal 6- 
milar Triangles, the indefinitely little portions AB, BC being in the ſame ſtreight 
Line: now the Areas of ſimilar Triangles are ina duplicate Ratio of the Homologous 
Sides; that is, the Area ADB: Area AEC: AD: AE 9, therefore the Spaces 
which a heavy Body defcribes in the beginning of its deſcent are in a duplicate Ratio 
of the Times, Q. E. D. 


PROF. 
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PROP. V. 


If = hezvy Body revolving in the Periphery of « Curve, «bout an immovable ' 
ter, deſcribe Areas proportioudl to the Times. Ius required to find the Law 
of the Vis Ceatripeta ending to the ſaid Center. 


384. Suppoſe a Body P to be projected in the Line PR from P towards R, and 
jet the Body at the ſame time be attracted by a Force in 8, ſo that by a Motion com- 
pounded of the projectile and attractive 
Forces, it deſcribe the Curve APp; and 


let che Line P R touch the ſaid Curve in | n. 
P; draw 5 P, and aſſume any point B in 8 8p 
the Curve OY 3 P; and draw R VVV 1 
;rallel to S P, and B dicular Ss F:; 
Line another point p 1n Curve ; and * ** | X 25 T 
draw 5 p,the Tangent pr and rb parallel, and & A 
bt pcrpendicular to Sh, and ſuppoſe the Body 
defer ive the Arches P ph in equal Times; 
and drow 4c parallel to SP, then the Ratio —— 
of the Line Naſcens BR to the Lineola Naſ- 5 


cem by, is compounded of the Rationes 


of BR Tod and of de to by : but ( Art. 375. 376.) BR is to de as the Square of 
the Arch P B is to the Square of the Arch P. A; and becauſe the Arches P B, P d are in- 
definftely lictle, they are proportional to the Triangles PS B, PSd; (Art. 383.) 
that is, they are proportional to the Times the Body takes to deſcribe them, or 
to the Times which the Body takes to deſcribe the Arches PB, p þ* and conſe- 
quently BR is to de as the Square of the time which the Body takes to deſcribe 
the Arch P B, is to the Square of the Time that it takes to deſcribe the Arch p 5; 
again, becauſe Þ 4 and p 6 are ſuppoſed to be deſcribd in equal Times, therefore 
dc is to br, as the Vn Cemtripera in P is to the Vu Centripets in p; whence it is 
evident that BR is to by in a Ratio compounded of the Rationes of the Squares 
of the Times in which the Arches PB, pb are deſcrib'd, and of the Vir Cemripeta 
in P to the Vis Centripeta in p; that is, (becauſe the Times of deſcribing the Arches 
P B, 96, are proportional to the Triangles PSB, pSb, or to the Rectangles SP 
x B T, 8p 7.) 8 | 


BR: by :2 V x SPq x BTq:ovxSpqxitg. 


2 BR br 
And by Diviſion SPqxBT9 : 877575 2: V: v. 


or ZI e v.. 


That is, the vn Centrpets in Þ is as the Solid 1 L taverſely, 


385. This may be more briefly demonſtrated thus: If the Times be BR 
is as the VC, and if the Vis Centripets be given, then BR (Arr. 373.383.) is as 
the Square of the Times; and if neither the Times nor the Yi: Centripess be 
then BR is (fuppaking V = to the V Centripets in P, an T co the Time of 


criptioa) as V T*, therefore V is as Ta 4 and becauſe the Time is asche Area PSB 

2 2 2 TD co 
or as the Rectangle SP x BT, therefore V hacgpY NT. directly, or as 
21 Iaverſely, Q. E. D. 
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2] COROLLARY. 


386. Hence if any Figure, as AP p be given, and the point 8 to which the Vs c 


tripeta tends ; then the Value of the Solid N Em may be determined from the 


Nature of the Figure; and conſequently the Law of the Vi. Centriper which i 
ciprocally as the ſaid Solid, ns ry ry 55 2 855 


PROP. VI. 


If « Body Revolve in the Peripbery of an Ellipfis. Ti 


e to find the Law of 
the Vis Centripeta, tending to the Focus 


be Ellipſis. 


387. Let ABD be the Ellipſis, and 5 the Focus, to which the Yi: tends. 
Draw the Axis AN, 3 
meter BE; ; draw the Line PR touching the 
3 Curve in any t (P) and draw the Dia- 
1 my PG, 8 Diameter DK , 
V F perpendicular to DK, and Q. parallel 

„ a PR: draw S P interſecting DK in H, and 

A 


interſecting Qv in æ; and draw QR parallel 
to SP. Then (Art. 51.) PH = AC; Draw 


* C perpendicular to SP; and ſuppoſe the 
LAM Parameter of the Axis ( 25 = L 


| | 5 
LxQR:LxPmn :: QR: PSY: : Px:Pp:i:PH:PC:: AC: pC. 
LxPo:GoxPrp::L:Gvo 
 GoxPv: Qvg:: CPg: CD/. 
And becauſe Qvg is = Qx9, when Q is infigitely near P. 
Qxq (= Qv9q) : QT :: (by ſimilar Triangles) HP (= ACg) * PFg :: 
(Arr. 60.) CDS CBg. 
And ckdpiyine the reſpective Terms of theſe Analogies into one another, there 
will ariſe this, 
LxQR:QT9: "> 6 GovxCBqxCP. 
That is, Lx QR: QT: : 2BCqxCPg:GovxBgCxCP. 
And Lx QR:QTg :: 2 PC: Gv. 
But when the point Q is indefinitely near P, then 2 P C "0 
Whence LX QR S QT. 
377 
MR 
R J. (Art. 386.) Therefore the Vis Centripets W eee and 


becauſe L is a determinate Quantity, therefore the V Centripeta is reciprocally as 
bs adore and wes ter. of Attraction 8. 


QE. I. 


And multiplying both ſides of the Equation by we ſhall have LX SPq = 


C O R- 
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COROLLARY. I. 


388. The Parameter of the Axis (I) is = N. 


COROLLARY. II. 


if the Center of Attradion 8, and the adjacent Vertex N, be ſupposd immovable, 
and if the other Foci I approach nearer and nearer to 8, and at laſt coincide with 
the ſame, then the Body will revolve in the Periphery of a Circle, and the Law of 


the Vu Centripets will be the ſame as in the Ellipſis. 
COROLLARY. IL 


If the Vertex's A and N be given, and if the Focus I coincide with A, and the Fo- 
cus S coincide with N, then the Ellipſis AN will become a ſtreight Line, coinciding 
with the Diameter AN, and the Body will move in the ſame, without any Attraction 
from without the Line. 


COROLLARY IV. 


If the Vertex N, and the (Focus of the Ellipſis, or) Center of Attraction 8 be gi- 
ven, and if the other Focus [ be at an infinite Diſtance from 8. then the Ellipſis NPA 
will degenerate into a Parabola, and the is Centripers in P will be as the ſquare of the 

Diſtance 8 P laverſely. 175 


COROLLARY. v. 


The ſame things being ſuppos d, if the Focus I be at more than an infinite Diſtance 
from S; that is, if it fall on the contrary fide of N in reſpect of S, then the Body 
will move in the Curve of an Hyperbola, and the V Centripeta will be reciprocally as 
the Square of its Diſtance from the Focus 8. | 


COROLLARY. Vi. 


If the Focus I and the Vertex A be given; and if the Center of Attraction 8 be 
ſuppos'd at an infinite Diſtance from l, the Curve AP will be a Parabola os 
Vu Centripets will be the ſame in every point of the Curve; and contrarily, if a Body 
ROE 6 205 06. RING, be attracted to a Center at an infinite Diſtance from 
the ſame, then that Body will move in the Curve of a Parabola, and the Center of a- 
ttraction will be in the Axis of the Parabola, at an infinite Diſtance from the Vertex. 


SCHOLIUM. 


It may be obſervd that the Paracentric Solicitation of Gravity, and the Vis 
Centripeta, are Terms fignifying the ſame thing. 


PROP. 
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PROP. VII. 


The Solicitation of Gravity, or Vis Ceatripeta of « Planet, is to the Conatus 
Centrifugus of the ſame Planet, as its preſent Diſtance from the San, is 10 
+ the Parameter of the Planetary Ellipſis. 


389. Suppoſe SM = D, and L = to the Parameter of the Axis, and let : L be 
a conſtant Plain, equal to twice the Elemeatary Triangle MSN ; thea the Arch Mm 
„. 


— "DJ and M wq is = = 


and mo = ——< - = to the 


Conatus Centrifug w. 

Again, the Solicitation of Gravity 
is as D* un. or (Art. 374) as 
, or S diredHy, or as (i 
ding by the lavariable Quantity 2 L) 
aeg. Whence 'tis evi- 
dent that the Solicitation of Gravity is 
to the Comma Centrifugas, 28 


. © x L* | _ 1 
| 1s to 155 or as D is to L, and be- 
cauſe 3 L is an igvariable Quantity. The Rationes of the Solicitation of Gravity to 
the Conatus Centrifugus are proportional to the Diſtances of the Planet from the Sun. 


PROP. VIII. 


The greateſt Aſcenfrve or Deſcenſve Paracentrick Velocity of « Planet, is when the 
Diſt ance of the Planet from the Sun is equal to + — of the Ax- 
i of the Ellipſir. 


390. Draw 8 W pyerpendicolar ts the Azis AD, I y the greaveff Paracentric Ve- 
locity is ta W or k. For the Solicitation of Gravity is to the Comm Centrifayas 4 
as D is to 2 L; andthe Solicitation. of Gravity is to twice the Car Cemriſgm, as 
Dis to L; and becauſe SW = Dis =3 L, therefore in the point W or I) the 
Solicitation: of Gravity is equal to twice the Comes fare; and (Arr. 380.) 
conſequently the Fluxion of the Paracentric Velocity is = © : Whence it is evident, 
that if on S as a Center, a Circle be deſcrib'd with a Radius = 4 the Parameter of 
the Axis, it will cut the Orbit of the Planet in two points W and X, in which the 
greateſt Paracentric Velocity happens. 


COROLLARY. 


391. The Conatus Centrifugus of Receding from the Sun, is always leſs than the So- 
licitation of Gravity. For the Solicitation of Gravity is always to the Conta Centri- 
fegen, as the Diſtance of the Planet from the Focus is to 4 part of the Parameter of 
the Axis; and in the Ellipſis, the Diſtance of a Planet from the Focus, is always grea- 
ter than j part the Parameter of the Axis. Therefore, &c. | 


PROP. 
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PROP. 1X. 


The Impetus which « Planer res ( during the whole time of its Motion) by 
the aui Attraition of the Sun, are proportional to the Are of Ci 22 
tian; that it, 4s the Angles of ipparent Motion from the Sun. | 


392. I ſay, The hape which a Planet acquires, as it moves from A to P, is to the 
Impetus which it acquires, moving from A to M, as the Angle ASP is to the Angle 
ASM; For the Increments of theſe Angles (Art. 582.) ate Reciptocally as the 
Squares of the Radij or Diſtances; that is; Ewe. 336.) as the Solicitations or Impreſ- 
fons of Gravity: Therefore the Sum of tb is proportional to the Sum of thoſe ; 
that is, the Sum of all the Impeti# or Impreſſions of Gravity acyuit'd from A to P, is 
to the Sum of all the Impreſſions of Gravity acquir'd from A to M, as the Angle ASP 
is to Angle ASM. 


COROLLARY. 


393. Hence in the point W (in which an Ordinate to the Axis drawn through the 
kocus 8, interſects the Ellipſis) the Ip which a Planet has acquir d ſince it deſcen- 
ded from the Aphelion, is equal to half the aper acquir's from the Aphelion to the 
Perihelion; and in the faid point W, the Diſtance of the Planet from the Sun is = { 
the Parameter of the Axis of the Figure. 

And the Imperas which a Planet, deſcribing any Arch of its Orbit, acquires, is to 
br ＋ — acquir d in a Semi- revolution, as the Angle of apparent Motion is to two 

c 


gles; and here is mean d the Ie impreſs d by Gravity or Attraction, ſim- 
Ply conſider d by themſelves, the contrary Iwperas ariſing from the Conatus Centriſug us 
not being co d. a 
PROP. X. 
To Explain the Motion of 4 Planet through the whole Revolution, and to ſhew 
how a Planet afproaches to, and again recedes from the Sun, Alternis Vicibus. 


794. If a Planet be at its greateſt Digreſſion from the Sun, or in the Aphelion A, 
the Camus Cemrifug, and the Solicitation of Gravity are leſs than if it were nearer 
to the Sun. But at that Diſtance, viz. in the Aphelion A, the Solicitation of Gra- 
vity & than twice the Cate Centrifugws (becauſe SA the Diſtance of the A 
hetiow from the Sun is greater than 4 the Parametet 8 W) therefore the Planet will de. 
ſoend towards the Sm in the Curve Line AP MD, and (Arr. 380.) the deſcenſive 
Impetws will continually increaſe, as in heavy accelerated Bodies, fo long as the Soſi- 
citation of Gravity is ſtronger than twice the Conatus Centrifugus : For the deſcenſive 
Paracentric Motion increaſes, as long as the Solicitation of Gravity is grea- 
ter than twice the Conatus Centrifugus; and therefore the deſcenſive Paracentric Moti- 
on will increaſe (although the infinitely little Increment of the Paracentric Moti- 
on decreaſe at the ſame time) until the Planet arrive at W, in which point the Soli- 
licitation of Gravity is equal to twice the Contur Convifugs: ʒand conſequently the Para- 
centric Velocity is greateſt in W, when the diſtance of the Planet from che Sun is 
equal to 4 the Parameter of the Orbit, afterwards, altho the Planet continues to ap- 
proach nearer and nearer to the Sun, untill come to D, yet the Paracentric Veloci- 
ty Decreaſes; for the Solicitation of Gravity is to twice the Cm Cenrrifages, as the 
Diſtance of the Planet from the Sun, is to + the Parameter of the Orbit; and con- 
ſequent ly all the while the Planet is in deſcribing, the Portion of the Orbit W D X, 
twice the Conlarws Cemriſiqu is chan the Solicitation of Gravity; and from 
—— the Paracentric Velocity — which it continues — 2 = on 
trifugal Impreſſions collected into one, the Aphehonm A, preciſely conſumes al 
the impreſſions of Gravity collected into one, — the — or untit the 
Centrifugal Impetus be equal to the Centripetite Impetus. Now this happens in the 
Perihelion D, where the Paracentric Velocity Vaniſhes, and in which the Conatus Cen- 
rifugu and Solicitation of Gravity are equal and contrary, ſo that the Planet cannot 
pproach nearer the Sun, than it is in the point D; After- 
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Afterwards, the Motion being continu'd : As the Planet has hitherto approached 

to, ſo now it begins to recede from the Sun in the Focus S, and endeavours to move 
from D by X towards A. For twice the Conatus Centrifugus, which to exceed the 
Solicitation of Gravity in W, continues to prevail from D to X, a ſce- 
ing the Planet begins to move (as it were anew) from D to X, (the former contraty 
Impetus mutually deſtroying each other) the Centrifugal Paracentric Velocity Increaſes 
from D to X, but the Increment thereof, or the Impreſſion Decreaſes, until the Pla- 
net arrive in X, where the Solicitation of Gravity is equal to twice the Cenatus Cen- 
trifurus; therefore the greateſt Centrifugal Paracentric Volocity is in X; from X to 
A, the Solicitation of Gravity prevails above twice the Conatus Centrifugus ; and con- 
ſequently, the Centrifugal Paracentric Velocity Decreaſes, until the Planet arrive 
in the Aphelion A, in which point the Conatus Centrfugus and Solicitation of Gra- 
vity become equal and contrary, and conſequently mutually deſtroy each other : 
and thus the Planet returns to A, from whence it departed, and begins and finiſhes 


new Revolutions ſucceſſively, and without interrupt 


CONSECTARY I. 


395- Hence we have fix remarkable points in the Elliptic Orbit of a Planet, v. 
four Obvious, A the Aphelion, D the 


Perihelion ; E and B the mean diſtan- 
ces (for SB or SE is = the Tran 
verſe Axis AD, and conſequently an 
Arithmetical Mean between 8 A and 
SD the greateſt and leaſt Digreſſion of 
a Planet from the Sun) and two more, 
viz. W ard X, being the extremities 
of the Parameter of the Orbit appli- 
ed to the Axis in the Focus 8, in 
which points happen the greateſt A. 
cenſive or Deſcenſive Paracentric Velo- 
city. 


CONSECTARY II. 


The Impetus which a Planet acquires 
by the Action of Gravity u to 
W is equal to half the Impetus which 

| it acquires in its deſcent from A to D, 
and the Impetus acquir'd from A to W is = to that acquird from W to D; for the 
Im are proportional to the Angles of apparent Motion, and the Angles ASW 
and W SD are right Angles. | 


CONSECTARY III. 


Hence to determine the Species of the Planetary Ellipſis; the Focus of the =_- 
Sis given; and the point A where the Planet is when the Sun begins to attract it, 
i fippoted at the greateſt diſtance of the Planet from the Sun, the remoter Vertex 
of the Ellipſis is alſo given, and the proportion between the Solicitation of Gra- 
vity, or force of Gravity, wherewith the Sun begins to attract the Planet in A, and 

the Conatws Centrifugus in the ſame point A being known; the Principal Parameter of 
the Orbit W X, or an Ordinate applied to the Axis in the Focus 8, may be found. 
For, SA (given) is to S W ( = the Parameter of the Orbit) as the Force of at- 
traction in A is to twice the Conetus Cemtrifugu:, and if 4 the Parameter be ſubtracted 
from S A, the greateſt diſtance of the Planet from the Sun, the remainder will be ro 
SA, as S A is to SD; therefore AD the Tranſverſe Axis of the Ellipſu is alſo given: 
whence the Planetary Ellipſis may be deſcribds 
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CONSECTARY. iu. 


A Planct will deſcribe a Circle when the Solicitation of Gravi i 
narus Centrifugus are equal at the beginning of the Attraction, for 8 
will remain equal, there being no Cauſe to make the Planet approach nearer to or 
recede farther — the Center of Attraction, about which it Revolves; hut when in the 
beginning che Force of Attraction and twice the Conatur Centrifugus are unequal 
(provided the ſimple Conatzs Cemtrifugus be always leſs than the AttraQtion) then the 
— . — A ; —— the Force of Attraction prevail, the point 
where the Motion begins, is the Aphelion; or if twice th | . 
rail then the ſaid point is the Perihelion. fa AER 5 


PROP. XI.” 
If ſeveral Bodies revolve about 4 common Center, and if the Vires Centri 
2 as the op” of oy — 8 r ; then in Ear. 
es, HAYES 4 1 | , 
— wa 24% _ mes w as tbe Cubes of the Tranſverſe 


396. Reaſſume the Symbols in A-r. 387. then the Parameter of the Axis of the 


the point Q is infinitely near P, if the 
Times be equal, then QR is di cb as the 
Vis Centripets , or reciprocally as (the Square 
of the diſtance) 8 F q 3 therefore Lis as 19 
„SP 4; that is, the Lata, Redam (L) is as 
the Square of the AreaQT x SP; and the 
AreaQT x SP, or ;QTxSPis in a Sub- 
duplicate Ratio of the Parameter (I.) 
And if the Periodic Times be equal, the 
Areas of the Ellipſes, are in a Subduplicate 
Ratio of the Parameters ; and if the Para- 
meters be equal, the Areas are proportional to the Periodic Times ; and if neither 
the Parameters nor the Periodic Times be equal, then the Areas of the Ellipſes are 
in a Ratio compounded of the Subduplicate Ratio of the Parameters, and the ſim- 
ple Ratio of the Periodic Times; therefore the Periodic Times are in a Ratio com- 
ed of the direct Ratio of the Areas and the reciprocal Subduplicate Ratio of 
the Parameters. Now the Areas of _— Ellipſes, are (Art. 105. Ne. 4.) ina Sub- 
duplicate Ratio of the Parameters, and the Subduplicate Ratio of the Cubes of the 
Tranſverſe Axes joyntly. Therefore the Periodic Times are in a Ratio compounded 
of the Subduplicate Ratio of the Parameters directly, the Subduplicate Ratio of the 
Cubes of the Tranſverſe Axes directly, and the Subduplicate Ratio of the Para- 
meters inverſely ; that is, the Periodic Times are in a uplicate Ratio of the Cubes 
of the Tranſverſe Axes, and * Squares of the Periodic Times are 
proportional to the Cubes of the Tranſverſe Axes. n | 


COROLLARY. 


n Periodic Times of Bodies revolving in Ellipſes are as 
the Cubes of their mean Diſtances from the (Focus of the Figure or) Center of At- 


tiji SECT- 


306 Flexions : Or an IntroduBtion 
SECT. XV. 


To find the Flazions rarithms and of Powers when the 5 
N 
their 1angents, 


IHERTO we have conſider d Algebraic and Tranſcendent Carver; there is yet 
another ſort of Curves, which partakes of the Nature of both, viz. Exponenti- 
af Curyes, For ſuch Curves may be faid to partake of the Nature of Algebraic Curver, 
becauſe they conſiſt of a finite Number of Terms, tho' the Terms themſelves be in- 
determinate; and they may be aid to partake of the Nature of Tranſcendent Curves, 
becauſe they cannot be Algebraically Conſtructed. 
When 1 ſhew'd how to ſind the Floxions of all forts of Powers, their Exponents 
were d Invariable Quantities, and I acquainted the Reader at the Game 
time, that that ſpeculation might be extended to Powers when the Exponents them- 
ſelves are Flowing Quantities. 

How to handle when the ts are Variable Quantities ; and to 
draw Tangents to Curves expreſs'd by ſuch Equations, has been reckon'd one of the ab- 
ſtruſeſt points in the ſublimer parts of Geometry. Of all Exponeatial Curves the Lo- 
rr And becauſe the properties thereof are now general - 
y known, I ſhall ſhew how by help of this Curve, the Hari of Flowing Power: may 
be found ; and alſo, how all Exponential Curve: may be Conſtructed, and their Tan- 
gents Determin'd. 


LEMMA I. 
Quantities continualy proportional are proportional to their Differemes. 
ES nn ET IT As 
| For by ſuppoſition, 3: b :: 5: c, 
And by Diriſfiea of proportion, : —6 :: 6: b==q, 


= LEMMA n. 
The Sub-tangent of the Log aririmatic Carve is n invariable Quantity. 


I heve 


STE 


399. Let M be the i Curve, AP 
the Axis, and PM an Ordinate; Then it is evi- 
| at om ths Meence of the Cares, Lhe If che 
A 9, &c. bein 

__ -— 4, 


% Mathematical Philoſophy. zo? 
Suppoſe AP = x, PM =y, the Sub-tangent PT =: Pp ==x, and Rw=y, 


then 7: :: 7 t, nd = = *. But & is Invarlable, and the Ratio of y to) is In« 
7 


variable, therefore Z. 2 is an Invarlable Quantity, and conſequently the Sub-tangent 
7 
r Tis Invariable. Q. E. D. 


PROP. I. 


Indeterminate Qyantity, may be an Ordlaur in the 
Cw, and of the ſame time, the he Abſeiſ je pe” Oy gg 


. Let DE be the Axis of the Carve Hor, and let DC perpendicnlar to 
be the Axis of the Logarithmetic Line AB; produce the Ordiaats FE, I. 
the Logarithmetic Line in B; then 


Erbe 


n 


1 
T 'PFq 


Aris: 


PROP. IL 


If any — rr 
| ing by I x, ly, &c. . of *, „ Kc. 


401. For the Logarithm of the Square, Cube or Biquedrats, er, 
ls equal to twice, thrice or fourtimes, &. the Logarithm of "rt E Therefore 


Univerſally, the Logarithm of is =vx 1x; but &“ =y — _ 
rithm of x" is equal to the Logarithm of 5, that is oxls=1y. 


PROF. WL 
abſolute N Flaxions 
2 pts hg Arne 2 or. ns 1 Hani Fx 7 


443 
x 


402. Suppoſe A D «= x carl te ge Cutye AB, and let 
BC © be an abſolute Nomber, Jun N evident that D ＋ 
Now BS: Ce: : BC: AD (= Sub- tangent of the Curve wy AD x 


Bo =CexBC, thats gu =. 


FT: 
* 
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Whence if BC be ſuppos'd = &, y or 2, &c. eee ly, or Iz, &c. then 
is By = x, Comin and conſequently — is = Now if the Fluxions be 


equal, then the Flowing Quantities muſt alſo be equal, that is $ = =1 x. 
COROLLARY. 

403. The Fluxion of any ithm however Compounded is equal to the Fl xion 
of the Correſponding abſolute Number, divided by the faid abſolute Number. a For 
if ABbea Curve, and the Sub tangent = AD =1, and if BC *. 
| FFF then D C will be 
=1x, and Bu = K, r is ==. That is the 
Fluxion of the Logarithm of x is = the Fluxion of x divided by x. 


Hence to find the Flaxion of an) Logarithm. 


Let it be requir'd to find the Fluxion of the Logarithm of Væ x -- y 5; the abſo- 
: — — 4 
lute Number is = xx + y 5\*. 


And the Fluxion thereof is =# 7 „ 51 rr 53 


vsx+y7 
Sg Get yo ihe Mock en, the Quotient 2245 


is IV 59, and thus we may kind the Flaxion of any Logarithm. 


More EXAMPLES. 
To find the Fluxions of the Logarithms of all ſorts of Powers. 
To find the Fluxion of the Logarithm of .x + 1. 
The abſolute Number is x + 1. 
And its Fluxion =. 
Which being divided by x + 1. 


The Quotient x + 1) x (= 22 is = . 


To find the Fluxion of the Logarithm of r x? + 2 x*. 
The Fluxion of & + 2 x* is = 31r af x +4 xx. 
Which being divided by the abſolute Number r x* -+ 2 . 
rx? +20) erb (Lede 
8 3722447 3 


_ J: = - 2 x*, 


. 

* 

> —#* 
a £ 
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The abſolute eee i 
And the Fluxioa thereof — FFA - * d 
| 7 | | _—zrx z—2xx 
Ry 


Which being divided by the abſolute Number — ——. I 


— 3 x—2.xx —3zr x n- * 


k 
4 F = 


— A= 


. The Quotient — 2 =p = to the 
Fluxion of the Logarithm of —.- f 


2 * 


n Iv: ee is = EE fed” 'x2xx _ 
7 7 


are, Cube, &c. of any Logarithm: i. e. To find 


To find the Fl: Co the S 
ſorts of Powers to which the | Logarithms of all ſorts of 


| 4 Fluxions of 
Quantities can be rais d. 


To find the Fluxion of 1: g 
- Multiply 1: x +e", by 2, the Exponent of the Power, 
, And we have 2xlI: K Fe. 


Hen ef FTA. 


W 24 14.4, 


. : — 2x01: Pr a 
There willariſe aF T * 53, = = = to the 


Fluxion of I: x . 
To find the Fluxion of I: x «*| *. 


Multiplying the given Quantity 8 
by the Exponent , 22 nr 


Subtracting 1 from the Exponent , m x |: T PY 


Which being multiplied by : 
the Fluxion of The} 2 
The Produt I Fe- 
'& equal t9the Fluxion of the Logarithm of * + TN to the Power whoſe Ex- 
0 


Ponent is w 
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To find the Fluxion of & *: * _ 


The Fluxion of x* is = wat! x. 


And the Fluxion of Ir 3 * 7 wn © 
Therefore the Fluxion of æ I x|® ü 1]: x x * Træ- Xe 
To find the Fluxion of « + |" H= 

The Fluxion of # + xj" s=ox os © K. 


And the Fluxion of /: is =I: =. . 
Therefore the Flution of 7 a+ x|* 1: + a*|"j 
» x ax" 1 x n' TR", ae 


Theſe Principles being laid down, I come next to Treat of | Exponential Equations. 


There are ſeveral degrees of Exponential Quantities, and the 1 1 when 
the Exponent conſiſts of ordinary indeterminate Quantities, as 57, x*, 
m and s to be ſimple indeterminate Quantities. 


An Exponential Gig of the ſecond Degree, is when the Exponent it (elf is an Ex- 


ntial Quantity, as y*', and if an Equation conſiſts of ſeveral Exponentials of 
ifcrent Degrees, then the Equation or the Curve whoſe Nature it expreſſes, takes its 


Name à Potiori. 


PROP. IV. 
To find the Fluxion of any Exponential Quantity of the firſt Degree. 


452. Let it be requird to find the Fluxion of y*; ſuppoſe y" = r, (Art. 401.) then 
nxly=lr, and finding the Fluxions of each ide of the Equation, el 


þ Rules, ve hal have » x ö + Ly x» li (493), Bur by = 2, and te = 


. Therefore by equal Subſtitution, 5 — 7 2 (becauſe . 5 
Ergo, r or the Fluxion of the Exponential Quantity 5˙ is S = e 
Thas far of finding the Fluxions of Logarithms when the exponents ore Invariable. 


And this is the firſt Special Rule for all Exponentials of the firſt Degree : 
For we may ſuppoſe indeterminate Quantities Campos at pleaſure, 
to be in place of q and . 


E x AMPLE. 

Let it be requir'd to find the Fluxion of the Compound' Exponential Quantity y* x *; 
firſt the Fluxion of y* x is = (by the Common Rules) = y* x x* + x* x y*, but 
the Fluxion of y* is = y" lyn+ny*-i5; and the Fluxion of x * is =x*Ilxm-|- 
max"-1 x, and therefore by equal Subſtitution, the Fluxion of the Compound Expo- 
DA Kt Ladd ys a N iI. 

PROF 
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PROP. v. 
To fulthe Fe of e Quantity of the Second n bigher | 


403. Let it be requir'd to find the Fluxion of y. A e e e 
Ir, and taking the Fluxions of each fide of the Equation by the Common Me- 


thods, we have "= T1 + ly wn = Ir. Now becauſe #* = »* Jum + my! n, 
and 77 = 2, ——_— — 


bs Dota: 75 — end coatquatly / er ta Finhaat.pe” is = 
gn 5 + wan—r ye” ly» an y*" lyinm Which is the Rule for Ex. 
And he that ſhall have occaſion for the Fluxions of compound Exponential Quantities 
T 2 Exponential Quan- 

he perfecly underſtands 


tities of the third Degree, &. may eaſily find 
what i is already wricten. | 

It remains to apply this ann — how 
ſuch e be conſtructed, and their T angents drrermin 4. 


PROP. VL. 


Let it be requir'd to conftrut# the Carve, whoſe Nature 2 
ponential Equation x* =, + N 


404. T we have x/x_ 
y: now Nr ain 

rithmetic Line A B to 3 
its Subtangent the firſt Ordinate 
AD gt, and DE or BC be =x, 
then is DC = x, and becauſe x Ix 
=lg: therefore x (= AD= Sub- 
rang) :x (BCorDE):: lx (DC) 

: 1y'= DM, and conſequently MN is | 
=yY : and if MN be lai from E (the ans 
end of the Abſciſſa DE) to F, the 

point F will be in the Curve required. 

And thus the other points of the Curve N G F may be determined. 


PROP. VII. 


If the Nature of the Curve HG F be expreſ#d by the Equation x* , let it 
be required to draw the Line FL to touch the Carve in F. 

405. Suppoſe the Tangent F L (being drawn) to interſe the Axis DE ia L; 

the Equation of the Curve is x * S1, therefore ; = , x pat [ax = & 

+ x* . 1 227 x 
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22 y : Subtangent EL = I nd conſequently if E L be taken a third propor- 
tional to RES, and AD, then F L will touch the Curve H G F in E, for 


T: 1 1: 222 ———=EL; and thus the Exponential Curve H G F may be 
conſtructed, and the Subtangent expreſs in ordinary Terms. 


PROP. VIII. 


* * required to Canſtruct the Carve, whoſe Natare is expreſs d by this er- 
Fi. Ponential Equation a* . 

406. Take the Logarithms of both ſides of the tion, and then IA = i; now 
if we ſuppoſe DE = Seb Ab ut, and = the Logarithm of an invarie 
ble Quantity, it will be 1 (AD): x (BC) :: I.: 1 = DM, and conſequently 
NM is =; therefore if MN be applied ta the Axis DE from E to F. the point F 
will be in the Curve requir'd. 

And to determine the Subtangent to this Curve, the Equation of the Curve is 
«* = 7, and finding the Flurions of each fide of the Equation, we have x @* -* 


a+ 6* lex=y. But . is an Invariable Quantity, and « = o, therefore 

x 4*= "is = o, and conſequently «* lax = =y= (becauſe * = 5) e xy and 
reſolving this Equation into an Analogy, y Fg): x (Ee) :: yi6:1 :: (by fimi- 
lar Triangles) y : Subtangent EL, which conſequently is 5 J, = to an in- 
variable Quantity. 


COROLLARY. 


40. Hence it is manifeſt that the given Equation ( ) expreſſes the Nature 
of the Log arithmetic Curve ir ſelf. | 


SCHOLIUM 


 TheFluxion of the forefaid Equation, may be found more eaſily thus: e 
ad . =b5 =, * 
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PROP. IX. 
The ſame things being (uppoſed, as in Art. 176. Draw the Axis CP, and 4% 
cribe the Carve B M: Suppoſe CP = x, and PM = y, R= Pp=x, 


_ and Mm =£. Then if the Nate of the Carve B Mm be expreſs by thi 
"* Equation r =42* Tis requird 10 conſtrutt the ſame. 


408. The Equation expreſſing the Nature of the Curve is y 5) # = 4, and be- 
aſe 4 = Vr therefore 24 is = Eo N 


— 


of the Curve will be y 53 x 


28x? ＋ 27 4, | 
| e e eee : | 8 


W e being an indetermi- 
nate Quantity) =L 2, then (by ſubſtitution) 
the e of the Carre vn become 


4 m4 2 m? 
22 43 + n 


* ＋ 2 * + 54, and the Equation l N 
N 5 


dividing by y 4, 2 2+ — + 4, 
of aamy = 8 . — + 4+; 
whence 5 = Z 2m + =, and find- 


log the Fluxions of each fide of the Equation, we havey = Uo 2 


=, wehre (* 


e eus. Flea of ech file of the K. 


22 


quation there will ariſe x = 2 . — las | | x 


Fe FER TE INTdc— ml” LEA FLLL xand y . in Terms invol- 
ving one indeterminate Quantity () only, whence the Curve M may be con- 
ſtructed thus: Produce B C (infinitely) towards E, and take CE = m, and to the 


Axis C E apply the Ordinate EN=;=2+2 m +2, and deſcribe the Al. 
gebraic S DANY; is the ne pales! b Ordinate EK = x = 
”= — —1 », and deſcribe the Tranſcendent Curve L GK ; then the Lines 
EN, EK "will be the Co-ordinates of the Curve B M, whence if the Line K P be 


drawn parallel to E C, and produced to M fo that PM be = EN; then the point 
M will be in the Curve BM, which was required. 


L111 409. And 
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409. And to find whether the Curve DA N touches the Axis C E or not, the 
* 44 4 32 | 

Value of the Ordinate IEF OS = 2 and y is = 72 + 


g = 2 * . K 
2 w — =, which being put = o, we ſhall have 2 EA o, 
and conſequently 3 -C z x m? = a+; whence, if mor CF be 2, then 
the Ordinate F A will be the leaſt that can be applied to the Curve DAN; in like 
manner, when the Fluxion of the Ordinate EK is = o, then the Value of m will be 
=844 5 as before, and FG will be the leaſt Ordinate that can be applied to the 
Curve LG K; that is, both Curves begin to recede from the Axis C E at the ſame 


time; and the leaſt Ordinate FA (7) = 75 FZ + becomes = (becauſe 
4 a2 242 ＋ a+, which, ſubſtituting a / for m, becomes ya? / 
„ +444 -+- 84, and conſequently y = „ if we ſappoſe 


2 

s = Unity ſo that Ia be = o, then the leaſt Ordinate FG = ,  — I, 
will be = ,£ — Log. 2 /: and becauſe the Logarithm of 2 / is Negative (the 
abſolute Number being leſs than Unity) therefore it is manifeſt that * # — Log, « / + 
is a Poſitive Quantity. . 
And hence it appears, that if G e be drawn parallel to C F, and if bc be taken = 
F A, then the intercepted DiameterC c is = ,{ a — Log. 2%, and the Ordinate 
ebis 21 / 3, and the Curve M is neareſt to the Axis CP in the point 6, and 
afterwards the Portion of the Curve h H will be deſcribd convex towards M; and 
and the point 6 is called the point of Retrogreſſion. 


410. And becauſe the Curve LG K is an exponential Curve, it will not be amiſs 
to _ how the exponential Equation expreſſing the Nature thereof, may be inveſti- 
Ba 

The Ordinate EK or xis f — Im, and multiplying both ſides of 
the Equation by 4 43, there will ariſe 

| 443 x = 3m+* + 42 — 403 | m, 
and by Tranfpofition, 4 4%] g 46*m* —463 x. 
And becauſe the firſt part of the Equation is a Logarithmetical Quantity, multiply 
all the Terms of the I by oy goes Legyy , which for uniformities fake, 
ſuppoſe 1 a, (a _ uppoſed = to ſome certain Number, and not to Unity; in 
this Caſe, elſe / will be equal o) that fo the other part en 


— — 1 lal m=3 m++ 4 3 and becauſe 


equal Logarithms are equal, the abſolute 


Numbers of the Logarithmsof each fide ofthe Equation) „4% la — gn am — 0's 
c 


an 

3 SIA 
N ene ; 

ay ,» . 


N 


>= nol \ my 8 a : "A . * V -_ 
ES * 9 * l FS - A 
" „ * © e y 4 * 0 
5 5 , LIN $3) 
4 a 


„5 * 
r 
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PROP. X. 


J Fe Equation in Fluxions expreſſing the Nature of any Curve be given; andi 
4 ie of the Indeterminate Quantities be wanting. Tis requir'd to Conftrad 


That the uſefulneſs of the Method made uſe of in the preceding Propoſition 
for conſtructi 4 Carve b M m, ow 4 a appear, I have ad- 

ded this general Propoſition, in which it is propoſed to conſtrutt any Curve 

whoſe Nature is expreſs d by an Equation in Fluxions, be the Fluxions 
x and j or either of the Indeterminate ities xx or y, or the Pow- 

| my any of them combin'd among themſelves at pleaſure. The Method 
is this. 


411. If x be wanting, then ſuppoſe æ = 2, and ſubſtitute this Quantity in the 
given Equation, in place of +; then it is Derr 
— chatebs thy Emuation may be | 


divided by ſome Power of 5, ſo that | 
there will remain an Equation in ordina- 


Terms, between wm and , e | 
the- Nature of an Algebraic == . 
in which y is equal to the Abſciſſa, and :| 
m equal to the Ordinate, and the Cur- f 


EXAMPLE. 


412. Let the Equation expreſſing the Nature of the Carve B M be (foppoſing 
CP=y, and PM=x) y3 x3 jr ==. 'Tis requir d to conſtruct the 


ſame: ſuppoſe x = 2, then by equal Subſtitution, 93 _ LS. | 


and dividing by 7; , there will ariſe 55 5 + a3 y 94 = 65, which is an Equati- 
Terms, and if CP be , and P N =S and the Relation between 


on in 
them expreſsd by this Equation, the Curve I'N » will be an Algebraic Curve; and 
if the Space CP Nl be divided by a, the Quotient will be = M the other Co-or- 


dinate of the Curve to be conſtrutted. For 3 m5 py* + 550 04m +03 mt y + 


0 and; = IEA wm = mm —467 mw 
eiu ge e 


and conſequently 22 * eee wee Fluxion of the A- 
- ax 3my* + 4+ 
. — 12944 ” * 
rea =mwyis= _— 5 9 whence PM or x is = the Area CPNI. 
divided by #. 


FINIS. 


1 K a 4 . - 1 + 
. +£ , 3 1 1 "= 1 i 1 8 > ah. "=. 4 * 
* — 
* 1 * 


* * — 
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